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1. Introduction

Consider the Cauchy problem associated with the NLS4 with pure power en-

ergy subcritical nonlinearity, posed on the product space R% x T, with space-

dimension d > 3 and T = R/27Z being the one-dimensional standard torus

endowed with the flat metric:

10U + A%vzu +ulul* =0, (t,z,z) €eR X R x T, (1)
u(0,z, 2) = up(x,z) € H2(R? x T),

where A, , = Apa + A, and u = u(t,z,2) : R x R? x T — C. We will require
the nonlinear parameter a to satisfy the following:

8 if d>4
0<a<a*(d), a'd=4JF3 U =%
400 if d=3.

(2)
This implies that o*(d) corresponds to the H!-critical nonlinearity in R4T!. We
are in a position to state our main result, that is the decay of the solutions to
(1). Namely,

Theorem 1. Let d > 3 and assume (2) is satisfied. Let u(t,z,z) €
C(R; H?(R? x T)) be a global solution to (1) with radial initial datum g €
H?(R? x T). Then,

. . 8
tllgloo [u(t, 2, 2)|| rgaxTy =0, with 2<r <2+ 13 (3)

The NLS4 is important in several models of the mathematical physics. In-
troduced in [4] to describe small dispersion in the propagation of intense laser
beams in a medium with Kerr nonlinearity, it was successively used in the con-
text of the theory of motion of a vortex filament in an incompressible fluid in
[7], [8] and [12]. As far as the NLS4 settled in RY and the scattering in Sobolev
spaces with various regularities are concerned, we mainly refer to the works
[10], [11] and [9]. In the first, the author establishes global well-posedness and
scattering in the whole energy space H? for the defocusing case when d > 5
and one has mass supercritical and energy subcritical nonlinearity. In the sec-
ond, the cubic defocusing fourth-order NLS is studied and scattering in the
energy space H 2 is achieved for 5 < d < 8. In the last, the authors also take
into account the cubic defocusing fourth-order NLS and scattering in H*® is
obtained. In all these papers the main tool used is the interaction Morawetz
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estimates (see for example [3] and [5] for more details) and only the case d > 5
is discussed, because of the difficulties obtaining such inequalities in the low
space dimensions. However, in [13] we presented a version of the interaction
Morawetz estimates different than the results cited above. We treated in a
unified and simple manner the fourth-order NLS in R¢ without any distinction
between the cases d = 3,4 and d > 5. These estimates lead to the strong decay
(3) which plays a key role in the study of the scattering properties of solutions
to (1), as emphasized also in [2], [14], [15] and [16]. In this work, we present
a generalization of the aforementioned [13] on the product manifold of type
R? x T, not only simplifying the results displayed in [17] but shedding light on
the unexplored scenario of low space dimensions d = 3, 4.

2. Preliminaries and well-posedness

We preface some useful notations. We indicate by f € Lj ., if

115, = / (@, 2)|" dodz < +o0,
’ R4 xT

for 1 < r < oo and obvious modilﬁcation for » = oco. We introduce also the
Sobolev space HS . = (1 — A, .)"2L2 . Moreover, from [17], one has the fol-
lowing proposition.

Proposition 2. Assume d > 1 and (2) is satisfied. Then, for any radial

initial datum ug € Hj , the problem (1) has a unique global solution u(t, z, z) €

C(R; H? ). Furthermore, one has
M(u(t)) = uollzy ., E(u(t)) = E(uo) (4)
with

M(u(t)) = /R . lult., )P dad,

1

E(u(t)) = 3 /]Rd i |Ault,z, 2)|* + lu(t, z, 2)|*T2 dx dz.
X

a—+ 2
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3. Interaction Morawetz identities and inequalities

We introduce the following further notations. Given a complex valued func-
tion f(t,z,2) € H*(R? x T), for t € R, we denote the mass density and the
momentum density, respectively by

my(t,x,z) = \f(t,x,z)|2, Jr(t,z, z) :=Im [T(t,a:,z)vxf(t,a:,z)] .

Then, our first achievement is the following.

Lemma 3. Let d > 1 and u € C(R; H7 ) be a global solution to (1) with
radial initial datum ug € H2, and such that (2) is satisfied. Let ¢ = ¢(z) :

T,z
R? — R be a sufficiently regular and decaying function and introduce the action
given by

I(t) = Q/Rd Tju(t,az,z) -Vao(z) drdz.

The following identity holds:
I(t) = / —A2p(x)my(t, z, 2) dedz (5)

REXT
+2/ A2p(x)ymv,y(t, z, 2) dedz

RAXT
+4Re / Vou(t,x, 2) DEAé(x) - Va(t, x, 2) dedz

RAXT
—8Re / D2u(t,x, 2) D2 ¢(x)Du(t, x, 2) dedz
RAXT
—8Re / D? u(t,x,2)D2p(x)D? u(t,x, z) dedz
RIxT ’

—1-2/ A2p(x)me,u(t, x, 2) dedz
REXT

2cv
a—+2

/ lu(t, z, 2)|* T2 Apo(z) dzdz,
RIXT

where D2 | = V0., D3¢, Diu € M gxd(R?) are the Hessian matrices of ¢ and
u, A2¢ = A(Ayp) and A3 = AL(AL(AL¢)) are the second and the third
power of the Laplacian operator, respectively.

Proof. We prove this identity for a smooth rapidly decreasing solution u =
u(t,,z), while the general case v € C(R;H2,) can be obtained by a final
standard density argument. We will provide more details on deriving (5).
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An integration by parts and (1) give

20, [ ult;.2) - Voola) dodz

RAXT
= —2Im opu(t,x, 2)2(t, x, 2) dedz

REXT
= 2Re / 10wu(t, z, 2)2(t, x, z) dedz

RAXT
= —2Re / (Ai Lu(t,z, z) + |u(t, @, 2)|* u(t, z, z))E(t,x, z)dxdz
RIXT ’

with
E(t,z,2) = Ago(z)u(t,x, z) + 2Vz(x) - Vyul(t, z, 2).

We set = (z,2), Vz = (Vg,0;) and have the identity (see [13])
2Re / —A;Zu(t,a:,z)E(t,a:,z) dzdz
REXT
= 2Re / — A2 u(t,z,2) Ay p(x)u(t, z, 2) drdz
RIXT ’
+4Re / —Aizu(t,x,z)vx’,qu(a:) Vg u(t,z, z) dedz
RAXT
—— [ AN@As () di 2 [ Aaole)| Vault3)P di
REXT RAXT
_9Re /]R At 8V As(a) - Vit ) di
X
+2Re /  Valsu(t #)Aso(a) - Vst ) di
RexT
—8Re / D2u(t, #)D2¢(x) D2u(t, #) dz
RAXT
+2/ Az¢(x)|D2u(t, 7)|* di
RAXT
—4Re /R ) TD%u(t,i“)Vng%gZ)(x) - Vzu(t, T) di.
X

By applying now the following (see again [13])

Re / Asult, 7)VaAso() - Vailt, 7) di
RIxT

773
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+Re / VaAsult, ) As(x) - Vil 7) di
RixT
= Re / Viu(t, 7)D2Az¢(x) - Vzu(t, Z) dz
R4xT
—/ Asd(2)| D2u(t, #)] dz
R4XT
and
2Re / D2u(t, #)VzD2¢(x) - Vzul(t, &) di
RIxT
~ “Re / Vau(t, ) D2As6(x) - Vailt, ) di,
R4XT
one can see that the r.h.s. of the above identity (7) is equivalent to

—/ Ado(x) |u(t, z)? dgz+2/ Az (x)|Vaul(t, )| di
RaxT RaxT
+4Re / Viu(t, 7)D2Az¢(x) - Vzu(t, T) di
RIxT
—8Re / D2u(t, #)D2¢(x) D2u(t, 7) dF
RAXT

— [, %) lult,n,2)? dodz

RIxT
—1—2/ A26(z)|Vpult, z, 2)|* dedz

RdxT

+4Re / Vou(t, z,2) D2 ¢ (x) - V,a(t, x, 2) dedz
RIXT

—8Re / D2u(t,z, 2) D2¢(x) Da(t, x, 2) dedz
RIXT

—8Re/ D2 u(t,x,z)D2 (t,z,2)D2¢(x) drdz
RIXT ’

—l—2/ A2p(z) |0.u(z, 2)|? dadz.
RIXT

Moreover, one gets for the nonlinear terms

Re / lu(t,z, 2)|* u(t, z, z) - Apd()u(t, z, z) dedz
REXT
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+2Re / lu(t, , 2)|* u(t, z, 2) - Voi(z) - Vaul(t, z, z) dedz
RAXT

= Re / lu(t, z, 2)|*T? Apd(z) dedz
RAXT

Vo |ult, =, 2)[*
a4+ 2

dxdz

+2Re /R ) Tvxcp(x)

2
=2 (1 R 2) Re /]Rdx’]l‘ lu(t, z, 2)|* T2 Api(z) dadz.

Taking into account this, (6), (7), (8), we complete the proof. O

Inspired by [13], we have also the following.

Lemma 4. Assume d > 1 and let u € C(R; HZ ) be a global solution
to (1) with radial initial datum ug € H?2 , and such that (2) is satisfied. Let
¢ = ¢(|z]) : R = R be a convex radial sufficiently regular and decaying
function and so that, for any f € H?

A

’y’

2

D2fD2¢(|x — y)DET > Crpr(|a — yl) | (v- vm# (9)
and
Ve DiA(|x = y|) Ve f (10)
< —Cy <p2<|x — ) IVE P = sl =yl | (v vm# ) ,

for any y € R? with v = = —y, pi(|z]), pa(|2]), p3(|z]) > 0, C1,Cy > 0, such
that Cypa(|z|) — Caps(|z|) > 0, where Vi f = V,.f — %. Moreover, let us
denote by ™Y = 1(x,y) := ¢(|z — y|) : R>® = R and introduce the action

M(t) = 2/ Ju(x, 21) - Vab™ Y m(y, z2) dVidVa, (11)
(R4xT)?

where (R? x T)? = (R? x T) x (R? x T), dVi = dxdz and dVa = dydzy. Then
the following holds:

M(t) < 2/ AZY"YK (t, 2y, 21, 22) dV1dVa
(RIXT)?
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4o
o+ 2

/(d )2 ‘U(t,l‘,zl)‘aJeru(t,y, ZQ)A;wa’y dvldv2
RexT

—16 /(Rdx']l‘)2 D926,z1u(t7 x, zl)D?cl/)x’yD?c,nU(ta xz, Zl)mu (ta Y, ZQ) dVidVa (12)
with

K(t,z,y,21,22) = Vomy(t,x, 21) - Vymy(t, y, 22) (13)
+2mvzu(t7 Z, Zl)mu(ta Yy, 22) + 2m821u(t7 Z, Zl)mu(ta Y, 22)'
Proof. As in the previous theorem, we prove the identity for a smooth,
rapidly decreasing solution u = u(t, z, z), treating the general case u € C(R; H )

by a standard density argument. Hence, we differentiate (11) with respect to
the time variable and get

M(t) =
2Re [ (b 20t 3,20 Vau(t ) - Vet dVidY:
(R4 xT)2
—2Re / My (t, z, 21)i0(T(t, z, 22) Vyu(t, z, 22)) - VoY dV1dVa
(R4xT)2
—2Re / i0ymy(t, x, z1)u(t, z, 21)Vyu(t, z, z1) - Vyo™¥ dVidVa
(R4 xT)2
—2Re / 10ymy (t,y, 20)u(t, x, 21)Vau(t, z, z1) - Vo b©Y dVidVa.  (14)
(R4 xT)2

O

We evoke now the following lemma.

Lemma 5 (Tensor Morawetz). Let be u,v two solutions of (1), such that
(2) is satisfied. Then one has the following identity,

/(v 4 )2 ju(t7y7 ZQ)Dgy¢$’ij(t7$7Zl)d.’EleddeQ = 0. (15)
REXT

We refer to [15] for details on the proof of this lemma. It ensures, by picking
u = v, that

2Re / i0ymy (t, x, 21)U(t, x, 22) Vyu(t, z, z2) - V™Y dVidVs
(R4 xT)2
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—2Re / 10smy (t, y, 2z0)u(t, x, 21)Veult, z, 21) - V™Y dVidVs,
(R4 xT)?2

will vanish. Let us write M(t) := Z+ZZ. Then, by using (5), Fubini’s Theorem
and exploiting the symmetry of ¥ (x,y), we can write

T = —2/ my(t, z, 21)my(t, y, ZQ)Ail/}x’y dVidVs
(R4xT)2
+4/ mazlu(t7$7Zl)mu(tvyazQ)Aiwxﬂ dVldVQ
(R4 xT)2

+4 / mvzu(t7 €, Zl)mu(t7 Y, ZQ)Aidjx’y dVldVQ
(R4 xT)2

4p
a+1

/ |u(t7x7Zl)‘a+2mu(tay722)A1¢x7y dVidVa

(R4 xT)2

—16/ D2, u(t,z,z0) D" D2 | Tt x, 21)my(t, y, 22) dVidVa.
(RAIXT)2 ’

We reshape the linear term in the previous identity by performing an integration
by parts (with no boundary terms) and using the property 0., "Y = —0,, »"Y.

[t s m g2 AL dViavy
(R4xT)?2
_ / Mty 2, 21 ) (t, Y, 22)00, 0, A2V dVi dVs (16)
(R4xT)?
:/ Vimu(t,x,zl)Vymu(t,y,ZQ)Ail/Jm’y dVidVs.
(R4xT)?
In conclusion, we arrive to

1= 2/ AilpI’yK(tuxayuZlaZQ)d‘/ld‘/Q
(R4 xT)?2

4o
a—+2

/( axT)? \u(t,x,z1)|a+2mu(t7y7 ZZ)Ax@bx’y dV,dVs (17)
RexT
x,z1 x,z1

—16/ D2 u(t,z,z1)DE™Y D2, T(t, x, 21 )mu(t,y, 20) dVidVa.
(R4 xT)2

In addition, by (5) and the symmetry of ™Y, we can further set

17
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= 8/ Vou(t, z, 21) D2 A YN Gt ., 21 )ma (t, g, 22) dVidVa
(R4xT)2
+8 / mu(ta €T, Zl)ku(ta Y, ZQ)DgAywx7yv$ﬂ(t¢ Y, ZQ) dVidVy
(R4 xT)2
—16/ D2u(t, z, 21 ) D2)™Y D27(t, z, 21 )ma (t, y, 22) dVidVa. (18)
(R4xT)?2

Utilizing the assumptions (9) and (10) in combination with Fubini’s Theorem,
one drives the bound

17

S / V$U(l‘, Zl)D§A$¢$’yv$ﬂ(tv €, zl)mu (t> Y, 22) d‘/l dVZ
(R4 xT)?2
- / Diult, z, 20) D™ DYu(t, @, z1)my (1, y, 22) dVidVa
(R4 xT)2

2
< / ~Cipallz —y))
(R4 xT)?2

mu(t,y, 22) dVidVa
S/ Caps(|z —yl)
(R4xT)?

oA / pr(lz — g VL ult, x, 2) Pt y, z2) dVidVa < 0
(R4 xT)?2

v
v - Vyul(t, z, ZI)W

2

v - Vyu(t, z, zl)L my(t,y, z2) dV1dVs

[o]?

with v = z —y. Hence, ZZ < 0. The previous step together with (14), (16) and
(17) imply (12) with K(z,y, 21, 22) as in (13).

Remark 6. The results displayed in Lemmas 3 and 4 remain valid in
a more general setting. Namely, let u be a sufficiently smooth and decaying
solution to (1), defined on R% x MF¥, where MF is a k-dimensional compact
manifold with metric tensor gy;(2), dn is the volume element of MPF, which
reads in local coordinates as /|g(z)|dz with |g(2)| = det(gnj(2)). Then the
following holds

M(t) S / AZY" YK (t, 2y, 21, 22) dadn dydns
(R x MFK)2
- / A$Q/)x’y|u(q;, Zl)‘a+2mu(y¢ ZQ) dmdnldydUQ
(RdXMk)Q

— /( iy D2 u(x, 21) D™V D2 (x, z1)ma(y, 22) dadny dydns,
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where ™Y and K(t,z,vy, 21, 29) are as in (13).

We are now in position to prove the following proposition involving new
nonlinear correlation inequalities.

Proposition 7. Assume d > 3 and let u € C(R; H} ) be a global solution
to (1) with radial initial datum ug € H7 . and such that (2) is satisfied. Then,
one has

e For d=3:

/R/(RS ot 2, [ dedad= < Clolfy (19)
) |

e For d > 4:

a+2 2
R eSS
R J(RIxT)2 |z -y (20)

< Clluss -

Proof. We choose 9(z,y) = |x — y| and a straightforward calculation leads

to
(d—1)
Agle —y| = 21
o=l = (21)
for d > 1,
Y, i d2d,
Azl —y| = (22)
—A4AT gy, if d=3
and

D2u(t,z,z)Di|z — y|D2u(t,x, z) > Vi u(t,z,2)]?,

(d-1)
|

[z —yf?
if d > 2, so that the assumption (9) is fulfilled. Additionally,
Vou(t,x, 2)DEA2 |z — y|Va(t, x, 2) =

d-1
lz —yl?

(|Vi—yu(t>$, 2)|? — 2|V u(t,z, 2) — Vi_yu(t,m, z)\2>
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is satisfied if d > 2, that is condition (10). From (12) with A2¢®¥ < 0 as in
(22), discarding some non-positive terms, one obtains

M(t) < 2/ Ve (t, @, 21) - Vymuy(t,y, 21) A20"Y dVidVy
(R4 xT)

4o
a+2

— / D2 u(t,z, 21) D2p™ Y D2 | (t, x, 21)my(t, y, z2) dVidVa.
(R4 xT)2

L 10 2Dt ) S R, (23
RexT

The last term of the above inequality is non-positive, because of the next chain
of identities,

Dizu(t, x, Z)D%l/}x’yD?E’Zﬂ(t, x,z)

d
- Z O, 0zu(t, x, Z)awjazﬂ(t, z,z) < % — (@ —yi( — y)j)

ij=1 |.’E—y‘ |.’E—y‘3
2
Valault,z, 2)° [ VeoyOoult,z,2)]? [Vao,d:ult, @, 2))| -
[z —y| |z =yl [z —y| -

Next, we directly check by using (22), the Fourier transform and Plancherel’s
identity that

/ va:mu(tv €, Zl) : vymu (t> Y, ZQ)AZQZ):B’Z/ dl‘leddeQ
(R4 xT)
=—C [ (Vmny(t,-), (=A)>"9Vmy(t,-))dz1dz < 0,
T2

for some C' > 0, where (-, -) is the inner product in L?(R%). This means that the
terms on the right hand side of inequality (23) are all non-positive. Integrating
(23) in [T, T3], for any T1,T> € R, one obtains by (11) the following

sup  |M(?)]

te [Tl 7T2]

/ / u(t, z, 21)| %2 my(t,y, 20) Apth™Y dedzdydzodt.  (24)
Oé+2 (R4xT)?

By an application of Holder’s inequality, we have also the following fundamental
estimate

sup
te [Tl 7T2]

/ Jults 2, 21) - Vo™ ma (b, y, 22) dadz dydz
(R4 xT)
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~

< sup Ju@liks . < Juolllp . < o, (25)
tE[T1,T2] ’ ’

since the H2 -norm is conserved. Then (19) and (20) follow by (21), (24) and
(25), letting Th — o0, T} — —o0. O

4. The decay of solutions

This section is devoted to proving the main Theorem 1. Namely, we have:

Proof. We shed light only on the case t — oo, as the case t -+ —o0 can
be handled analogously. We will split the proof into two parts: first we treat
the case d > 4 and then d = 3. It is sufficient to prove the property (3) for a
suitable 2 < r < 2%%31)) since the general outcomes can be then obtained by
(4) and interpolation. In order to do this, we shall prove that

[[u(t)

=0.

I pate

For this purpose, we assume by contradiction that there exists {t,} such that
lim;_, o0 t, = 00 and
H?}Lf Hu{tn)HLiE% = €0, (26)

for some ¢y > 0. Next, we employ the localized Gagliardo-Nirenberg inequality
(see [16])

2+ 337 T 2
lel*t 75 < sup llplliziquun | ol (27)

2
24 2
L,.%H zERY

where Q, = z + [~1,1]¢ is the unit cube in R? centered in z. By combining
(26), (27), where we choose ¢ = u(t,, ), with the bound [lu(t,)| g2 < +o0,

we conclude that there exists z;,, € R? such that
lu(tn)llz2(Q., xT) = d0

for some 8y > 0. Therefore, we claim that there exists a £ > 0 such that
)2, oy 23 (28)

for any t € (tn,tn + t), where the intervals are selected to be disjoint and
Qs = =+ [~2,2]¢ denotes the cube in R? of side length 2, centered in .
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The bound (28) contradicts the Morawetz estimate (20). Indeed, by Holder’s
inequality, we arrive at

12 5, ) 2 55 (29)

for any p > 2 and with ¢ € (t,,t, +¢) and t as above. As a result, we get that

// t T Zl)‘a+2‘u(t y? 22)‘ d‘/ldVth
R4 xT)2

|z —y|
tn+t
/ / w(t, 7, 202 2 u(t, y, 2)? dVidVs dt
tn
tn+t
2 Y [ arta
tn

where in the last inequality we used (28) in combination with (29) and Fubini’s
Theorem. This leads to a contradiction with (20).
For d = 3 we can proceed as in the previous case just using (19) instead of

(20). More precisely,
/ / |u(t,ac,z:)|o‘Jr4 dt dzdz
R3xT

tn+t
/ / u(t, z, z)|*T dt dedz =
tn

but this contradicts the interaction estimate (19). Finally, we prove the claim
(28), that concerns the existence of ¢ > 0 such that

(30)

inf( inf u(t,r, z >>(52. 31
2™ Lo [ u( )HLfonxm Z o (31)

To show (31) we fix a cut—off function x(z) € C§°(RY), such that x(z) = 1 for
z € Qg and X(x) =0 for ¢ Q,. Then, one has

d
— / X(x — xp)|u(t, z, 2)|* dedz
dt Jraxt

<

~

/ Ay X(x — zp)Im (A%Zu(t, x, z)u(t, x, z)) dxdz
RIXT

_l’_

/ Ve :X(x — zp)Im (AI,ZU(t, x,2)Vg a(t, z, z)) dxdz
RIxT

S supfJu(t, 2, )|z -
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The Hiz—norm of the solution is bounded, thus we can apply the fundamental
theorem of calculus as

/ Xz — ) (Ju(s, z, 2)|* — |u(t, 2, 2)[*) dedz| < C|t — 5],
RIXT

for some C' > 0 that does not depend on n. Consequently, picking t = t,, leads
to the inequality

/ X(x — x)|u(s, z, 2)|* dedz + Clt, — 5|
RAxT

>/ X(z — ) |u(ty, =, 2)|? dedz.
Rd

Thanks to the nature of the function ¥, the upper yields

/~ lu(s, z, 2)|? dedz > / |u(tn, z, 2)|? dedz — Ct, — s|.
Qup XT Qup XT

Then (31) follows by choosing s = t,, + ¢, with ¢ > 0 suitably small. This gives
(31) and the proof of the thorem is now completed. O

Remark 8. We underline the fact that in the proofs of Lemmas 3 and 4
and Theorem 1 we do not use any radial assumption on the initial data. This is
required in the proof of the unconditional well-posedness Proposition 2, based
on the Strichartz estimates obtained in [6] and valid in the radial case only. We
confide not only to remove such assumption, but to extend also our result to
T*, with k = 2,3. This will be carried out in our forthcoming papers.
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