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Abstract: Let ¢ = (¢;;) : 1 < i < I,1 < j < J be a bivariate probability
vector, let T = (T1,---,T7) be a sequence of p-nonsingular transformations
defined on a probability space (F, B, p) and let £" = (f1,--- , f7) be a sequence
of densities in L'(p). In this paper, we construct in a natural way, a discrete
random dynamical system (with skew product ®) generated by T" and the first
marginal of ¢ and a random density £ generated by £" and the second marginal
of q. Moreover, we characterize the ®-invariance of &.
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1. Introduction

Let I={1,---,1};J={1,--- ,J} and ¢ = (gi5) : i € I, j € J be an associated
bivariate probability vector. Define Q := (IxJ)N, 7, : Q@ — IxJ be the canonical
projection of index n, F := o(m, : n € N) the o-algebra on ) generated by
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all canonical projections, and 6 : Q@ — Q be the left shift on . Using a
classical extension Theorem of Kolmogorov, we construct first (Proposition 1)
a probability measure P on the measurable space (€2, F) such that the left shift
0 is P-preserving.

Let (E,B,p) be a probability space and let T' = (7;) : i € I be a sequence

J
of p-nonsingular transformations defined on (E, B, p). By putting a; = > gi;
j=1

(the first marginal of ¢) and
¢(w,x) = T;(x) with probability a;; i€,z € E,

we define a random dynamical system (0, ¢) such that the associated skew
product @ is (P ® p)-nonsingular (Propositions 4, 6).

Let £ = (f;) : j € J be a sequence of densities in L!(p). By putting
I
bj = > ¢ij (the second marginal of ¢) and
i=1

¢(w,z) = Tj(xr) with probability b;; jel,zeFE,

we obtain a random density on the product space (2 x E, F@B,P® p) (Propo-
sitions 7, 9).
Finally, we prove (Theorem 11) that £ is ®-invariant, that is

// ¢dpdP :// ¢dpdP; F € F,BeB,
&—1(FxB) FxB

if and only if fi,--- , f; are identical (to some f € L!(p)) and

1
ZaiPTif = f7
=1

where Pr, is the Frobeinus-Perron operator of the deterministic map 7;.
Notice that if the marginals (a;) and (b;) are identical and independent, the
preceding result is proved (Theorem 7) in our paper [6].

The paper is organized as follows: In the second section, we give the back-
ground required to establish our main results according to [1],[2],[3],[4],[12]. In
the third section, we set and prove the results cited above.
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2. Preliminaries
2.1. Densities for deterministic maps

For the following classical concepts, we refer the reader to the monographs
[3],[4], [8], [12]. In fact, since the present paper is a generalization of our article
[6], all preliminaries are taken from this paper.

Let (Y,T, ) be a probability space and L!(1) be the Banach space of all
(classes of) p-integrable real-valued functions defined on Y with the L'-norm
|fllx = [y | fldp. A function f € L'(p) is called density if f > 0 and [y, fdu =
1. If ¥ : Y — Y is a measurable transformation, the triple (Y,I',4) is called a
discrete dynamical system (DS). Denote by ¢u the image measure of p by v,
that is, Yu(A) = p(y=1(A)); A € T'. If Yu = p, 9 is said to be p-preserving. If
1 is absolutely continuous with respect to pu (i.e. Yu << p), 9 is said to be
p-nonsingular.

Let 1) be a p-nonsingular transformation of the probability space (Y, T, u).
The associated Frobenius-Perron (F-P) operator Py : L*(u) — L'(y) is implic-
itly defined by the formula

/ Pyf dp = / fdu;,  AET, feL'(p). (1)
A P1(A)

It is well known that Py is a positive linear contraction on L ().

A density f € L'(u) is a fixed point of P (i.e. Pyf = f) if and only if the
measure ff defined by pug(A) == [, f(y)du(y); (A € T), is invariant under ),
that is, 9y = py. In this case, f is called invariant density for 1. In view of
formula (1), f is an invariant density for ¢ if and only if f is solution of the
functional equation

/w_l(A)fdu Z/Afdu; AeT. (2)

Many authors [3], [4], [8], [12], [15] have shown the existence of invariant den-
sities for deterministic maps in a variety of settings.

2.2. Random densities for random dynamical systems

For the following notions, we will refer to [1], [6], [11].

Let (2, F,P) and (E, B, p) be two probability spaces. 2 is always an infinite
dimensional space while E is a finite dimensional space endowed with its Borel
o-algebra B. Next, we will consider the product space Y := 2 x E endowed
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with the product o-algebra F ® B and the probability measure p = P ® p. Any
function ¢ € LY(P ® p) is called a random function. A nonnegative random
function satisfying [, ,{dPdp = 1, is called a random density. If {(w,x) =
f(z);w € Q,z € E, for some density f € L'(p), £ is called a deterministic
density.

A (discrete time) random dynamical system (RDS) defined over (2, F,P)
and with state space E, is a pair (6, ¢) such that:
(i) (2, F,P,0) is a metric DS, i.e. (Q,F,0) is a measurable DS and 6 is P-
preserving.

(ii) ¢: Q@ x E— E,(w,z) — ¢(w,x) is a measurable map.

In particular, {¢(w) := ¢(w,.) : w € Q} is a family of measurable transfor-
mations on F, called fiber maps. The associated skew product is the measurable
map ¢ : ) x F — Q x F defined by

O(w,z) = (Qw,d(w)zr); werekFE. (3)
It can be easily verified that for FF € F and B € B
P Y F xB)={(w,z2) € Ax E:we b Y F),zecpw) (B).} (4)

If @ is (P ® p)-nonsingular then, in view of equations (1) and (4), the associated
F-P operator is implicitly defined by the formula

/F/B fu dpdb = /9—1<F> </¢><w>—l<s> g(w’x)dp(x)) Wy

forall F € F,B € Band ¢ € L'(P ® p)). Therefore, for a general RDS (0, ¢),
an invariant random density [ is solution of the functional equation

for all F' € F,B € B. Equation (6) which is the random version of (2) was
introduced in [11]. However, this equation seems to be very complicated to
handle in general settings and there are only some restrictive results on this
subject (cf. [2], [5], [9], [11]).
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3. Random maps correlated with random densities

In this paper, we start from:
(i) A probability space (E, B, p).
(ii) A bivariate probability vector ¢ = (g;;) : 1 <i < J, 1 <j < J.
(iii) A finite sequence T' = (T1,--- ,T1) of p-nonsingular transformations defined
on (E,B,p).
(iv) A finite sequence £ = (f1,--- fs) of deterministic densities in L!(p).

We then construct in a natural way, a discrete random dynamical system
such that, the random map generated by 1" and the random density defined by
f, are correlated by the bivariate probability vector q.

3.1. DS generated by a bivariate distribution

Denote by N := {0,1,2,---} and for I > 2,J > 2, let I := {1,--- ,I} and
J:={1,---,J}. Let q := (gij);i € I,j € J be a bivariate probability vector,
I J
that is ¢;; € (0,1) for all 4,j and 3 " ¢i; = 1.
i=1j=1
Define Q :={w: N> IxJ,n+— wn)} and m, : @ — [ x J the canonical
projection of index n € N (i.e. 7m,(w) = w(n)). Let F := o(m, : n € N) be the
o-algebra on () generated by all canonical projections. It is known that F is
generated by the sets of the form

{(71-0:(207,]0)7 aﬂn:(lna]n))nENa (7)
1077/Ln€}17¢]077]n€ﬂ} (8)

Now let 0 : Q — Q be the left shift on Q, that is (fw)(n) = w(n + 1). In others
words

0_1{(71'0 = ('L.O’j())’ T = (vajn))} = (9)
{(771 - (i07j0)7 o, Tpn4l = (Zn?jn))} (]‘0)
for all n € N;ig, -+ ,i, €L jo, -+, jn € J.

Proposition 1. There exists a unique probability measure P on the
measurable space (€2, F) such that for alln € N;ig,--- ,i, € Land jo, -+ ,jn €1

P(’NO = (i07j0)7 T = (Z.nvjn)) = Gigjo " Qinjn (11)

In particular, the random variables {m, : n € N} are independent.
Moreover, the left shift 6 is P-preserving.
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Proof. The family of finite distributions P, : n > 1 defined on (I x J)" by

Po((i0:Jo) -+ s (tny Jin)) = Qiogo " Gingn
is trivially consistent, that is P,+1(A, x (I x J)) = P,(A4,,) for any n > 1 and
A, C (I x J)". Hence by Kolmogorov’s extension Theorem ([10], Fundamental
Theorem), there exists a unique probability measure P on the measurable space
(Q, F) such that (11) holds. Moreover, by taking F' of the form (7) and by using
(9) and (11) we get

(GP)(F) = (9P>(7r0 = (iOajO)’ T = (ijn))
= P(H_I{WO = (iOajO)}¢ e ?9_1{7”1 = (Zm]n)})
= P(m = (io,Jo)}, +  Tnt1 = (insJn))
= Gigjo """ Qinjn = P(m0 = (i0,J0) -+ 70 = (in, Jn))
for all n € Nyig, -+ ,i, € I and jo, -+ ,jn € J. Hence, in view of (7), 0 is
P-preserving. O

Definition 2. The metric DS (2, F, P, 0) defined above, is called canonical
dynamical system generated by the bivariate probability vector ¢ = (gi5);i €
Ijel.

Before we continue, let us fix some notations:
1- Since the canonical projection 7, : Q@ — I x J, we write 7, := (m(ll),m(?))
where 717(11) : Q) — 1 and 777(12) : Q0 — J, in a natural way.
2- Since ¢ = (g;5) : 1 < i < 1,1 < j < J is a bivariate probability vector, we
may associate its marginals
J I
aizzqzj; 1§i§Iandbj=Zqz'j; 1<;<J (12)
=1 i=1
Obviously (a1, - ,ar) (resp. (b1, - ,by)) is a probability vector on I (resp.
J).
: Since € is the union of the disjoint sets {{mo = (4,7)} : 1 <i<I,1<j <
Jhor {{nV =i} s 1 <i<I}or {{n?) =4} :1<j < J} we obtain the
following useful formula:

Lemma 3. For any random variable X € L'(P)

I J
/XdP = ZZ/ XdP (13)
Q WO:(ivj)}

i=1 j=1
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1 J
= Z/ o XdP:Z/ o XdP. (14)
i=1 o _Z} 7=1 o _3}

Next we give us a probability space (F,B,p) where E is always a finite
dimensional space endowed with its Borel o-algebra 5. We combine it with
the canonical metric space (2, F,P,0) given by Definition 2. Recall that the
product space ) x E is endowed with the product o-algebra F ® B and the
product probability measure P ® p.

3.2. Random maps and associated RDS

Proposition 4. Let T = (Ty,--- ,T7) be a finite sequence of p-nonsingular
transformations defined on (E,B,p). Define the fiber maps ¢ : Q x E —

E, (w,z) — ¢(w)(x) by
H)w) = T, (@) weaek (15)
Then (0, ¢) is a RDS and
PweQ:pw)=T)=a; 1<i<I, (16)
where a;;1 < i < I is the marginal probability vector defined by (12).

Proof. In Proposition 1, we have already proved that (2, 7, P, #) is a metric
DS.
The map ¢ defined by (15) is measurable as composition of two measurable

maps Q x E = 1 x E; (w,z) = (157 (w),2) and 1 x E — E; (i,z) — Tj(x).
For any 1 <+¢ < I, we have

J
(o) =T} ={n) =i}y = {n§ =i,n}” €Ty = J{mo = (i, /)y  (17)

J=1

Hence, using (17) and (12) we get

J J
P({¢() =T} = P(U{mo= )} = Yoy = a
j=1 j=1
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Remarks 5. 1- Formula (15) means that ¢(w) =T o) if w = (wo, w1, ).
0
2- Formula (16) means that

¢(w) = T; with probability a;; 1<i<]I. (18)

In particular (T3,a;) : 1 <1i < I is a random map as defined in [13].
3- Let @ be the skew product associated to the RDS defined by Proposition 4.
From (3) and (15) we have

O(w,z) = (H(W),Tﬁél)(w)(x)); we, xekE. (19)

Proposition 6. Forall Be B, F € F

1

(P@p) (@ Y(FxB) =Y P(Fn{n" =i}) p(T;(B)). (20)
=1

In particular ® is (P ® p)-nonsingular.

Proof. For F € F and B € B. By putting T := ® }(F x B), the relation
(4) becomes

T={(wz)eQUxE:wed Y (F Jand z € T }w)(l)(B)} (21)

Hence, by putting x := P ® p and by using (13) we get

ey = [ [ g PP

- Z / / pldz) | P(dw)
o-1(Fn{x"=i}) T ! _®)

N Z/e L(Fn{x{V=i}) </1(B) p(dx)> Pla)

I
) ; </91<Fﬂ{wé”i})P(dW)> | </T;1(B> p(dx)>

I
= Y P(FEn{r =i}) - p(T74(B)).
=1

Suppose now that (P ® p)(F x B) = P(F) - p(B) = 0.
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If p(B) = 0 then p(T, *(B)) = 0 since T} is p-nonsingular for each 1 < i < I
and therefore (P ® p)(®~}(F x B)) = 0 in view of (20). If P(F) = 0 then
P(0~(F)) = 0 since 0 is P-preserving. Hence P(0~1(F) N {71(()1) =1i}) =0 and
therefore (P ® p)(® 1 (F x B)) = 0 once again according to (20). O

Proposition 6 allows to define the Frobenius-Perron operator Pg associated
with the skew product ®.
Next, we will associate, in a natural way, some random densities to the metric
DS (2, F, P, 0) generated by the bivariate probability vector ¢ = (¢;;);i € I, j €
J by considering its second marginal.

3.3. An associated class of random densities

The proof of the following result is similar to the proof of Proposition 4 and is
omitted.

Proposition 7. Let £ = (f1,--- f7) be a finite sequence of functions in
LY(p). Define the random function ¢ : Q x E — R by
(w,z) = fﬂ(()z)(w) (x); weN, xeE. (22)
Then
PlweQ:{(w,.)=f)=b;, 1<j<J, (23)

where bj; 1 < j < J is the marginal probability vector defined by (12).

Remark 8. As for random maps, formula (23) means that
&(w,.) = f; with probability b;; j=1,2,---J.
In particular, if f1,--- , f; are identical (to some f € L!(p)) then &(w,z) = f(z)

for all w € 2 and = € E. In other words, £ is a deterministic density.

The proof of the following result is adapted from the proof of Proposition
4 of our paper [6].

Proposition 9. Let £ be the random function defined by (22). Then, for
all F € F and B € B,

[ [ ctote =SS PEn o= (] pan e

=1 j=1
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In particular, if each fj,7 € J is a deterministic density, then { is a random
density.

Proof. Let p:=P®pand for F € F, B € Blet O := F x B. Using Formula
(13) of Lemma 3, we get

[ ein - / ( / E(w,0)p(de) ) Pla)
_ /FWO . (/gwx da:)P(dw)

11]1

- vy iy U fi @t ) P

i=1 j=1

S () s

izlg 1

= ZZPFD{WO— i,7)} /fjdp

i=1 j=1

By taking FF = Q and B = F in equation (24), |£| instead of £, and by using
(11), we obtain

el = / / €| dPdp
QOxE
Y Y PO (= () ([ 1551dp)
1= lg 1
= ZZQU £l
i=1 j=1
J I J
= > O aplfill =D bllfilh-
j=1 i=1 j=1
Therefore ||¢]|1 = 1 whenever || fi|1 == ||fs]1 = 1.
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3.4. Invariant random densities
For any 1 <4 < I let Pr,,1 < ¢ < I be the Frobenius-Perron operator of the
single map T;, defined implicitly by equation (1).

Let £ be the random function defined by (22) for a given sequence £ = (f1,--- f7)
of functions in L!(p).

Proposition 10. For all FF € F and B € B,

// L(FxB) SdpdP =PI / ZZqUPTfJ dp. (25)

i=1 j=1

Proof. Denote by U the left term of the equality (25). Starting from the
definitions (15) and (22) and using formulas (13), (21) we get

U= [, S

-/ ( / s<w,x>p<dx>) P(dw)
0=1(F) \Yo(w)~1(B)

P (w)
- i(2)p(dz) | Pdw
ZZ/ i) (/Ti_l(B)f()p( )) (@)
= ZZP Py (=) - ([ Prside).

Let I :=T'y; :== 07Y(F)n {mo = (i,j)}. By taking F of the form (7) and by
using (9), we get
P() = P (07 (F)N{mo = (i,/)})
= P (9_1{770 = (i0>j0)}v "'?9_1{7771 = (Zna]n)}¢ {770 = (273)})
= P(m = (io,Jo), s M1 = (insJn), M0 = (4, 7))
= digjo-Qinjn " Ui = P(F) - qj-

Thus formula (25) follows immediately. O
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Now, we come to the main result of this paper.

Theorem 11. The random function § defined by (22) is invariant by
the skew product given by (19), if and only if fy,--- , fi are identical to some
f € LY(p) and

I
ZaiPTif = f7 (26)
=1

where (a;),i € 1 is the first marginal probability vector defined by (12) and Pr,
is the F-P operator associated to the single map T;,7 € 1.

Proof. Suppose that the random function £ defined by (22) is invariant with
respect to the skew production ® defined by (19), that is

/ / ¢dpdP = / / ¢dpdP; F e F,BeB (27)
®-1(FxB) FxB

Now, by taking Fj; = {mg = (k,l)} for k € Il € J and by using (11), Formula
(25) becomes

I J
édpdP = qu- aiPrf; | dp. 28
/LWB) i | gg JPrf; (28)

while Formula (24) becomes (using the fact that P(EFyN{my = (7,7)}) = P(mp =

/ /F P = /B fidp. (20)

Now, by combining (27), (28), and (29) we deduce that

I J
LSS wnts | do= [ o (30)

i=1 j=1

for all [ € J and B € B. Since the left hand (30) does not depend on I, we

deduce that
/ Jidp = / Jmdp
B B
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forall 1 <I,m < J and any B € B, which means that all deterministic densities
f1 are identical.

Let f := fi =--- = f;. Notice first that by linearity of Pr,
I J I J 1 J
D> asPrfi = .Y aiPrf =3 Pr(}_ a)f
i=1 j=1 i=1 j=1 i=1 j=1

T 1
= ZPTiaif = ZaiPTif'
i=1 i=1

Therefore, (30) is reduced to

I
/B (;aipn.f) dp = /B fdp; BeB (31)

which is equivalent to (26).

Conversely, if f := f; = --- = f;, then following Remark 8, {(w,z) = f(x)
for all w € Q and = € E. Hence (25) will be equivalent to

1

while (24) will be the same as

// EdpdP = P(F)/ fdp. (33)
FxB B
Finally, combining (31), (32), and (33), we deduce that (27) holds. O

Remarks 12. 1- The main result of this paper (Theorem 11) extends
a previous result (Theorem 7) in our paper [6] where we have considered the
particular case I = J and ¢;; = p;p; for all 1 <4,j < I, that is the marginals
are identical and independent.

2- In general, a bivariate probability vector may have some zero entries (i.e.
gk = 0 for some k,1). In this case, it is always supposed that a; # 0,b; # 0 for
all 7, 7. It can be easily verified that Theorem 11 remains true in this case.
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