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Abstract: This paper is devoted to the study of the defocusing nonlinear
Schrédinger equation with a self-consistent source and nonzero boundary con-
ditions by the method of the inverse scattering problem. In cases where the
source consists of a combination of eigenfunctions of the corresponding spec-
tral problem for the Zakharov-Shabat system, the complete integrability of the
nonlinear Schrédinger equation is investigated. Namely, the evolutions of the
scattering data of the self-adjoint Zakharov-Shabat system, whose potential is a
solution of the defocusing nonlinear Schrédinger equation with a self-consistent
source, are obtained.
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1. Introduction

Nonlinear Schrédinger (NLS) equation
iy — 2 |ul? u + gy = 0 (1)

with various boundary conditions models a wide class of nonlinear phenomena
in physics. In the work [16], V. Zakharov and A. Shabat showed that NLS
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equation can be applied in the study of optical self-focusing and splitting of
optical beams. The sign of the coupling constant corresponds to the attraction
(x < 0) and repulsion (y > 0) of particles. In the case of attraction, the problem
of a finite number of particles and their bound states has a physical meaning. In
the classical limit, this is modeled by rapidly decreasing boundary conditions.
In the case of repulsion, the problem corresponding to a gas of particles with a
finite density is of interest.

It is well known that inverse scattering method for integration of the NLS
equation is based on the so-called Zakharov-Shabat and Ablowitz-Kaup-Newell-
Segur scattering problem (see [1, 16, 8]).

In 1971, V. Zakharov and A. Shabat [16] showed that the NLS equation can
be solved by means of the inverse scattering transform (IST) technique. The
IST as a method to solve the initial-value problem for the NLS equation has
been extensively studied in many literatures, both in the focusing (y = —1)
and in the defocusing (x = 1) dispersion regimes. The IST for the defocusing
NLS equation with nonzero boundary conditions was first studied in 1973 by
V. Zakharov and A. Shabat [17] and a detailed study can be found in the
monograph [8].

In the work [4] a rigorous theory of the IST for the defocusing NLS equation
with nonvanishing boundary values u+ = uge’’* as © — 400 is presented. The
IST theory for the defocusing NLS equation with nonzero boundary conditions
was studied by B. Gino, F. Emily and B. Prinari [2] and the focusing case has
been studied by G. Biondini, G. Kovaci¢ [3], F. Demontis, B. Prinari, C. van
der Mee, F. Vitale [5].

V.K. Melnikov [10, 11] showed that the NLS equation remains its integra-
bility by the inverse scattering method, if a source is added to them in the
form of a combination of eigenfunctions of the corresponding spectral problem.
Namely, the term “self-consistent source” was introduced in the works of V.K.
Melnikov.

The NLS equation with the self-consistent sources in various classes of func-
tions were considered by A.B. Khasanov, I.D. Rakhimov [13], A.B. Yakhshimu-
ratov [15].

In the matrix case, the inverse scattering theory for the matrix Zakharov-
Shabat system was investigated by P. Barbara, F. Demontis and C. Van der
Mee [12, 6, 7] and applied for the integration of the matrix NLS equation. In
[14], the matrix NLS equation with the self-consistent source was considered in
the class of rapidly decreasing matrix functions.

In the case when the self-consistent source are corresponding to one Zakharov-
Shabat spectral problem, NLS was studied by the present author [9]. In the
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present paper we study the case, when self-consistent source corresponds to
general form.

2. Formulation of the problem

We consider the following system of equations

N
g — 2ulul® + tae = =20 Y _(fi 050 + f2ngin), (2)
n=1
8f1 . *
9 2 — _Zgnfl,n +u f2,na
o ®)
82771 = ufl,n + ignf?,na n= 1> 27 ceey N>
X
g1 .
8—’n = 1€nG1,n + UG2 s
ez (@
gzn = U*gl,n - ignQZ,na n = 1> 27 aN
X

under the initial condition
u(z,0) = up(z), =€ R. (5)

Here the initial function ug(z), = € R satisfies the following properties:
1)
O .
/ (1—x) ‘uo(:v) - pew‘*| dx
. | (6)
+/ (14 ) |uo(z) — pe'** | dx < oo,
0

where p > 0 and 0 < o < 27 are arbitrary constants.

2) The system of equations (3) with coefficient ug(z) possesses exactly N
eigenvalues £1(0), £2(0),..., En(0).

We assume that the solution u(z,t) of the equation (2) is sufficiently smooth
and tends to its limits sufficiently rapidly as © — +oo, i.e., for all t > 0 satisfies
the condition

dx

0
[ a=a)]uten) - pen-2e

—00

+/ (1+x) ‘u(az,t) - pew“’*%p%‘ dx
0
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oo 2 OFu(x,t
+/_ 3 a(k)

0 k=1

‘dm < 00. (7)

It follows from this condition that the left-hand side of equation (2) for all
t > 0 tends to zero as * — +oo. Taking this into account, the solutions
Fo(z,t) = (fin, fon)? and Gu(z,t) = (g1m,92.0)7 of equations (3) and (4),
respectively, are to be chosen so that the expression in the right-hand side of
equation (2) for all £ > 0 should tend to zero rapidly enough as 2z — +oco. This
can be done in the following two ways:

(A) Let the functions F),(z,t) and G, (z,t) be the eigenfunctions of equa-
tions (3) and (4) respectively, corresponding to the eigenvalues &,(¢). In this
case, the functions F,(z,t) and Gy, (z,t) belong to the L?(R) for all t > 0. We
assume that

/ G (s, ) By (s, t)ds = An(t), £>0, n—=1,2 .. N, (8)

where A, (t) are given and the continuous functions of ¢.

(B) Let the function F,(z,t) be the eigenfunctions of equations (3) corre-
sponding to the eigenvalues &,(t) and let the function Gy, (z,t) be unbounded
solution of the equation (4), satisfying equalities

fl,n.gl,n - fQ,nan = Bn(t)a t> 07 n= 1> 27 "'>N> (9)

where the functions B,,(t) are given continuous real valued functions of ¢.

Our main goal is to obtain representations for solutions u(x,t), F,(z,t),
Gpn(z,t),n=1,2,...,N of problem (2)-(7), within the framework of the inverse
scattering method.

3. Preliminaries

Let a function u(x,t) belong to the class of functions (7). In this section, we
give well known [8], necessary information concerning the theory of direct and
inverse scattering problems for the operator
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with respect to an unknown 2 x 2 square matrix function f(z,&,t). Here £ is a
spectral parameter.

We introduce a new spectral parameter p as follows p = /&2 — p2. The
variable p is then thought of as belonging to a Riemann surface I' consisting of
a sheet I'}. and a sheet I'_ which both coincide with the complex plane cut along
the semi lines ¥ = (—o00, —p] U [p, 00) with its edges glued in such a way that
p(§) is continuous through the cut. The variable p is thought of as belonging to
the complex plane consisting of the upper half complex plane I';. and the lower
half complex plane I'_ glued together along the whole real line. For all £ € ¥,
the branch of the square root is fixed by the condition sign p(§) = sign&.

For ¢ € ¥, we define matrix Jost solutions f~(x,&,t) and f*(z,&,t) from
the right and the left, respectively as those square matrix solutions to (10)
satisfying asymptotics

~ x,&,t as T — 00,
Lt + 11
where
. 1 _Meii&i{inPQt ;
- —1po3x
E (l“,fat) = i(E—p) eiai—QiPQt ’ 1 o
P

Here and everywhere below, we will use the standard Pauli matrices

0 1 0 —i 10
(Vo) = (00) (0 h)

If a function u(z,t) belongs to the class of functions (7), then such a solution
to equations (10) exists and is unique.
It can be shown that

d
From (12) and (11) it follows that

det f*(z,¢,t) = w (13)

The system (10) is invariant with respect to the involution

fi($7§7t) = Ulfi($7§7t)o'la § €. (14)

We now call the columns of

f+($7§7t) = (&(117670 ¢(x7£7t)) ) (15)
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f_(wvgvt) = ((p(.l‘,f,t) (ﬁ(l‘,f,t)) ) (16)

the Jost solutions from the right and the left, respectively. For the Jost solutions
we get the following asymptotic estimates

_iE=p) —ia +2ip%t ,
P(x, &, t) ~ o 1 e’ 1 — oo, (17)
n 1 —ipT
Q/)(l‘,g,t) ~ i(E—p) eia+72ip2t e y T 00,
P
1 —ipT
90(7:) 5» t) ~ i(E—p) eia,—Qint e , T — —0Q, (18)
p
_UE=p) p—ia—+2ip%t ,
o(xz, &, t) ~ Iz ) et 1 — —oo.

Since f~(x,&,t) and fT(z,&,t) are square matrix solutions of the homoge-
neous first order equation (10), we necessarily have for £ € 3

fi(xvat) :f+(:c,§,t)5(§,t), (19)

where S(&,t) is the transition coefficient matrix.
From the involution property (14) for £ € X, it follows that

5’(6, t) = 015(67 t)01~
Hence, we have
b(&,t) a(&.t)

Coefficients a(&,t) and b(€,t) are called scattering coefficients. From relations
(13) and (20) we obtain

a(é‘v t)d(f, t) - b(é‘v t)6(§7 t) =1

By using (19) we can represent the scattering coefficients as

S(¢,t) = ( a(§,t) 6(5,15) ) (20)

2

p
‘0 men

det(p(z, &, ), (,&,1)) (21)

and
2

b 1) = m det((z, €, 1), p(z,&,1)).
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If a function u(x,t) belongs to the class of functions (7), then for each
x € R the Jost solutions ¥(z, &, t)e”P* and p(x, &, t)e® are analytic for € € T'y
excluding branch points £ = +p, there are asymptotes for |{] — oo

. 1 e
ol ) — ( ) o o ) +0 (%) (22)

€
p

i(€=p) —iay +2ip? _
zb(w,f,t)e‘ip‘”:(_ ;e +2pt>+0<‘1+}E p'). (23)

1 iy
It follows from the analyticity properties of the Jost solutions and equality
(21) that the function a(&,t) can be analytically continued to the sheet I'y
excluding branch points & = £p.
From (22) and (23) we obtain that for || — oo, the function a(,t) has the
asymptotics

a(&,t)zl—i—O(‘%) as Imé& >0 (24)
and
alét)=e P40 <%|> as Im¢& <0, (25)

where we recall 0 = oy —a_.

Similarly, the function a(€,t) can be analytically continued to the sheet I'_,
excluding branch points £ = £p.

It follows from the analyticity with respect to the function a(§,¢) on I'; and
from the asymptotics (24), (25) that the function a(&,t) can have only a finite
number of zeros on the sheet I'y. These zeros will be denoted by &1, &a, ..., EN.
In [4] it is shown that all zeros are simple and all belong to the (—p, p).

It is seen from representation (21) that £ = &, the functions ¢(x,&,t) and
P(x,&,t) are proportional to each other

Pn(2,t) = cn(t)Pn(z,t),
Bul,1) = (O, 1), m = 1,2, N.
Where p,(x,t) = p(z,&n,t), Yn(x,t) =U(x, &, t).
The zeros of a(&,t) correspond to the eigenvalues of the equation (10). The
equation (10) is self-adjoint, so its eigenvalues and thus the zeros of the function

a(&,t) are real.
Note, the vector functions

8@5 (QD(J}, ga t) - an(l', ga t)) ‘{:fn
i(Ent) ’

(26)

(2, 1) = n=1,2.,N (27)
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are a solution to the equations (L(t)—&,1)h, = 0. Where a(&,,t) = a% a(€,t)|e—e, -
From equality (27) it follows that

_ € =pn) ,—ic+2ip*t ,
hi(2,t) ~ —cp(t) P . e’’’ as x — —o0,
1 ,
hn(xvt) ~ ( i(fn*pn)eia+*2ip2t > e ¥ as x — oo, (28)
P

where p,, = iy/p? — £2. In particular, we have

. 2pp, (gn - pn)

det(pn, hy) = p

Cn, n=1,2,...,N. (29)

Definition 1.  The set {a(¢,t), b(¢,t), {&a(t), cu(t)}0_1} is called the
scattering data for equation (10). The direct scattering problem is to find
the scattering data via the given potentials u(z,t) and the inverse scattering
problem is to find the potentials w(z,t) of the equation (10) via the given
scattering data.

Before we proceed further solving the inverse problem, it is convenient to
introduce a uniformization variable z (see [4, 8]) defined by the conformal map-
ping: z = 2(&) = £ 4+ p(§). The inverse mapping given by

2 2
§=%<z+%>7 p:Z—§:%<Z_%>'

With this mapping the sheets I'y and I'_ of the Riemann surface I' are, re-
spectively, mapped onto the upper and lower complex half-planes I'm z > 0 and
Im z < 0 of the complex z-plane. The cut X on the Riemann surface is mapped
onto the real z axis. The segments [—p, p] on I'y and I'_ are mapped onto the
upper and lower semicircles of radius p and center at the origin of the z-plane.
The neighborhood of the point & = oo on 'y with the condition +Im¢& > 0
is mapped into the neighborhood of the point z = oo, and the neighborhood
of the point £ = oo on 'y with the condition +Im& < 0 is mapped into the
neighborhood of the point z = 0.

In terms of the variable z, relation (19) can be written when Imz = 0
following form

[ (2, 2,t) = fT(x,2,t)S(2, 1), (30)
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where f*(x,2,t) = f¥(x,&(2),t), S(z,t) = S(£(2),t) and one can obtain the
symmetries of the scattering coefficients:

2
a(z,t) =a <—,t> , Imz >0, (31)
z

— p2
b(z,t) = —b <?,t> , Imz=0.

Equality (31), together with the self-adjointness of the equation (10), ensure
that the scattering coefficient a(z,t) (a(z,t)) can only have zeros at z, = &,+iv,
(Zp, = &n —ivy), with —p < &, < p and v, = \/p? — &2 > 0.

Taking into account the analyticity properties of a(z,t) in the upper half
plane I'mz > 0 we can obtain the following representation

a<z,t>:ﬂ§:%exp{ L 1og<1—|r<<,t>\2>dg]‘

2k 2mi oo C—=z

n=1

Where r(z,t) = % is called reflection coefficient. According to (25), for

z — 0 we obtain that

N e
o 2w |5k 1og<1—|r<<,t>\2>d4'

If ¢, = ( il’” > is an eigenfunction of the equation (10) corresponding to
2,n

*
902,71
*

1.n

Zn, then we define ¢, = < ) to be the eigenfunction of the equation (10)

corresponding to Zz,.

It is well known that the inverse scattering theory of (10) can be formu-
lated in terms of the Gelfand-Levitan-Marchenko equations. The Jost solution
U(x, z,t) of the equation (10) can be represented in the following form

O, 2, 1) = [e(x,z) + / " Ky, ely, z)dy} < ‘%ei?”i”% ) (32)

|-

L
here ez, 2) = ¢’ (Z : )w and KC(z,y,t) is a 2 x 2 matrix function which has to
satisfy the following Gelfand-Levitan-Marchenko equation:

K(a,y,t) + Fla+y,t) + / K (2, 5,8)F(s +y,t)ds = 0, y > 2,
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where F(z,t) is defined as

with

pe—ia+ +2ip’t

1 XL et
2 Z a(zn, t)zn el 2n),

o0 N e
Fy(x,t) = %/_ r(z,t) - e(x,z)dz — %Z . n(t) ce(x, zp).

In representations (32), the component Ko, (z,z,t) of the matrix K(x, y,t) have
relations with the potential

2Ko1(x, 2, t) = pew“f*%pgt —u(z,t).

In the work [8], it was proven the uniquely determining of the potential u(z,t)
by the scattering data.

4. Time evolution

The use of the inverse scattering method for integration of the problem (2)-(7)
is based on the following. Let the function u(z,t) be a solution of equation (2),
from the class of functions (6). Consider equation (10) with a potential u(z,t)
and find the evolution from the scattering data.

Assuming that

Frin = ( Tom > . Gnn = ( I2,n > n=1,2..N, (33)

f 1,n 1,n
equation (2) can be represented as an equality of operators in the class of smooth

functions f(z,¢&,t) satisfying the equation (10):

oL 7y
E—i_LA ’LZUg,FG
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Where [L, A] = LA — AL and

A= ilul* 4+ 20 —iut — 26u*
T\ g —26u —i|ul® — 2ie?

Let f(z,&,t) be solution of the equation (10) and let ¢, (z,&,t), n =1,2,...,2N
be any functions, which satisfy the conditions

Ipn

T
— = =1,2, .. 2N. 4
895 Gn f? n ’ ? ? (3 )
Then, the function G,,(x,t) satisfy the equalities
Glosf+i(€ —&)pn=0, n=1, 2, ..., 2N (35)
and the function
af 2N
H=—-A F,on
o ~ AT+ ; ¢ (36)

satisfies the equation (10) for any £ € X.

4.1. Evolution equation for the scattering data in the case of a
source satisfying the conditions (A)

Let us take matrix Jost solutions f~(x,&,t) and fT(x,&,t) for £ € ¥ as the
solution f(x,&,t) and £ = &,, n = 1,2,..., N are eigenvalues of the equation
(10). According to the definition of eigenfunctions, there are v, (t) and 3, (t)
such that the relations hold

Fn($7 t) = an(t)¢n($7 t)7

37
Gn(x,t) = Bn(t)orpn(x,t), n=1,2,...,N. (37)
According to these relations, due to the assumptions (33), we obtain
FN+n($7 t) = a;(t)ﬁ&n(‘ra t)a (38)
GNin(z,t) = B (t)o1pn(z,t), n=1,2,...,N.

By definition functions G, (z,t), belong to the L?(R) for all ¢ > 0 and
matrix Jost solutions f~(x,&,t), f1(z, &, t) are bounded for all £ € ¥. Therefore
¢, € L*(R) and ¢, € L*(R) for all t > 0 and £ € ¥. Hence, by virtue of (35)
it follows that at any £ € ¥ and n = 1,2, ..., 2N the asymptotics

¢, (x,&,t) = 0 as x — —o0,

¢7t(x7§7t)_>oasx—)oo (39)
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are valid. So, from (34) for n = 1,2,...,2N we obtain the following expressions
n= / G (s,t)f (5, t)ds

R (40)

- / G (5,0)f (5,6, t)ds

Using the matrix Jost solutions f and f~ of equation (10), we rewrite
equality (36) in the form

__af
H™ === —Af" +n§1anbn (41)
and
oft
HT = 2=— o Af++n§1Fn¢+. (42)

These functions satisfy the equation (10) for any & € X. Therefore, HT and
H~ are linearly dependent on f* and f—, respectively, i.e., there exist such
Cy (&,t) and Cf (€,t) that the following identities hold

H_($7§7t) = f_(xvé‘vt)c(;(§7t)7 H+($,§,t) = f+($7§7t)c(;r(£vt)'

By virtue of the definition of the matrix A, from relations (41), (42) and from
asymptotics (11), (39) we obtain

H™ (z,&,t) = —(ip® +2iép)E™ (2,&,t)03, © — —00, (43)
HT(z,&,t) — —(ip® + 2i€p) B (2, €, t)03, = — oo, (44)

By the uniqueness of the Jost solutions we get

H_($7§7t) = —(ip2 + 2i§p)f_($,f,t)03,
HJF(magat) = _(in + Qifp)er(.l‘,f,t)Jg.

We introduce the function H in the following form
H= H_($7§7t) - H+($,§,t)5(§,t)
Based on equalities (19) and (45), the function H can be rewritten in the form

H = (ip” + 2ip) f* (2, €, t)[o3, S (€, ). (46)
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On the other hand, by virtue of (19), (41) and (42) the equality

H :H_(x ga )—H+(1‘,f,t)5(f,t) = f+(x7£7t)st($7£7t)+
+Z (2,6)05 (2.6,1) = Fa(z, )67 (2,6, 1)S(E.1)] (47)

holds.
Based on equality (35) this relation becomes

éin

Ho= [T (2,808 1) +Z Fo(, )G (2, t)os f~ (2,6, 1)—

—Fo(w, )G (2, t)os 1 (,€,1)S(€,1)].
Finally, based on (19), we obtain
H= f+(m>§>t)st(£7t) (48)

Comparing equalities (46) and (48) we have
(ip + 2i€p) f* (2,€, t)]os, S(&, )] = £ (.6, 1) S(6, 1).

Therefore, for all £ € 3 we have the relation

Si(&,t) — (ip® + 2i€p)[o3, S(€, )] = 0,
D alet) =0, Tb(e,) = ~2(ip? + 2Ep)H(E,1).

Since, the function a(¢,t) does not depend on ¢, hence we conclude that its
zeros &, also do not depend on ¢.
Based on identities (41) and (42), we write the following equalities

Doz
H7 (0 6t) = 22800 A0 6 1) 1)+
2N
+ 3 Ful@, ), (2, &m, t) (49)
n=1
H3 (2,6 t) = 200 A, o, 6, 1)
2N

+3° Fala, 0063, (2, 6m. ) (50)
n=1
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By virtue of the definition of the matrix A, from relations (49), (50) and from
asymptotics (17), (18) we obtain

H;(l‘, Em t) = _(iPQ + 2i£mpm)90m(x, t)v
H (2,6m,t) = (ip” + 2i€mpm)Um (2, 1).
We now introduce the following functions

Hm = Hl_(xagmat) - Cm(t)H;—(x>§mvt)a m = 1727 72N

(51)

Using equalities (26), (51) the function #,, can be rewritten in the form
Hon = (—2ip* — 4i& ) om (2, 1). (52)

Substituting instead of ¢, (z,§,t) and qb{n(a:,f,t) the expressions from (40)
into equalities (49), (50) and using (26), we obtain

Hy ) — e (@, 6n1) = 220 (0,014
2N -
+3 Fuot) / G (5, 1)om (s, 1)ds. (53)
n=1 -

If &, # &5, according to equation (35) we get
[e.e]
/ GT(s,t)pm(s,t)ds = 0.
—o0

According to (37) and (38), equality (53) can be rewritten in the form
dcm( )

H;($7§mvt) _Cm(t)H+(x7§M7 )_ 7pm( ) ( )
o0 54
+ (/oo GT (s,t)Fn(s,t) ds—l—/ Gl im(s,t FN+m(s,t)d8) Om(z,t).

Comparing equalities (52) and (54) we obtain
dcm( )

(_2ip2 - 4i§mpm)90m(x> t) wm( )

o0
+ </ GT (s,t)Fp(s,t)ds +/ Gl im(5,1) FN+m(s,t)ds> Om(x,t).
—0o0
Finally, using these equalities and taking into account (8) and (26) we determine

dcgt(t) = (=2ip® — 4impm — Am(t) — A5 (1))em (1)

Thus, we have proved the following theorem.
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Theorem 2. If functions u(z,t), Fy(x,t), Gp(z,t), k=1, 2,..., N are the
solutions of the problem (2)-(7) in the case of a source satistfying the conditions
(A), then the scattering data for the equation (10) satisfy the following relations

a(§,t) = a(§,0),
b(&,t) = b(£,0) exp(—2ip*t — 4ipt) for €€ X,
&k(t) = &k (0),
i (t) = e (0) exp(—2ip*t — 4ilppyt — /O t(Ak(T) + Aj(7))dr),
k=1,2, .., N.

4.2. Evolution equation for the scattering data in the case of a
source satisfying the conditions (B)

Let us take matrix Jost solutions f~(x,&,t) and fT(x,&,t) for £ € ¥ as the
solution f(x,&,t) and & = &,, n = 1,2,..., N, are eigenvalues of the equation
(10). According to the definition of eigenfunctions of equation (10), there are
a,,(t) such that the relations

Fn(xvt) = O‘n(t)wn(l‘vt)v

Fyvin(1) = ab(00n(z,t), n=1,2,..N. (55)

Due to the assumptions (B) the functions G, (z,t) are unbounded functions.
So, there are (3,,(t) such that which follow the equalities

Bn(t)

Gp(z,t) = - o1¢n(z,t) + o1hp (2, 1),
nst
a(é ﬁ*)(t) ) (56)
Gnin(z,t) = &(g t)al@n(a:,t) +o1hp(z,t), n=1,2,...,N.

One can easily see from (9) and (29), that the quantities «a,(t) satisfy the
following equalities

"
an(t) B 2pn(£n _pn)Bn(t)’
*(4) = P B m—12..N
an(t)—m W(t), n=1,2,...,N.

(57)
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Using equalities (26), (35), (55), (56) and asymptotics (17), (28) we can
verify that at any £ € ¥ and when © — oo the following asymptotics are valid:

. (én—pn)? _i(En=Pn) , —iag +2ip%t
By~ ool i6n—pa) s —2ip? o o3,
é‘_ é‘n nppn eza+722p t 1
ok _i(£n+pn) —1 +2ip2t
Fyandt o~ tonl®) [ ! R P
NAnPN4n é‘ _ é‘ Z(§n+pn)eia+72ip2t (§n+pn)2 3 :
" P p?

Taking into account of equalities (26), (35), (55), (56) and asymptotics (17),
(28) we are convinced that at any £ € ¥ and © — —oo there hold the asymp-
totics

. 4(£n*pn) *ia_+2ip2t
_ () 1 —pe -
oy ~ ¢, ( (En=pn) pia——2ipt (En;%m)Q o3k,
. ) i (1) (5,1425,1)2 B i(in;rpn) o—ia—+2ip’t .
NM(bN—I—‘n ~ _5 . fn i(En:Pn) eia,—Qint 1 I3 ’

Using equalities (57) one can easily verify that at any £ € ¥ the asymptotic
Fod)t + Fnindf,, =0 for z— oo,

and
Fondy + ENgn®y,, =0 for x— —00

are valid.
Hence, it follows that the quantities H (x,&,t) and H™ (z,&,t) determined
by (41) and (42) satisfy equalities

Hi(xvé.vt) = fi(magat)(_in - 2i§p)037

15%s3
H* (@,6,8) = £+ (1,6, ) (—if? — 2i€p)os. (58)

Now, consider the function H,, of the form
Ho = H_(magat) - H+($,§,t)5(§,t).
Taking into account (58) we find that

Mo = (ip” + 2ip) f* (2, 1) o3, S (&, 1)]. (59)
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From equalities (41), (42) and (19) it is easy to get that
_(JL‘ 5 t) - H+(.1‘ f,t)S(f,t) = f+(x,§,t)5t(m,§,t)+
+ Z (@, 8)85 (2,6,) = Fu(2,),; (2,£,)S(,1)]. (60)

Using equalities (35), we obtain

H™ (xv &, t)_H+(Q:7 £, t)S(§7 t) = f+($7 £, t)St(gv t)
2N .
+3 é [Fo(2, )Gy ()3 f~ (2,6, 1)
n=1 n
— Fo(2,t)GE (z,t)os f (2, &, 6)S(E, 1))

By virtue of (19), it follows that
H™(2,6,t) — H"(2,£,1)S(§,t) = [T(2,&,1)S:(§, 1) (61)
Comparing equalitics (59) and (61) we have
(ip” + 2i€p) [ (2, &, 1) o3, S (€, 8)] = [T(2,€,8)Se(€, 1)
Therefore, for all £ € 3 we have
Si(&,t) — (ip” + 2iép) o3, S(€,1)] = 0,

ie.
d d

Thus, we conclude that the function a(&,t) does not depend on ¢, so the zeros
&n(t) of function a(€,t) do not depend on t.

Let us now find the evolution of the normalizing constants ¢, (t), m =
1,2,..., N. We now introduce the following functions

Hm = Hl_(xvé.ﬂwt) - Cm(t)H;—(l‘,gm,t), m = 172> "'7N7 (62)
where
Do (T,
Hl_(xvém?t) = % — Az, &m, t)om (1)
2N
+ Y Bulz, )¢, (@, 6 t), (63)

n=1
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O (z, 1)

H;(.I‘,fm,t) = T - A(.I‘,fm,t)l/)m(l‘,t)
2N
+ ()5, (7, Em ). (64)
n=1

It is easy to show that

Hy (2,&m,t) = (=ip® = 2i&mpm) om (@, 1),
H;r(djy Emit) = (ip2 + 2i&mpm)Ym (2, 1).

Substituting (65) into (62) and using equalities (26), we get for m =1,2,..., N

(65)

Hon = (—2ip” — 4i&mpm)om (T, 1). (66)
On the other hand, using equalities (63), (64) and (26) we obtain

Hi (x,&m,t) — cm(t)Hng(l‘,fm,t) _ dcgt(t)

UYm(z,1)

2N .

n#m
—en(O)E; (@, )G (@, o3t a, )]

+iFm<x,t>Gﬁ<x,t>aga% (2, 6,8) =m0, 6,6)) e,

. 0
+/LFN+m($7 t)G]T\}+m($7 t)0-38_§ (@(137 67 t) - Cm(t)¢($, 67 t)) |§:§m .
According to (26) and (27), this equation can be rewritten in the following form

Hi (xz,&m,t) — cm(t)Hng(l‘,fm,t) _ dcgt(t)

UYm(z,1)

+ia(&pn, t) (B2, 6)GL (2,1) + Fnam(2,8) G (2,1)) 03k (2, 1).
Further, by virtue (9), (55) and (56), we obtain the equality

HE (1) — e (2, 61) = 220 0, 1)

= 1B (8) B (8)m (€, 1) + i, () B (t) o (2, 1). (67)




INTEGRATION OF THE NONLINEAR SCHRODINGER.... 375

Comparing equalities (66) and (67), we obtain

(_QiPZ - 4i§mpm)90m($7 t)

= dczt(t) Vi (7,1) — 1B () B () o (2, 1) + i35, () Bin () o (7, 1)

hence, taking into account equalities (26), we find

dem, (t)
dt

= (=2ip* = 4i&mpm + (B (t) = B () By (£)) e (8).-

Thus, we have proved the following theorem.

Theorem 3. If functions u(z,t), Fi(x,t), Gg(x,t), k =1, 2, ...,N are the
solutions of the problem (2)-(7) in the case of a source satisfying the conditions
(B), then the scattering data for the equation (10) satisfy the following relations

a(§,t) = a(§,0),
b(€,t) = b(&,0) exp(—2ip*t — 4icpt) for £€X,
k() = &(0),
ci(t) = c(0) exp(—2ip® — 4ilepy, + ’5/0 (Br(T) — Bi(7)) Bi(T)dr,

k=1,2, .. N.

We will illustrate inverse scattering method of constructing exact solutions
to the NLS equation with concrete example.
Example 4. Let the initial function ug(x) have the form

€ZOI+ eI/I _"_ eza_ e*l/x

el/l’ _I_ ce—ljl’

up(z) = p
Where a4, a_, p, v, ¢ are positive real numbers and p > v.

In this case, solving the direct scattering problem for the equation (10), we

obtain - i
o p—Q—w o /7_
a(gjo)_§+p—<+zy7<_ P2 V27
b(£,0) =0, &(0)=¢, ¢1(0) = Mceiaa

p
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Based on Theorem 2, we can show the evolution of the scattering data in
the following form

(e )= STPTCTW T

S Etp— ()
b(&at) =0, gl(t) = Ca
. . t
c(t) = @ -c-explio_ — 2ip*t + ACvt — / (Ag () + Ag(7))dT).
0

Applying the procedure of the inverse scattering problem, we find

gip? elo+ erT | plo— ce—vrHACrt—g(t)

u(zx,t) = pe

eve | ce—vr+ACut—g(t) ’

where g(t) = [;(A1(r) + Aj(7)) dr.
Using representation (32) and conditions (8), we obtain

_M . e—ia++2ip2t 1
Fi=o (t) . p

' eV 4 ce—va+aCut—g(t)’

vA(t) =) plo——2ipt celCvt—g(t)
Gi = N | |
o (1) 1 evT + ce—vat+Avt—g(t)
Analogously, in the case (B), using results of Theorem 3, we obtain

it elo+ v | plo— ce—u$+4§zzt—g(t)

u(zx,t) = pe

eve | ce—vr+ACut—g(t) ’

b Pl [ HSE ezt 1
1= 2’iV(C — iV) ere 4 ceﬂ/x+4{ljt—g(t) )
—9 W) | gia——2ipt
Gy = . t) —2 i03) - P
1 C—l—il/ (Vﬁl( ) l‘C'i‘ZO'g) < 1

X
ever 4 ce—va+aCut—g(t)

W) | giay—2ip?t e2ve
+ P :

1 ere 4 ce—vr+ACut—g(t)

_ i) | i —2ip?t 2e—2va+8Cut—2g(t)
- o0 ' evT | ce—vrt+Alut—g(t)’

where g(t) = —i [ (B1(1) — B;(7)) Bi()dr.
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