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Abstract: In this paper, the generalized fractional g-integral operator of the
Kober type is applied to the basic analogue of the H-function. Results involv-
ing the basic hypergeometric functions J, (z;q), Y, (z;q), K, (z;q), Hy (x;q),
r+1¢r(+), Mac-Robert’s E-function and several elementary g-functions, have
been deduced as particular cases of the main result.
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1. Introduction

Many researchers have considered and developed operators in g-calculus, which
are established as basic analogues of the well-known fractional calculus op-
erators and have applied them to different g-functions to generate tables of
integrals. The Riemann-Liouville fractional g-integral operator was applied in
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2004 by Yadav and Purohit [12] to certain g-hypergeometric functions and later
in 2005 by Kalla et al. [8] to the basic analogue of the Fox H-function, deriv-
ing results that include elementary and special g-functions, as particular cases
of the main result. Kober’s fractional g-integral operator was used by Saxena
et al. In 2005 [11] to establish an extension for the basic analog of Fox’s H-
function and derive various special cases, and in 2006 by Yadav and Purohit
[13] to apply it to certain basic hypergeometric functions. In 2008 Delgado and
Galué [3] defined the L operator and applied it to the basic analogue of the
Fox H-function to establish a table of integrals. In 2009 Galué [4] defines the
generalized Erdélyi-Kober fractional ¢-integral operator and applies it to the
basic analogue of the Fox H-function; from its result derive a table of integrals
for various g-functions. In 2010 Yadav et al. [14] considered the L operator and
applied it to the basic analogue of the multiple hypergeometric function; this
result was used in 2012 by Galué [5] to obtain the g-fractional integral opera-
tor L of the generalized basic hypergeometric function ,¢s (). From the main
result, he derived several interesting special cases, including g-special functions.

1.1. Basic analogue of the Fox H—function

m,n . a)
Ha's {q‘ (b, 8) ]
B | e Ut L
2O G (0 9) TTL G (g% 9%) G (¢') sin (ws)

(1)

where 0 < m < B,0 <n < A; a;(i=1,..,A) and §;(j =1,...,B) are all
positive integers. The contour C' is a line parallel to Re (ws) = 0, with in-
dentations, if necessary, in such a manner that all the poles of G (qbfﬁjs),
7 =1,...,m, are to its right, and those of G(ql_aj+o‘15), j =1,...,n, are to
the left of C. The basic integral converges if Re [slog (z) — logsin (7s)] < 0
for large values of |s| on the contour C, that is if |arg (z) — wowy ' log |z|| <,
where 0 < |¢| < 1,1logq = —w = — (w1 + iws), w, w1, wy are definite quantities,
wy and we being real and

B 1 o )
IR, ="t} (¢%19) s

G (q")

For oy = B; =1 for all i and j in (1), it reduces to the basic analogue of
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Meijer’s G-function [9]:

m,n . (av 1) _myn . ai,...,aA
HA7B |:xaQ‘ (b71) _GA’B 0 bi,....,bp

1 / [T72: G (¢" ) [Ty G (a'~ ) masds
2m1 c HjB:m+1 G (ql—b]'-l—s) H?:TH—I G (qa]-—s) G (qlfs) sin (7T8) )

where 0 < m < B, 0 <n < A and Re(slog(x) — logsin (ws)) < 0, for large
values of |s| on the contour C.

3)

Saxena et al. [11], expressed the following elementary g-functions in terms
of the basic analogue of Meijer’s G-function:

0 (-0) =G GH 2 (1= wsa | o | @

sing (0) = VA (1L - g 2 G (P Gag | 2= %’g,l—, o)
cosy (0) = V(1 - 2 (G Gl | 0= o3 [ o
sinhy (2) = 2% (1- 2 (G @R Gl | -0 10,1 ]; v
coshy (z) = v (1 - ¢)"*[G (q)]” Gy —qu' 01,1 ] )

Saxena et al. [11] established the basic analog of the Mac-Robert’s E-
function due to Agarwal [1] in terms of the basic analogue of Meijer’s G-
function, by the relationship

E [B;bj: Ajaj :x] = Gﬁz% [az;q

aj,y...,aA
bi,....bp ] ’ (9)

Re (slog (z) — logsin (mx)) < 0, for large values of |s| on the contour C.
Saxena and Kumar [10] introduced the basic analogues of J, (z), Y, (x),
K, (z), H, () in terms of the basic analogue of Meijer’s G-function as follows:

2% (1-q)?

Jy (#:0) = [G ()] Gos | =

4

v —_Z/ ’ (10)
29 T)l ]
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where J, (x;q) denotes the g-analogue of Bessel function of first kind J,, (z);

—v—1

2 (1-q)?

Y, (a39) = [G (0P 61 | =

g

v —v
20 20 2

where Y, (z;q) denotes the g-analogue of the Bessel function Y, (z);

1% —UV
531

22 (1-q)*

Ky (#:9) = (1= 9) Gy | ————34

: (12)

where K, (z;q) denotes the basic analogue of the Bessel function of the third
kind K, (z);

1—q\'"™ a1
H, (z;q) = <?> Gy

where H), (x;q) is the basic analogue of Struve’s function H), (x).

On the other hand, the basic analog of the generalized hypergeometric func-
tion 416, (+), is expressed in terms of the basic analogue of H-function as follows

(6]):
5 [ 4, e g } I G (d¥) G la)

7‘+1 T - 9 ) _— r a
¢ [T G ()

et | (I—aj,1)

XH”“”[q”'mJ»u—@J»@n ’ (14)
|z| <1, |arg <—E>‘ <m,
q

by (3), (14) reduces to

q™, ..., g%+t H§:1 G (qu) G(q)
r+1¢r 4, | = 1 ]
Hj:l G (q%)

g
L4l | T 1 1—ay
XGT‘+1,T‘+2|: an' 0,1_6]71 }7 (]-5)

are H)‘ <.

lz| <1,
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1.2. The operator I ()

In 2020 Castillo and Galué [2] presented the generalized fractional g-integral
operator of the Kober type that contains the basic analogue of the Fox-Wright
hypergeometric function in the following form:

[0 000, A |y
o [ (85 Bj)y s ] @)= T, (M +1)

* * (alaAl)a-"v(aT—laAT—l)7(_M7 1)
X\/O tp T¢S |: (ﬁluBl)w"u(ﬁ&BS)

wi't| PO (0

where

Ai,Bj € RT Re (o) >0, Re(B;) > 0;i=1,..,r—1,j =1,..., 5,

t
ZB ZAiEO,MENO,HEN,pEC,0<q<1, ~| < 1.
=1 X

They also presented the series representation for (16) in the following form:

n| Ps (M71)¢ (O‘ivAi)l,rfl 1_(] (p+1)k
Iq [ (ﬁth)l,s :|f(x) M+1 Z "

< Goan e 0 e o)

Ai,Bj € RY Re (o) >0, Re(B;) >0;i=1,...,r—1,j=1,..,s,

. _
MeNyneN,peC, 0<qg<1, > Bj—Y Ai>0,
j=1 i
(aluAl)w"u(aT*hAT*l)7(_M7 1)
(ﬁlaBl)a'"v(ﬁ&Bs)
]

s N1 g
[(1 —q) qk%—l)}zjzl Pty

where the kernel ¢} [

q, z] was established

in the following way

1/)* |: (Oél,Al),...,(Oérfl,Arfl),(—M,l)
" (517B1) '7(557Bs)

Z Hrf ! (qaza Q)
k=0 k Hj‘:l (qﬁj ) Q) Bjk

A, Bj € RY, M € Ny, Re (a;) > 0, Re(Bj) >0;i=1,....7r — 1,
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s r—1
$,3 Bj—Y Ai>00<qg<1, |z] <L
j=1 i=1

2. Applications

This section envisages the applications of the generalized fractional g-integral
operator of the Kober type that contains the basic analogue of the Fox-Wright
hypergeometric function to the basic analogue of the H-function.

We operate the operator (17) to the function z#H, %" (-) using the definition
(1) with argument as z*, A € R*. The result will be useful to evaluate the
operator I (-) of the g-elementary and g-special functions of (4)—(13), (15)
when p = 0.

We consider

=1, [ py (M, 1), (s Ai)y oy } (MHﬁn [l)\;q' (a,0) D LER.

(/8]7 ) (b,0)
According to (1) and (17) and changing s for S, we have
1-— 1
ro_U-a9 1

T, (M +1) 27

> (p+1)k * (a1>A1)>"'7(aT—lvAr—1)a(_Mal) ‘ l+k:|
X qu T¢S |: (ﬁluBl)u"w(ﬁSuBs) ¢4

. “ H;n:lG (qb]-—ajS) H;LZIG (ql—aj-f—é]-S) T (xq]g))\s dS
) |, G TN T ) 6 Sy 57

where 4;, B; € R*, Re(a;) > 0, Re(B;) >0;¢=1,..r—1,5=1,.

M e Ny, I €N, peC AeRT, peR 0<g<1, Y5 1B ST A >O
0<m<v,0<n<p;d6 (t=1,...,p) and 0; (j =1,...,v) are allposmve
integers, Re[Slog (z) — logsin (7.S)] < 0 for large values of |S| on the contour
C.

According to (18),

;o -9 Z (p+1>kz "), I 11(qw;q)Awq(”k)w
T, (M +1) 2 = (@), 1T (@) g,

X (1—q)wqw(w—l)/Q]Z;:1Bj_Zi=1 i (qu)u
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/ H;n:1 G ( b]-—ajS) H;l 1 G ( l—aj+6]-5') T (qu))\s dS
X .
I G (@97 955) 15,00 G (¢%7%%) G (¢ ~9) sin (n5)

Reversing the order of summation and integration is justified by the absolute
convergence,

1—q) " <& (a7 M5q), TTZ1 (0%50) 4,
Lg(M+1) = (4;9),[Tj— (qﬁﬂ,q)ij

w w(w— 2= B'le‘:lA
quw[(l—q) q"! 1)/2} e

I =

1 Hgn:1 G (qufajS) H?:l G (qlfajJréjS) 7Tl‘)‘S

X - ) I . .
270 o [Tj—mi1 G (0" 579%) TT5- 41 G (¢%7%%) G (¢! ~9) sin (79)

o0
« Z q(p+u+w+)\S+1)de.
k=0

According to the g-binomial expansion, established in [7] in the following
form:

a — (2:1q), n (amiq),
1¢0[ ;q,x] _ nn = lal <1, gl <1,
- Z (:9), (#:9) o

n=0
we obtain
- (1—q)x“ M (q 7(]) Hr l(qaz q)
Ty (M +1) 2= (:9),, [T} (qﬁ%q)ij

« qlw |:(1 - q)w qw(w—l)/2

L/ H;TLZI G (qu—UjS') H?:l G (ql—a]'+5j5') ™S
2mi CHth G (ql_bﬁaﬂ's) §:n+1 G (qai—éﬂ's) G (¢1=5) sin (7S)
(q,oJrquer)\SJrZ7 q)

< dSs.

o0

X (qp+u+w+)\5+1 : q)

Using (2), we have

I =

(I—q)a* i(q 7Q) 1) (6% 9) 4,
Lg(M+1) &= (4:9),, [}, (qﬁﬂ,q)ij
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Y1 Bi—XiT Ai
% qlw |:(1 _q)w qw(wfl)/Z} J=1"J L
i/ H;n:1 G (qufajS) H?:l G (qlfajJréjS)
270 Je T pir @ (g1=bi+os5) G(qp+u+w+)\5+2)n§:n+1 G (q%=0%)
G (qp—l—,u,—l—w—i—)\s-l—l) Wx/\S

G (¢'=5) sin (7S)

ds.

Considering

, (-9 ("), 10 (4% 9) 4,
T T (M) (g9), T (qﬁﬂ,q)B .

w wlw— Z B ZilA
XJwﬂl—q)q( 1Vﬂ =

)

and interpreting using (1), we get

1 [ ps (M, 1), (s Ai)y oy ] <qug’1{)n [xx;q‘ (a,d) })

(/ij ) (b,O’)
) m,n+1 . (_ p+#+w)¢)‘)>(a>6)
- Zobqu“U“[x’q‘<b,a>,<—<p+u+w+1>,x> - 19)
where A;, Bj € RT, Re(ay) > 0, Re(Bj) > 0; i = 1,..,r — 1, j = 1,.

M € Ny, Il €N, peC AeRT, peR 0<g<1, Y5 1B ZT LA >O
0<m<wv,0<n<pé (i=1,.,p) and 05 (j =1,...,v) are all positives
integer, Re[Slog (x) — logsin (7.5)] < 0 for large values of |S| on the contour
C.

From (3) and (19) we obtain I/ (-) applied to the basic analog of the Meijer
G-function, as follows:

1| P (M 1) (aiaAi)Lr,l ymyn A, A1y .eny Qp
i

_ gt | a | (S e+ ptw),A),(a,1)
- Zb v “”“{ ’q‘ (1) (= (p+p+w+1), ) 20
where A;, Bj € R, Re(oy) > 0, Re(B;) > 0;i=1,...,r—1,7=1,..5,

MeN,IEN, peCAeER, peR 0<qg<1, Y5 Bj—>i2{ A >0,
0<m<w, 0<n<p, Re[Slog(x)— logsin (wS)] < 0 for large values of |5]
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on the contour C' and

, (-0 (M;59) , TT=) (¢%50) a0
e Lo (M+1) (g:0),, [Tj=1 (¢%54) 5,,,

w B Z B Zr IA
xq' [(1—61) g 1)/2} = .

2.1. Particular cases

Various elementary g-functions and the basic analogues of the special functions
are expressed in terms of the basic analogue of G-function. The generalized
fractional g-integral operator of Kober type, which contains the basic analogue
of the Fox-Wright function applied to these functions, is obtained directly from
(20), making appropriate changes in the values of the parameters.

In (20), makingm=1,n=0,p=0,v=2,by =0,bo =1, A\ =1, u =0,
we obtain the fractional q-integral operator I’ (-) of the g-exponential function
eq (—x), given in (4) as follows:

5
=1 [ E”ﬂ](fw 1)) (viy Ai)y oy ]G(Q) Gy’ [f“(l _q);q' 0,_1 ]

waq [ (1-0): ‘Sfii w_l}.

The fractional g-integral operator I/ (-) of the elementary and especial g-
functions given from (5)—(13), is shown in Table 1.

Considering the results (15) and (20) with x4 = 0, we obtain

M 1 ivAi r— al,..., ar+1
8 Gy, e [ 0]

q ,...,q
-G (¢ )G<q>
I G(ev)

P (M 1) (O%Az‘) r— 1,41 x 1—a;
Il |: (IBJ’ ) bl :| <Gr+1,r+2|: > ‘ 0,1 jb .1 :|>

HJ IG Z
HT‘+1G w,q
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X

L2 |2 | (= (ptw)
Hr—:Q,r+3 [__’ q ' 1) 1

Using (3), we get
py (M, 1), (v i)y ] < [ q™, .., gttt ]>
Il i e o
q |: (’Bj’Bj)l,s r+1¢r qb1’ '”7qu q

-G (67) G (g) &
TG o

1r+2 | (=(p+w)
x Gr—:—nQ,r+3 |:__; q ‘ 1

= 1),(1—-aj,1) ]7

),(—(p+w+1)71)7(1_bj71)
where 4;, Bj € RT, Re (o) > 0, Re(Bj) > 0;i=1,.,r—1,j = 1,...,s, M € N,
leEN, peC0<qg<l, Y5 Bj—YiZ 4 >0, |z <1, ‘arg (_%)

bw,q given above.
where

< T

, (-9 (a50), TTZ1 (4%59) 0
o Py (M+1) (350), [Ti=1 (¢%30) 5,

S Bi— T:IA
X [(1—@1)“’ qw(“’*l)/ﬂzkl i3l

o lw
q .
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Table 1: The fractional g-integral operator I} (-) of some g-
functions

M, 1 is Ai)p
re || Gy e = e No

fo 2T (B1, By)

(85, Bs)

(-0 | C@Eobug G [s0-0sa| 0] o)

sing () | VA(L—a) G () Xalo bug * (22)
T A

cos, (z) ¢%u—@”ﬂKﬂmﬁ§f bu,g X (23)

sinhy (x) %uwﬂﬁmMiﬁﬁvx (24)
1,1 z%(1—¢q)? —p—w,
Hyy ’q’ %,1),(,1),(1,1),(—/}—11)—1,2)]
1—q) 2 [G ()] Thlg bug * (25)

coshy (z) | /7
Hy
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Table 2: Table 1, Continuation
Eq[B;b; : S0 bwa Gt s {W' b_f,):,l:j;i.o.la@?, ) J (26)
g @) G @ SMgbug 1114|2050 0] (000 27)
’ w=0"1a T4 (5. (=51,
(1’1)’(_p_w_1’2) i|
. 2 M 2,1 | 22(1—¢)2 . (=p—w,2),
YV (I,q) [G (q)] Zw:O bw»q H2_’5 4 54 (%’ 1) , (7%7 1) , (28)
()
(_%,1)7(171)27(_17_7‘”_1’2) :|
2 2 —p—w,2
Ky (z;q) (1—a)Xilobwa Hi {%ﬂ‘ ((%f)l) ,1%_)%71)7 (29)
(171)7(7P7w7172) :|
Vi zz —q)2 - F 72 ’
b 10 S e LR
51 }
(5.1, (5%1), (1L, (~p—w—1,2)
10 M wf:0 buw,q X (31)

1521 G(a")
itz |z, —(p+w),1—aj
r+2r43 | 70T 01— b1, — (p+ w4 1)
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