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Abstract: The present study is mainly concerned with one class of gener-
alized convex functions in the sense of Beckenbach. The existence of the sup-
port curves is presented for this class, which leads to its generalized convexity.
In addition, an extremum property of these functions is given. Furthermore,
Hadamard’s inequality for this class is obtained.
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1. Introduction

Convex functions have played an essential part in the development of several
fields of pure and applied sciences. Convexity theory shows a wide spectrum of
very interesting developments involving a link among different fields of mathe-
matics, physics, engineering sciences and economics. For example, in 2019, Ma-
lyuta and Acikmese [14] presented a novel convex optimization-based system
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for finding the globally optimal solutions of a class of mixed-integer non-convex
optimal control problems which was used in rockets and other applications. Ad-
ditionally, they considered problems with non-convex constraints that restrict
the input norms to be either zero or lower- and upper-bounded. The non-convex
problem was relaxed to a convex one whose optimal solution was proved to be
optimal almost anywhere for the main problem, a procedure known as lossless
convexification.

In this paper, we suppose that I is a nonempty, connected, and bounded
subset of R. A real valued function f(z) of a single real variable z defined
on [ is called convex if, for every zj,z9 € I and v € [0, 1], we have the next
inequality:

flyzr+ (1 = y)z2) < vf(x1) + (1 =) f(2). (1)

Since the beginning of the 20th century, many generalizations of convexity have
been extensively presented and discussed in numerous ways by many authors in
the past and present. One way to generalize the notion of the convex function
is to relax the convexity condition (1) (see [13]).

As known, the definition of the classical convexity can be explained in terms
of linear functions. A significant direction for generalization of the ordinary con-
vexity replaced linear functions by another family of functions. For instance,
Beckenbach and Bing [6] generalized this status by substituting the linear func-
tions by a family of continuous functions in such a way that for each pair of
points pi(x1, f(x1)) and po(ze, f(x2)) of the plane, there exists exactly one
member of the family with a graph joining these points (see also [5]).

To be more exact, let {F(z)} be a family of continuous functions and F(x)
be defined on a real interval I. A function f : I — R is called a sub F-function
if, for all z1, z9 € I with z1 < x9, there is a unique member of { F'(x)} satisfying
the following conditions:

1. F(z1) = f(x1) and F(x2) = f(x2),
2. f(z) < F(x) for all x € [z, z2].
The sub F-functions possess numerous characteristics analogous to those of

ordinary convex functions (see [1], [5], [6], [8], [10], [11], [21]). For example, let
f I — R be a sub F-function, then for every x1,xz2 € I, the inequality

f(z) > F(x) (2)

holds outside the interval (z1,z2).
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Theorem 1. [21] A sub F-function f : I — R has finite left and right
derivatives f' (z), fi.(x) at any point x € I.

Property 2. [21] Under the assumptions of Theorem 1, the function f is
continuously differentiable on I with the exception of an at-most countable set.

The current work is only concerned with generalized convexity in the sense
of Beckenbach. For particular choices of the two-parameters family {F(x)}, we
consider one class of generalized convex functions as follows

F(z) = L(z) := In(A + Bx).
The following double inequality

u—i-v)S 1
2 v —u

[ @ar < LI Q

I

is well-known in research references as Hadamard’s inequality or, as it is quoted
for historical reasons [16], the Hermite-Hadamard inequality, where f: [ — R
is a convex function and u,v € I with v < v. This inequality attracted the
interest of numerous mathematicians; for new generalization, extensions, and
many applications, see [9], [12].

2. Definitions and preliminary results

From these investigations, let us now show the main definitions and results for
the provided class of generalized convex functions in the sense of Beckenbach
as they are used later in this article.

Now, we introduce a definition of the sub L-convex function and some of
its properties.

Definition 3. The function f : I — R is said to be sub L-convex function

on [ if, for every x1,z9 € I with x1 < x9, the graph of f(x) for 1 < 2 < 9
lies on or under the function

L(z) = In(A + Bu), (4)

where A and B are taken in such a way that L(x1) = f(z1), and L(z2) = f(x2).
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Equivalently, for all x € [z, z2]

flz) < L(x)
(22 — )l @) 4 (z — z7)ef (@2)
Tro — T '

= In

()

It is should be noted that:
(1) There is another formula for the function L(x) rather than that stated
in (5), for example,

flx2) _ of(z1)
L(x) = ln(ef(“) +(x—x1)B); B= R — (6)
Tro — I

(2) If f: I — R is a two-time continuously differentiable function. Then,
f is a sub L-convex function on [ if and only if

f"(x)+ f(x) >0 Vz e I (7)

Definition 4. A function f: I — R is said to be sub L-concave function
on [ if, for every 1,29 € I with z1 < a9

($2 — $)ef($1) + (x — $1)€f($2)
Tro — I

f(@) >

, T € [x1,x9]. (8)

Remark 5. A function f : I — R is said to be exponentially convex
function (see [17, 18, 19]), if

el 1t (=me2) < ~ef(@1) 4 (1 — )l (#2) (9)

for all z1, 29 € I and ~ € [0,1].

We use the substitution:
Tro — T
v = (10)

.%2—1’1'

Hence, from (5), the function L(z) has the following form
L(@) = Ly + (1= )e2) = lpyed @) 4 (L= )efe2]. (1)

Thus, from Definition 3, it is revealed that a function f : I — R is a sub
L-convex function on I if, for all 1,29 € I and v € [0,1], we have the next
inequality:

fer+ (1 =7)z2) < L(z)
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_ ln[’yef(a:l) +(1— 'y)ef(w?)].

Then,
el 1t (1=mw2) < el (1) 4 (1 = y)ef(#2), (12)

Therefore, from (9) and (12), we deduce that the sub L-convex functions are
precisely the standard exponentially convex functions.

In fact, the topic of exponentially convex functions really originated in the
paper of Bernstein [7]. In 1929, Bernstein introduced a function f(z)(u < z <
v) belonging to the class ¢, if it is continuous and

3 ;rxj)aiaj >0 (13)

i,j=1

for all n € N and all choices «; € R, z; in (u,v), ¢ = 1,...,n. Additionally, he
called these functions f(x) € ¢, exponentially convex functions. This con-
cept was studied by some researchers (see [20] and the references therein) after
Benstein [7]. It should be noted that this concept is different from Definition 3.
In 1972, Avriel [4] introduced and studied the definition of r-convex functions.
Let r be a real number. A real function f defined on a convex set C' C R"
is said to be r-convex function if for any zi,29 € C, v > 0, § > 0, such that
v+ 0 =1 we have

log{yerf(@1) 4 serf@2)y1/r - if £ 0

. (14)
vf(x1) +6f(x2), if r=0.

flyz1 +0z2) < {

A function f is r-convex (r-concave) if r > 0 (r < 0). The subject of r-
convex attracted the interest of some researchers such as Antczak [3] and Zhao
et al. [23]. They studied some properties of r-convex that have important
applications in mathematical programming and optimization. This definition
is the same as Definition 3. In 2018, Alirezaei and Mathar [2] showed the
concept of exponentially concave functions in R"™ and presented some of their
properties and their impact on information theory. This notion agrees with
Definition 4 in R. In 2019, Noor and Noor [17], [18], [19] proposed the concept
of exponentially convex functions as there is in the Remark 5. They showed
many of the properties of exponentially convex functions and discussed their
relations with convex functions.

Based on continued research, this worksheet just deals with generalized
convexity in the sense of Beckenbach. By choosing the family {F(z)} equal
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{L(x) = In[A 4+ Bz|} as shown in Definition 3. So again, the concept of sub
L-convex functions is considered. Some properties of sub L-convex functions
are proposed. These properties are different from those on the class of expo-
nentially convex functions. The existence of support curves is presented, which
implies their generalized convexity. In addition, an extremum property of these
functions is obtained, and the relation between these functions and increasing
functions is yielded. Furthermore, Hadamard’s inequality is established for sub
L-convex functions.

Now, we show the form of supporting functions in the class of sub L-convex
functions.

Definition 6. Let f: I — R be a sub L-convex function. Then, a function
Yy, (x) = In(A + Bzx) (15)
is called a supporting function for f(z) at the point x; € I, if

Yy (21) = f(21), (16)

and
Yy, () < f(x), Voel. (17)

This is to say that if f(z) and 1, (x) agree at x = x1, then the graph of f(x)
lies on or above the support curve.

Proposition 7. Let f: I — R be a differentiable sub L-convex function,
then the supporting function for f(x) at the point x1 € I has the form

ey () = f(z1) + In[1 + (z — 21) f'(z1)]- (18)

Proof. The supporting function ¢, (z) for f(z) at the point x; € I can be
described as follows:

Yer(e) = lim L(x), (19)
where x5 € I and
f(z) > L(x), Ve eI\ (z1,x2). (20)

Then, taking the limit of both sides as z9 — 21 and from (6), one obtains

f@) = vu ()
= lim L(x)

Tro—IT1
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= lim [In(ef®V) + (2 — 21)B)]

Tro—T1
= f(z1) +In[l + (z — z1) f'(21)]- (21)
Thus, the claim follows. O
3. Results

In [22], a basic theorem in the theory of convex functions refers to a necessary
and sufficient condition in order that the function f : I — R be convex, that
is there must be at least one line of support for f at each point x in I. In the
following theorem, we prove analogs of this result for sub L-functions.

Theorem 8. A function f: 1 — R is a sub L-convex function on I if and
only if there exist a supporting functions for f(x) at each point x in I.

Proof. The necessity is an instant result of Bonsall [8].

To show the sufficiency, assume that x is an arbitrary point in I and f has
a supporting function at this point. For suitability, we write the supporting
function in the following form:

baly) = Fla) +1n [1 Fy- m)SI,f} | (22)

where S5 ; is a fixed real number depending on x and f.
From Definition 6, we have

%(fc) = f(l‘),
and
VYo (y) < fly) Vyel (23)
It follows that
f@) 4|1+ (- )8,g] < 5) Wye (24)

Consequently,
1+ (y— )8, <SWI@ wyer. (25)
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For every x1,z9 € I with x1 < z9 and v, > 0 with v+ =1, let
x = yx1 + 0z2. (26)
we apply (25) twice at y = x1 and at y = x9 and this yields
1+ (21 — x)S, 5 < @)@ (27)

and
1+ (29 — )8, < el @2)=1@), (28)

Multiplying the first inequality by 7(ze — z1) and the second inequality by
d(zo — x1) and then adding them, we get
(v + 0) (@2 — 21) + [y(z2 — 1) (21 — @) + 022 — 21) (22 — @) s, s

- Y(wg — 21)ef @) + §(zg — z1)ef (@2)

Consequently,

(22 — )l @) + (z — z)ef (@2)
T9 — T1

f(2) <ln

Vo € [1‘171‘2],

which is to prove that the function f(x) is a sub L-convex function on I. Then,
the theorem is true. O

Remark 9. For a sub L-convex function f : I — R, the constant S, ; in
the foregoing theorem is equal to f’(z) if f is differentiable at the point = € I.
Otherwise, f’ (z) < S, 5 < fi ().

Mils [15] presented an extremum property of convex functions which gave
the minimum integral to subtract the convex function from its support. In this
paper, we get an extremum property to the sub L-convex functions which are
introduce in the following theorem.

Theorem 10. If f:I — R is a sub L-convex function, with u,v € I and
if 1., (z) is a supporting function for f(x) at the point x1 € [u,v]. Then, the
function

Ko = [ (@) = o (@))de (20)

has a minimum value at x1 = (u + v)/2.
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Proof. Using Definition 6, we get

Yo (1) = f(z1),
Yy () < flz) Vo€ |u,v],

and 1., (z) can be written in the following formula:
Y (2) = (1) + 11 + (2 — 1) e g} Vo € [, 0]

From (32), we get

/ o (@) = Flar)(v — u) + oIl + (0 — 1), /]
—uln[l + (v — 21)Sy, ¢]

_/U xS$17f dl‘
w 1+ (@—21)Ss p

= fla)w—uw +oll+ (a8, + (08, ]

2
u+v V—Uu

- xl)S;m,f - (T)Saxl,f] - (U - u)

+1 — 1‘153517]0 n |:1 + (U — xl)S;m,f
thf 1+(u—x1)le,f ’

—uln[l + (

consequently,

/u () =

u—+v

= f(z1)(v —u) + (v —u) In[1 + (
(%)Sﬂﬂ,f ]
+ (uT—H) _wl)sxl,f
v_u) g
(ufv ) o :| - (7} — u)
1+( 2 —l‘l)le,f
+1 — 215, f o [1 + (M2 — 21)Sg,, 5 + (”gu)le,f]
Sa.f L+ (%52 = 21)Se f — (559)Sey f )
_xl)sth]

TOTN N LN
2 2 1+(%—$1)le7f

- xl)sth]

In |1
+vn[+1

—uln [1 —

= f(z1)(v—u)+ (v —u)ln[l+(

+(

975



576 A.A. Badr, N. Faried, M.S.S. Ali

vou) g
_(u—l—v_v u)ln[l— (ufy) 1,f :|
2 2 1+( 5 )Sa:l,f
_ vou) g
—(’U—u)—l—271 L1501 tanhl[ (55) 8.,z }
S$17f 1+( )le,f

(5)Sar,r ]

SN [(55) S0, |

ST AP R [ (%)Sm,f :|
thf 1+(UT+U _xl)sth

Therefore, we obtain

/wm -

)(v—u)—l—(v—u)ln[1+(u+v

—21)Say,4] — (0 — )

2
- v_uy g
TN [P 2L
2 14 (%3~ —xl)le,f]Q
1 utv S v—_u)g
Se1,f 1+ (T - l‘l)Sm,f
We apply (32) at © = (u+ v)/2, to obtain
u+v u+v
Y, ( ) — f(z1) = In(1 +( 21)Szy,f) Va1 € [u, 0], (34)
By substituting (34) in (33), we observe that
U —|— v
[ ba@dde = @ = wun, (57 - 0=
_ vV—UuU Sx
T [1_ (52) ¥, |
2 [+ (%% — 21)Se, 42
1 utv S, vy g
R ==L E
S$1f 1+(T _wl)sﬂcl,f
U+ v
= - u)va) + H]. (35)
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where
1 [(5%) Sy 41 }
H = —-In|l-
20 T I (B 2)Sa g
1+(UT+U x1)S. x1,f -1 (%)thf
B R R L+<“T”—x1>sxl,f]_1‘
(36)
Consequently,
K(x1) /f dm—(v—u)[%(””HH] (37)

One might directly notice that H does not depend on 1, that is H depends

only on u and v. Using (30) at 2y = 3, the function K (x1) becomes
u+v Y u+v
K5 = [ fwnde - - 50+ 1], (39)
But from (31), we note that
u+v u+v
Yar (=) < f( ) Vo1 € (u,v). (39)
Then, from (39), (37) and (38), we obtain
u—+v
K(z1) > K( 5 ) Va1 € (u,v). (40)
Thus, the minimum value at function K (x1) occurs at x1 = (u + v)/2. O

In the next theorem, we establish Hadamard’s inequality for sub L-convex
functions.

Theorem 11. Let f: I — R be a sub L-convex function, with u,v € I

with u < v.
Then, one obtains the following inequality

I

wtv 1 /() = 1) — [f(u) — e
s ) <. /u flz)dr < ) — @) G
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Proof. Let x1 be an arbitrary point in (u,v). As f(x) is a sub L-convex
function, then from Definitions 3 and 6 we note that the graph of f(x) lies
nowhere above the function

ef ) _ of(w)

L(z) = ln[ef(") + (z —u)B], where B = T o—a (42)

and nowhere below any supporting function

(% (Qj) = f(xl) + 111[1 + (x - le)S;m,f]v (43)
at the point x; € [u,v].
Thus,
Yoy (2) < flz) < L(z) 2 € [u, 0],
and ) ; ) Y ) Y
- U/u Uy, (z)dx < - U/u flx)dx < - U/u L(x)dx. (44)

From (42), we get

= L lf) - ufw)

v—u|

_/{_;ﬁl_%
L I+ (@—wB"|
T

= vf(v) —uf(u) = (v —wu)

oFW _
+ ) - s

@) — fwef ™
- ef(”) — ef(u) v

[f(v) = el ™) — [f(u) — 1]e/™

1 v 1 v
/ L(z)dx = / Infef™ + (x — u)Bdz,

- ef) — ef(u) ' (45)
By using (43), (35) and (36), it follows that
1 Y u+v

—— [ va@de = vn (50 (16)

L4 (4 =)y (558

+2 X1,
(U_U)Sm,f 1+(UT+U _xl)Sﬂﬁl,f
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((%5%)S5, 1)?
Tl [1 T >Sm,f>2}

Since, tanh™ !y >y for 0 < y < 1, we have

/ by (2)de > 1

u+v

)

v —u
+1+ (UT—H} _ml)Sfo [ (%)thf :| 1
(“5%) Sz 5 1+ U —21)Sey s

1 ((U u 931f :|
+—In|1—
2 [ (1“‘(“7%_371 xl,f
ut v ((*5%)S0,.,)? ]

> g, (—— —1In 3
Yo 2 ) 2 [ (1+ (M2 —21)S4, 5)?
We take the maximum of the term

(1w — ) / o (@) < (1/(0 — ) / * fe)de

for z1 € (u,v) and from (48), it follows that

viu/ f($)d$2u1<r§c?ﬁv{v_u/ Yoy (@)dz ¢,
vy, )2
> e {04 1 s

u<r1<v

C e {%(“”)}

u<ri<v

v—u 2
+ max {lln [1_ ((5%)Sa1,0) ]}
b (oA

Actually, we observe

then

v=u 2
max {lln [1— ((55%)S%z1,1) ” —0.
u<zi<v | 2 (1+ (% - xl)le,f)2

[ ez e {en 50}

vV —U u<ry<v

Consequently,

579

(47)

(48)
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From (31) at 1 = (u + v)/2, we have

U+ v u—+v
— )<
) < F(55

Using (48) and (49), one obtains

b (

) Va1 = (u,v). (49)

1 v u+v
[t > max fea (5]
u+v
S ) (50)
Hence, from (44), (45) and (50), we have the required inequality (41). O

Theorem 12. Let f : (u,v) — R be a twice differentiable on (u,v).
Then f is a sub L-convex function if and only if there is an increasing function
w: (u,v) = R and a point ¢ € (u,v) such that for all x € (u,v),

T
el @ _efle) = / w(t)dt. (51)

Proof. Let f be a sub L-convex function. Since f is a differentiable function
on I, then we can choose

w(zx) = f/(a:)ef(x) Va € (u,v). (52)
By differentiating the above equation with respect to x, we get

W'(@) = f@)e! W+ R a)el @,
= [f"(@) + [P@)e .

Since f is a sub L-convex function and from (7), we have
w'(z) = [f(x) + f(@)]ef® >0 Vi e (u,v). (53)

Then w is an increasing function. For any ¢ € (u,v), and by integrating (52)
from ¢ to x, we get

/Iw(t)dt = f@ _ efle),
C

Conversely, let w be an increasing function and the equation (51) be realized,
we observe that

f(z)=In [eﬂc) + / ’ w(t)dt] : (54)
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Then, for 21 < 22 in (u,v), we have

f@) = In [ef(c>+(ﬂﬁz—x)+(w—$1)/cxw(t)dt}

Tro — T
_ X1 _ x
— In [ef(c)_|_ T2 / w(t)dt + —2—= / w(t)dt
T2 — T c T2 — T x1
_ xr2 _ xr2
TR / w(t)dt — ——22 / w(t)dt]
T2 — 21 Je T2 —T1 Jg

Since w is an increasing, then w(t) < w(z) in [ w(t)dt and

x
xr1
—w(t) < —w(z) in — [ w(t)dt, and therefore, we obtain

x

f@) < In [ef(c)+($2_x)+($_$l) /jwumt]

T2 — 21

_ T _ x
= In [ef(c) + u/ w(t)dt + e w(a:)/ dt
c T

Ty — 11 Ty — 11 .

_ T2 _ T2
+2 ”“’1/ wt)dt — L1 w(m)/ dt}

T2 — 21 T2 — I

_ 1n[m_x)ﬂx_xl)eﬂchrﬂ/xl w(t)dt
Ty — T Ty — 21 J,

To9 — T

w(z) (@ — z1) + —— 2 /m w(t)dt

To — I T2 — I
2= (o) )|

. [(@ —2) (/) + [T w(t)dt) + (z — 21)(ef©) + [T w(t)dt)

r — I

T2 — I

(55)

Applying (54) at x; and z9, we get

Flz) =In ef<c>+/ w(t)dt|,

and

f(z2) =In B + / b w(t)dt| .

Consequently,
xr1
) _ oS 4 / w(t)dt, (56)
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and x2
of@2) _ o) 4 / w(t)dt. (57)

Substituting (56) and (57) in (55), we have

($2 — x)ef(l'l) + (x — $1)€f($2)
T9 — X1

f(z) <In } Va € [x1,x2].

Which means that the function f(z) is a sub L-convex function on (u,v).
Hence, the theorem follows. O
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