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Abstract: In this paper, we deal with solving the Hamburger truncated
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an algorithm which allows to confirm if a finite sequence is a Hamburger moment
sequence or not. This algorithm is generated by linking between the moment
problem and Jacobi operators.

AMS Subject Classification: 44A60, 47B35, 47B36, 15A15
Key Words: truncated moment sequence; Hankel matrix; leading principal
minors; Jacobi operator

1. Introduction

Hamburger proved in [1] that any infinite sequence of real numbers s = (s;); >
0, can be represented as follows

5= [ #auta), =0 1)
R

with a positive measure g on the real line, if and only if all Hankel matrices
H,, = (Sitj)o<ij<n, (n > 0), are positive semidefinite.
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The sequences defined in (1) are called Hamburger moment sequences.

If (s;)j>o0 is a Hamburger moment sequence, then Hankel determinants
D,, =| H,, | are nonnegative and only two possibilities can occur, either D,, > 0
for all n € N, and in this case any p satisfying (1) has infinite support, or there
exists r such that D,, > 0 for n < r and D,, = 0 elsewhere.

In this latter case, p is uniquely determined and it is a discrete measure
concentrated in r + 1 points on the real axis, [10].

It follows, from a general theorem about the leading principal minors of
real symmetric matrices, that if D,, > 0 for n < ng then the Hankel matrix
H,, is positive definite [3, p.70]. On the other hand, if D,, > 0 for n < ng, we
can not conclude that H,, is positive semidefinite. On this point, we recall the
following interesting theorem due to C. Berg and R. Szwarc [4].

Theorem 1. Let s = (s;)j>0 be a real sequence. If the sequence of
Hankel determinants satisfies D,, > 0 for n < ng and D,, = 0 for n > ng, then
(sj)j>0 is a Hamburger moment sequence of a uniquely determinant measure
concentrated in ng + 1 points.

In the present work, we are interested in the Hamburger moment problem
for finite sequences, that is the Hamburger truncated moment problem. We
deal with a determinant characterization for the Hamburger truncated moment
sequences.

Let s = (8j)o<j<m, m > 0 be a real finite sequence and consider the follow-
ing Hamburger truncated moment problem

5= [ lduta), 0<j<m. )
R

Thereafter, we use the term even case if m is even, and odd case otherwise.

Note that the theory of complete moment problem does not provide a solu-
tion for the truncated one. In contrary, the solution of the truncated moment
problem can be used to solve the complete one, [2, 7, 9].

IftH B(m) (s) is invertible, its positivity is necessary and sufficient to solve the
problem (2). However, such condition is, in general, not sufficient if H E(%)(s)
is singular, and the determinant characterization of moment sequences with
finely many mass-points given in [4] is no longer valid when dealing with finite
sequences. In Example 9, we illustrate this fact.

The usual approach to solve the problem (2) consists in treating the even
non-singular case and then reducing the even singular case to the non-singular
one by the use of quasi-orthogonal polynomials and gaussian quadrature [6].
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Another approach, revolves around the notion of recursivity [5] of Hankel
matrices.

In this paper, we aim essentially to solve (2) without distinction between the
even and the odd case. We establish some necessary and sufficient conditions
based on the calculation of the leading principal minors of the matrix Hy(s)
where k = E (7).

If all leading principal minors are positive, then s is positive definite if
m = 2k or it can be extended to a positive definite sequence if m = 2k + 1. In
both cases s is a Hamburger moment sequence. Otherwise, we focus on the first

determinant which vanishes. So, let us assume that Dy > 0,D1 > 0,--- , D, >0
and D,;1 = 0 where r < E(%), then we construct a representative measure
u for the subsequence (s, s1,--- ,82,+1) and we show that s is a Hamburger

moment sequence if and only if it can be represented by pu.

In practice, this approach has limits since the construction of the measure
is based on the resolution of an equation of degree r+1 and the resolution of such
equation is not always easy. This is why we have investigated a link between
the Jacobi operators and the truncated moments sequences. This enable us to
establish an algorithm allowing to conclude if the problem (2) is soluble or not
by reducing the problem to a calculations of the matrix product of a row matrix
of size r and a square matrix of size r X r.

The remainder of this paper is organized as follows. In Section 2, we present
some preliminaries that will be used to establish our results. Section 3 is devoted
to the statement of our findings.

2. Preliminaries

In this section, we present a resolution for the problem 2 when n = 2r + 1
and (sj)o<j<2r is positive definite. Then, we provide a link between Jacobi
operators and Hamburger moment problem.

2.1. Resolution of the problem (2) when
s = (80,81, " ,S2r+1) With (sg,s1,--+ , s2,) positive definite

Let s = (sj)o<j<2r+1 be a real finite sequence such that the sequence (s;)o<j<2r
is positive definite, s can be extended to a 2r 4 2 positive definite sequence s*

see [8, Lemma 9.1]. We can then define on R, ;[z] an inner product by

< P,Q >= L (PQ),
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where L? is the Riesz functional associated to s*, i.e L*(27) = 57,0 < j < 2r+2.
Let (Py, Pi,--- , Pry1) be the family of unitary orthogonal polynomials as-
sociated to this inner product. It is defined by

80 o« o Sn
1
Pn = ’
Dy_1 |Sn—1 ' S2n—1
1 ... gn

for alln € {0,--- ,r+1}, with D_; = 1, (note that this family does not depend
on Sg,49, unless we want to normalize it).

If A1, A2, , Arq1 denote the roots of P.,; then using Lemma 9.4 and
Lemma 9.6 [8], we obtain the following theorem.

Theorem 2. For all f € Ry, 11[z], we have

/ F@)dpp, (),

r+1 -1
where pup,,., = > midy,, m;= (E (Pe(\)) > and 0y, denotes the Dirac
i=1 k=0

measure at the point A;.

In particular, Vj € {1,--- ,2r + 1}, s; = [pa/dpp, ., (z).
The following example illustrates this theorem.

Example 3. Let s be the sequence (1,1,2,6,24,104). The subsequence
(1,1,2,6,24) is positive definite.

The orthogonal polynomials are
Py=1, Pi=xz—-1, Py=2>—42+2 and Py=2>—5z>+2z+2.
The roots of P53 are
M=1, X=2-vV6 and I3=2+6.

The coeflicients m; are




ON A STUDY OF THE HAMBURGER TRUNCATED... 629

So, the measure pp, is given by

3
ppy =Y midy,.
=1

One can easily check that s; = [p 2/dup,(z) for 0<j<5.

In what follows, we will refer to the polynomial P,;; and to the measure
Kp,,, Whenever we have a sequence (sg,s1,- - ,S2r41) such that the sequence
(S0, 81, ,S2,) 18 positive definite.

2.2. Moment sequences and Jacobi operator

Let s = (s;)72, be an infinite sequence of real numbers. Assume that s is
positive definite.
The formula
< P,Q >s= Ls(PQ), P,Q € R[z],

defines an inner product on the vector space R[z].
Applying the Gram-Schmidt procedure to the basis {1, z, 22, - - -}, we obtain
an orthonormal basis (py,)nen given by

80 .. Sn
1 q 1 : : :
po=—= and pp=—pm—ne| = S
VS0 " Dyp—1Dy, Sp—1  * S2p—1
1 ... pn

where D_; =1, and D,, = |H,(s)|,n > 0.
The family (p,)nen is characterized by the following iterative relation

p-1=0 (3)
TPp = ApPpt1 + bnpn + an-1pn-1,n > 0,

with a_1 = 1,a,, = 7%21)“1, and b, = Lg(zp2),n > 0.

The relation (3) links the moment problem to Jacobi operators.

Let H,; denotethe Hilbert space completion of the unitary space
(R[z]; <,>s), and X the multiplication operator by the variable x with do-
main R[z] on H,. Namely, Xp(z) = zp(z), p(z) € R[z]. Then, X is a densely
defined symmetric operator with domain R[z] on the Hilbert space H, since

< Xp,q>s= Ls(xpq) = Ls(prq) =< p,Xq >,, p,q€Rlz].
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Let {en,n € N} be the standard orthonormal basis of the Hilbert space
l2(N) given by e, = (5k,n)k€N~

Since, {p,,n € N} is an orthonormal basis of Hg, there is an unitary iso-
morphism U from H, to I2(N) defined by Up,, = e,.

Then, by (3) T = UXU ! is a symmetric operator on [?(N), which acts by

Te, = anén+1 + bpen + an—1€n-1,

where e_1 = 0.

The domain D(T") = U(R[z]) is the linear span of vector e,, that is D(T')
is the vector space d of finite real sequences (fg,- - , 8n,0,0---). For any finite
sequence 3 = (f3,) € d, we obtain

T (Z /Bnen> - Z(anﬁnJrl + Bnbyn + anflﬁnfl)en-

neN neN

Or equivalently

{(Tﬂ)o = aof1 + boBo (4)

(Tﬁ)n = an/BnJrl + bn/Bn + anflﬁnfly

where we take f_1 = 0.

Relations (4) mean that the operator T' acts on a sequence by multipli-
cation with the following infinite matrix

bo a 0 0 0
agn b1 aj 0 0
J = 0 aq bg a9 0
0 0 a bg as

J is called Jacobi matrix, and the corresponding operator 7' = T’ is called
a Jacobi operator.

The terms s, can also be computed from Jacobi operator T' by
sn(s0) "t = (s0) 7" < 21,1 >y=< X"py, po >s=< T"en, €0 > .

So, if sp = 1 the term sy, is the entry in the left upper corner of the matrix J*.
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Remark 4. Assume that s = (s;)j>0 is a definite positive sequence, to
recover the terms of the sequence (s, - , S9,,41) it is sufficient to calculate J¥,
0<k<2n+1 where

bo ag 0 0 0 0
a b1 aq 0
0 al b2 a9 0 0

[an}
[en}

ap—1 by,

Jp will be called the Jacobi matrix associated to s = (8;)o<i<2n+1. The entry
in the left upper corner of J* will be denoted Cn k-

Note that if L} denotes the first row of .J,, then L} = L]f_l X Jp, 1<k<
2n + 1, with L9 the first row of I,,( the unit matrix) and we have

1
=Lt g, x 0], (5)
0

In the remainder of the paper, we will refer to the matrix J, whenever
s* = (80,51, -, Sop) is positive definite.
In the following example we illustrate this remark.

Example 5. Let (s,)nen be the infinite sequence defined by s, = n!. To
recover the terms of the sequence (1,1,2,6,24,120), it suffices to calculate the
power of the matrix

bo agn 0
Jao=1ay b1 a1},
0 aq b2

with a_1 =1,a, = 7%%, 0<n<1,and b, = Lg(xp2),0 <n < 2.
We have

D_1 = 1, DO = 1, D1 = 1, DQ =4 and D3 = 144,

1 1 3
P=1 P =z-1, P2:§x2—23:+1 and P3:6x3—§x2+3x—1,

apg = 1, al = 2, bo = 1, b1 = 3, and b2 = 5,
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and
1 1 0
=11 3 2
0 25
Using (5) and by simple calculation, we get
o1 =1=3s1, C22=2= sy,

23 = 6= S3, C24 = 24 = S4 and C25 = 120 = S5.

3. Main results

Let s = (s;)7%, be a real finite sequence, to solve the problem (2), we start
by calculating the determinants of the leading principal minors of the Hankel
matrix Hp(m)(s).

Let r be the smallest integer such that Dy > 0 for £ < r and D, = 0,
then we prove that s is a Hamburger moment sequence, if and only if s is a
Hamburger moment sequence for the measure up,,, (see Theorem 2). To state
this result, we need the following two lemmas

Lemma 6. Let (sj);:igrﬂ be a (2r + 1)-real sequence such that the se-

J

quence (s;) ;gr is positive definite. The following two assertions are equivalent:

(i) Pry1=2"" —ag —ayz — - — a;2";

i=r
(ﬁ) Up41 = Z a; Vi,
=0

where vg, vy, - -+, and v, denote the columns of H,.(s), and vy41 = (Sy41, Sr4+2,° ",
¢
52r41)"

Proof. Let j € {0,1,--- ,r}. By orthogonality, we have
Ly(Pri12?) = 0.
Hence,

Vi€ {0, 1,--- ,T‘}, Sr4j+1 — A0Sj — Q18541 — = — ApSjqy = 0.
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1=T
Thus, vy41 = > a;v;.
=0

633

1=
Conversely, let A be a root of the polynomial P, 1, we have

S0
1 |:
T |Sr
1

Sy Sr41
S2r  S2r41
T )\rJrl

Expanding according to the last row, we obtain

1 a _
Fra(N) = 5 [ A0y 4 (- )MIATED,
T k=0

with
50 Sr—k—1  Sr—k+1
Dyp=1|: : :
Sy Sr—k—1 S2r—k+1
and
S1
Dr,r =
Sr41

On the other hand,

1=T
Vr41 = E A;V; = Ur41
i=0

Thus, replacing the last column v, 1
0<k<r-—1,
S0 Sr—k—1 Sr—k+1
Dr,k‘ = :
Sy Sor—k—1 S2r—k+1
and
S1 Sy
Dr,r -
Sr41 Sor

Sr41
0<k<r-1,

S2r4-1
Sr41

S2r+1

i=r
- E a;V; = ajvj.

i=0,i#]

1=r

2

i=0,i#r—k

by vpy1 — a;v;, we obtain for

Qr—kSr—k
= (_1)kDrar—ku

Qp—S2r—k

apso

(—1)" Dyaq.

apSy
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Hence,
Pri1(A) =0 - ATHD, 4+ Z DA R(—1)ka, D, | =0
PN Z(_1)2k+1)\r7karik —0
o\t zT: )\r—kar_k
P Z Na.

We deduce that A is a root of P41 if and only if A is a root of the polynomial

i=r
Q=a" -3 gt
i=0
The polynomials @ and P, have the same degree, the same roots and are
both unitary. Therefore P11 = @ and the proof is ended. O

Lemma 7. Letn>1 and s = (sj)?io be a finite real sequence such that
Dy >0 for all k€ {0,--- ,n— 1} and D,, = 0.

Then, s is a Hamburger moment sequence.

Proof. Using Theorem 2 and since the sequence (sj)g”*Z is positive definite,

then the sequence (sj)%”_l is a Hamburger moment sequence for the measure

p,» Where

80 o« o Sn
1
P, = .
Dy_1 |Sn—1 ' S2n—1
1 ... g

It suffices therefore to show that, s, = [ 2*"dup, ().

n—1 n—1

Let us put P, = 2" — 3 apa®. By Lemma 7, we have v, = Y avy, where
k=0 k=0

V0, V1, ,Up_1 denote the columns of H, 1(s) and v, = (Sp,Spi1,: > 520)%,

n—1

ie, Spyj =D arsjtk, j€40,--- ,n—1}
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We have
S0 tet Sn—1 Sn
Dy =0e| 2o
Sp—1 °° S2p—2 S2n—1
Sn o S2p—1 S2n
n—1
By replacing the last column v,, by v, — > a;v;, we obtain
i=0
SO DY Sn*l 0
Dn:0<:> Sp—1 *°°  Sap—2 0 =0.
n—1
Sn o Soap—1 Sopm — Z A;Sn+i
i=0
Then

n—1
D, =0« <82n - Z aisn-l—i) Dy, 1=0
=0
n—1

<~ Sop = E @i Sp+i-
=0

On the other hand, we have

n
/ 2 dpp, (x) =Y mAd"
R i=1
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= Son.
With this, the proof is completed. ]

Now, we are in a position to state our first main result.
Theorem 8. Let s = (s;)]Ly,m > 1, be a finite sequence such that
JreN, Va<r, D,>0 and D, =0.

Then, s is a Hamburger moment sequence if and only if the following formulas
hold

Sj:/xjd/lpr+l($), 0<j<m.
R

Proof. The condition is obviously sufficient. Let us show that it is necessary.
Assume that s is a Hamburger moment sequence for a measure fi.

The sequence (sj)?rzo is positive definite. So, the sequence (sj)gf{)l is a

Hamburger moment sequence for the measure up, ,, i.e Vj € {0,---,2r + 1},

S5 = / J}‘jduPT+1($).
R
It remains to show that
Vb {22 mb = [ dup ()
R

For k = 2r + 2, applying Lemma 7, we get the result.
For k € {2r 4+ 2,--- ,m}, let us assume that

Vie{0,--- k}; s = / mld,uprﬂ(x).
R
We have,

[ o @ = [ o (a)
R R
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So, Jg Tx41dpp,,,(x) = spi1, which concludes the proof. O

To make more understandable Theorem 8, we present the following example.

Example 9. Consider the sequence
s = (Sj)0§j§6 == (1, 2, 5, 12, 29, 70, 160)

We have
Dyp=1>0, D =1>0, Dy=0.

So, r = 1.
The orthogonal polynomials are

Py=1, P=x—-—2 and Py=2%?—2z—1.
The roots of P, are
M=1-v2 and X=1+V2
The measure is given bay

P, = M1y, + mady,,
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where
9 —1
myp = (Z[Pk()\l)]Z) 2 _4\/5
k=0
and , .
me = (Z[Pk@z)F) == +4\/§'
k=0

A simple calculation shows that
55 = / 2/ dup,(x) forall 0<j<5.
R

But [ 2%dup, (x) = 169 # s¢ = 160.
So, s is not a Hamburger moment sequence.

Note that for the previous sequence, we have: Dy > 0, D1 > 0, and Dy =
D3 = 0, but s is not a Hamburger moment sequence. So, the determinant
characterization of moment sequence with finely many mass-point, given in [4],
is no longer valid when dealing with truncated sequences.

Now, we focus on establishing an algorithm to conclude about the solvability
of (2).

Let s = (s;)jL, be a finite sequence, where m > 3. Without loss of gener-
ality, we take so = 1.

Assume that

JreN, Vi<r, D;>0 and D,y =0.

Then, (sg, -, s9r) is positive definite.

Let J, be the Jacobi matrix associated with (sg, - , s2,41), and ¢, j the left
upper corner of J¥

The definition of the algorithm is based on the following theorem.

Theorem 10. The following statements are equivalent:
(i) s is a Hamburger moment sequence;
(ii) Vj e {1,--- ,m},s; = ¢, .
Proof. i) = ii) By Theorem 8, s is a Hamburger moment sequence for the
atomic measure jp,,,, we then have

Vie{l,---,r+1},s; =c¢-j, (see Remark 4).
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+1

Assume that P,y = 2" —ag—a1x—- - -—a,x" so by Lemma 6, (ag, a1, ,a,)

is a solution of the system

To+ T181 + X282 + -+ XpSp = Sp1

TpS1 + X182 + X283+ + TpSpp1 = Sp42

ToSr + T18r41 + T2Sp42 + -+ + XTpS2p = S2r41

which is a unique solution, because the determinant of this system is D, > 0.
If we suppose that

T =0l + b1 + -+ b J7,

then (bg, b1, - ,b), is a solution for the same system.
Thus, by = ay, for all k € {0,--- ,7}.
Hence, J,T‘H =aol;, +a1J, + - -+ a,J] and we e deduce that

T =ag i +ar ST+ a I

So,

Cr2r+2 = A0Crr+1 + A1Cr 42 + -+ -+ QrCr2p11
= aoSr41 + A18p42 + 00+ ArS2p41
= S2r+42,

and by induction we conclude that ¢, = s, for all 2r +2 <k < m.

ii) = i) The sequence (s;)g" ™', is a Hamburger moment sequence for the

measure fip,,,, and we have JI = aol, +arJ, + -+ + a;J5.
So,

S2r4+2 = Cr2r42
= agCrp+1 + Q1Crpy2 + -0+ QrCrory1

= Q0Sr4+1 T A1Sp42 + -+ + GrS2r41

= ao/ " Hdup, () +-- + ar/ 2 dpp, ()
R R
= / xr—H(ao +aix+ -+ arJ:T)dMPr+1(x)
R

= [@a (o)
R
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_ /]R 2 Pdpup, | (2).

And by induction, we proof that for all j € {2r42,--- ,m},s; = [p#/dup, ., ().
O

The previous theorem provides a simple and practical algorithm which al-
lows to deduce whether a finite sequence is a Hamburger moment sequence or
not.

Given a real sequence s = (Sg,S1," - ,8m), we calculate successively the
principal minors, Dy, D1, ---. There are three possibilities:
1) All the determinants Dy, - - - ,DE(%) are positive, in this case, s is a Ham-

burger moment sequence because it can be extended to an infinite positive
definite sequence.

2) If one of the determinants is negative then s is not a Hamburger moment
sequence.

3) Do >0,Dy >0,---,D, > 0,D,41 =0 where r < E(m/2) — 1. In this
case, we construct the Jacobi matrix

bo ag 0 0 0 0
a by a0 0 0
0 al b2 as 0 0

Then, we compare ¢, and s, where ¢, is the entry in the left upper corner of
the matrix J¥. Let us note that there is no need to calculate J¥. In fact if L}

1
is the first row of J¥, then L} = L¥ ! x Jy and ¢, = LF"1 x J, x [ 0
0

If ¢, , = s, forall k € {1,--- ,m} then s is a Hamburger moment se-

quence, otherwise s is not a Hamburger moment sequence.
To end this paper, we propose an example to illustrate the efficiency of this
algorithm.
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Example 11. Consider the following finite sequence

11,253 13 47 159 561 1927 6733 23271
U4 877167327 64 7 1287 256

We have
Do = S0 = 1, D1 = 1, D2 = 5/16, and D3 = 0.

The orthogonal polynomials associated to the positive definite sequence s* =
(1,1,2 13 47) are

» 408
4 5 3
P(]:]_’ P1:$—17 and P2 \5/7( Z$_Z)7
and
5 -3
CL(]:l, (11:%, b():l, blz—, and b2:_
The Jacobi matrix is
1 1 0
Jo=|(1 1/4 /5/4
0 V5/4 —3/4
Now, we compare cp ), and sg, for 1 <k <9.
co1 =1 =5y,
1
H=(1 1 0),thencpo =14 x Jox [0] =2= sy,
0
1
13
>,then023:l%><<]2>< 0 = — = 83,
’ 4
0
N N\ a7
:13: E g _5>,then6274:l:13><J2>< 0] =— = s4,
4 8 8 0 8

1
1
AT 130 9f),then02,5:z;1szx o L,
8 32 16 0

159 243 %) then C2.6 = l5 X JQ X (0 @ = Sg,

—_

t=( ]
(
t=(
t= (%

32 32
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NG 1\ 1997
l?:(@ % M),then@j:l?xhx 0] =—— = s7,
32 64 64 0 64
1
6733
- <1927 2879 263\/3) then cas = 17 x Jo x | 0] = .
64 128 128 0 128
1
23271
5 — <6733 9805 1045\/5)7 then cyg — I8 x Jy x [0 = 2221 _
128 256 256 0 256

Thus, s is a Hamburger moment sequence.
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