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1. Introduction

We consider the even order delay differential equation of the form

«

() (L) " 2))) +pr) (22 (6()))
d
+ [ alr 0 aglr, 0)de =0, (Er)

where o > 1 is a quotient of odd positive integers and ¢ < d. Throughout this
paper, we use the following assumptions:

l1,lo,p,0 € C(I, [0,00)) and l1,l2 > 0, where I = [rg, +00);
q,9 € C[I x [¢,d],[0,00)),d(r) <rlim, 4 d(r) =
g(r, 0) is a nondecreasing
function for ¢ € [e, d] satisfying g(r, 0) < 7, lim,—, o0 g(7, 0) = 00;
f€C(R,R), there exists a constant k; >0 such that f(r, z(r))/z® > k.

oo,

We define the operators

N(x(r)) = L(r) ("2 ()", Ue(r) = L) (N(z(r))

By a solution to (Fj), we mean a function x(r) in C?[r,, o) for which
N(z(r)), l(z(r)) is in Ctry,00) and (E;) is satisfied on some interval [r,, o),
where r, > ro. We consider only solutions z(r) for which sup{|z(r)| : r >
r} > 0 for all » > r;. A solution of (E) is called oscillatory if it is neither
eventually positive nor eventually negative on [r;,c0) and otherwise, it is said
to be nonoscillatory. The equation itself is termed oscillatory if all its solutions
oscillate.

We define

Qu(r,r) = / TV (s)ds,  Qu(rr) = / Iy (s)ds,

uror) = [ (),
i = [ G ()

for rg <7r; <r < oo and assume that

Q(r1,7) =00, Qao(r;,r) =00 as r — 0. (1)
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Fourth/Higher-order differential equations are often used to model a wide
range of physical, chemical, and biological processes in a mathematical way
[1, 3]. For example, it could be used to solve problems with elasticity, struc-
ture deformation, or soil settlement. In mechanical and engineering problems,
questions about whether or not there are oscillatory and non-oscillatory solu-
tions are very important [5]. Many authors have done a lot of research on the
problem of oscillation in fourth (or higher) order differential equations. They
have come up with many ways to get oscillatory criteria for fourth (or higher)
order differential equations. Several studies have had very interesting results
related to oscillatory properties of solutions of neutral differential equations and
damped delay differential equations with/without distributed deviating argu-
ments [4, 7, 8,9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20].

In this paper, using suitable Riccati type transformation, integral averaging
condition, and comparison method, we present some sufficient conditions which
insure that any solution of Eq. (E7) oscillates when the associated second order
equation

oy P _
(lQ(T)Z (T)) + ll((S(’I”))Z(T) - 07 (EQ)

is oscillatory or nonoscillatory.

2. Basic lemmas

In this section, we state and prove some lemmas that are frequently used in the
remainder of this paper.

Lemma 1. [21] Assume that Eq. (Es) is nonoscillatory. If Eq.(E;) has a
nonoscillatory solution x(r) on I, for 1y > 1, then there exists a ro € I such
that x(r)N(xz(r)) > 0 or z(r)N(z(r)) < 0 for r > rs.

Lemma 2. If Eq.(Ey) has a nonoscillatory solution x(r) which satisfies
x(r)N(z(r)) >0, in Lemma 1 for r > r > ro. Then,

N(xz(r)) > Qo(ry,r) l(x(r)), r>mr, (2)
2’ (r) > Qg(ry, ) 1Y (x(r), r>r, (3)

and

o(r) > Qi(r, r) IV (z(r), r> 7. (4)
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Proof. Let Eq. (E) have a non-oscillatory solution z. Suppose that there
exists a 1 > ro such that z(r) > 0 and x(g(r, 0)) for r > ri. From Eq. (E),
we have

d
Valr) = = (A2 V@O0 = ki [ atr 010 a(r e <0

and [(x(r)) is non increasing on I, we get

NGe(r) 2 [ (V) ds = [ (a() o) ds = Ralra, ) a(r)

this implies that

D) > 1) (40 )

Now, integrating above inequality repeatedly from r; to r and using [(z(r)) < 0,

we find
T (r—az) r1,x)\ /o
=T el d"]

= 1M(z(r))Qs(r1, 1),

2/ (r) = 1M (a(r))

and

r T—.Tnig T e
2(r) 2 1Y% () [/ e () d"]

= ll/o‘(x(r))Qg(rl,r), for r < ry.

O

Lemma 3. [21] Let £ € CHI,RY), &(r) < r, €(r) > 0 and G(r) €
C(I,R*) for r > ro. Let y(r) be a bounded solution of 2"*-order delay differ-
ential equation

(1a(r) ' ()Y = O(r) y(£(r) = 0. (By)

If

lim sup / " 0(s) (), £(s)) ds > 1 (5)
)

r—00
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or

lim sup /; |:(l2(?”))_1 /IT O(s) ds] du > 1, (6)

r—00 (r)

where ly(r) is as in (Ey), then the solutions of (E3) are oscillatory.

3. Main results

In this section, we establish some oscillation criteria for Eq. (E7) by comparison
Principle Method. For convenience, we denote

itr0) = [Catrorde, vt = ( [ Qeias).

Q) = (52500000, 6°(r) = ka0 (95,90 0)

Theorem 4. Suppose that a« > [, conditions (1) hold, Eq. (FEs) is
nonoscillatory. Suppose there exists a &€ € C1(I,R) such that g(r,0) < £(r) <
d(r) <r,&(r) >0 forr >ry, and (5) or (6) holds with

O(r) =t ki [¢" 3 (r, )] *G(r, 0) (2 (E(r), g(r,d)))* — >0, r>r,

11(6(r))
for constant £, > 0. Moreover, suppose that every solution of the first-order
delay equation have the following form

2 (r) + 0w (g(r,d)) ©° (r) 24 (g(r,d)) = 0, (7)

then every solution of Eq.(E1) is oscillatory.

Proof. Let Eq. (FEp) have a nonoscillatory solution x(r). Suppose, there
exists a r > ry such that x(r) > 0 and z(g(r, 0)) > 0 for some r > ry. From
Lemma 1, x(r) has the conditions either N (z(r)) > 0 or N(x(r)) < 0 for r > ry.

Assume that z(r) has the condition N(z(r)) > 0, for » > ry, then one can
easily see that [(xz(r)) > 0 for » > ry. Take r9 > 71 such that g(r,0) > r for
r > 19, g(r,0) — oo as r — 0o and we have (4),

2(g(r,d)) > D, 9(r, d)) (U (g(r,d)) 7> (8)
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By substituting (2), (8) in Eq.(Ey) and I(z(r)) is decreasing, then

1)) + (27 Y1) 26m, 60)
() /
B/a

. o) (251, gr. ) (1t a) <0, (9)
Take ¢ = I(z(r)), we have
¢'(r) + Q(r)o(r) + ©*(r)o= (g(r,d)) <0, (10)
(@) 6(r)) + ¥(r)O" (1) (glr,d)) <O, for r > (11)
Next, assume z = ¢ ¢ > 0 and ¥ (g(r,d)) < ¢(r), thus we have
2 (1) + 91 5 (g(r, )0 ()24 (9(r, ) <0, (12)

This means (12) is a positive for this inequality. Also, by [2, Corollary 2.3.5],
we get a contradiction of positivity of Eq. (Ej).

Next, assume x(r) satisfies the condition N (z(r)) < 0, for r > rq, we get
(=3 (1) > 0, l(z(r)) > 0 for r > r3(> r3). By [16, Lemma 2], one can now
deduce that there exists a constant 6 € (0,1) such that

z(r) > 0r" 32, for r > . (13)
Set w(r) = =3 (r), then w'(r) = z(*~2 (1) < 0. Using (13) in Eq.(E;) we get
(L) (L () [ ()] )') + p(r) (@' (8(r))"

+ky [09"3(r, d)]” G, 0w (9(r,d)) < 0,

and so I (r)[w'(r)]" < 0, we have (I;(r) [w/(r)]a)/ > 0 for r > r3. Now, for
v>x>r3, we get

w(z) > w(r) —wv) = — /v I (s) () (! (5))) YV ds

xT

> 1/ (0)(—w/ (v) ( / ) lﬂ“<s>ds>

= 1}/ (0) (—w' () (x, v).
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Taking x = £(r) and v = g(r, d), we obtain

w(g(r,d)) > N (g(r,d), &)L’ (v) (—w' (v)) = Qu(g(r, d), &(r)) y(E(r)),

where y(r) = l%/a(v)(—w’(v)) > 0 for r > r3. From Eq.(E), we get y(r) is
decreasing and g(r,d) < &(r) < d(r) < r, and

(la(r)2'(r))' + 55 2(8(r)
> &y [0g7(r,d))* T(r, 0) (g, d), £(r)) 2 =

~H(E(m)=(E(n).

. . . . B _
Since z is decreasing and a > 3, there exists a constant £ such that za~1(r) > ¢
for r > r3. Thus, we obtain

n— - p(r
(12(r)=' (1) (¢ ks [0, )] r. )0 (9(r. ). () - ) 2(e(r).
11 (6(r))
Proceeding similarly to the proof of Lemma 3, we get the required conclusion.
We omit the details. O

Theorem 5. Ifa > 8 and (1) hold, Eq. (Es) is nonoscillatory. Suppose
there exists ), &€ € C1(I,R) such that g(r,0) < &(r) < 6(r) < r, €'(r) > 0 and
n > 0 for r > ry with

T 2 s

liﬁs()lip/ <k:1 n(s)q(s,0) — fB((s))>d8 =oo forallr €1, (14)

where, for r > 11,

_n'(r)  p(r) Sl
A(r) ) ll(d(T))QZ( 1,6(r)) (15)
and
B—1 1/a

B(r) = B4 "0~ (r)g (r.d) (23,90 ) " (Qulrig(rd)) L (16)

also (5) or (6) holds with ©(r) as in Theorem 4. Then every solution of Eq.(E1)
is oscillatory.

Proof. Let Eq.(E7) have a nonoscillatory solution z(r). Assume that, there
exists a r > ry such that x(r) > 0 and z(g(r, 0)) > 0 for some r > ry. From
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Lemma 1, x(r) satisfies the conditions either N(z(r)) > 0 or N(x(r)) < 0 for
r > ry. If condition N(z(r)) < 0 holds, the proof follows from Theorem 4.
Next, if condition N(x(r)) > 0 holds, define

[(z(r))
2B (g(r,d))’

then w(r) > 0 for r > ry. From (4) and I'(z(r)) < 0, we have

)
i(2(r)) (a(g(r, )
Plgird) = " WP (gl d))

<n(r)(Q5(r1, 9(r, )~z (g(r,d)),  (18)
for » > ry. From (3) and definition of N (z(r)), we find
2 (g(r,d)) = 2'(g(r, d)) > Qa(r1, g(r, d))(I(x(r))"/*
> Qa(r1, g(r, ) (1(z(g(r, d)))) /.

w(r) =n(r) rel, (17)

w(r) =n(r)

Then
1/a
Hgrd) [ Qe gtrd) ) w G U
#(r, D) 2( 70) ) T (g(5(0), ) 90, )
1/a
- (W) WM ()20 (g(8(r), d)). (19)

Also, since there exists a ¢1 (constant) and 7o > r; such that for I(z(r)) <
l(x(r2)) = £, it follows that

02k [T o (B e
and hence
2(r) < 6Q(ra,r), > 1o (21)
Further,
Bl (g(r,d)) > (65)7 7 Qs g(r, d)) T >, (22)

By using (21) in (18), we obtain

w(r) < (€))7 nlr) (1, g(r,d)) 7, (23)
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and hence
1_ K\ (x— l*l 1 * — 1
wi () < (60) @G T ) (501, g, d)) D) (24)
Now differentiating (17), we get

oy @) M)
wr) =5 e F Tane

Using Eq. (E1), (2) in (25), we have

W) < [T8 - Bt wr) - kun(r)itr o

1o 2 g(r,d))
—Bg'(r) 2o d) w(r)
< A — k)i o) - 5 OZEED a2
By using (19), (22) and (25) in (26), we have
w'(r) < A(rw(r) = kn(r)g(r, o)
Bgﬁ a /( ) . B-1 1/a
e (T CRPICR)) M (TR I
= A(r)w(r) — kin(r)q(r, 0) + B(r)w’(r) (27)
2
B 1 A(r) 1A2(r)
= —hn(r VB(r)jw(r) =3 B(r) T1BM
2
< —kin(r)q(r, o) + i/;(( )) (28)
Integrating (28) from 74(> r3) to r gives
r 2 s
/ <k n(5) 5,0 —if;((s)))ds < wirs), (29)
which contradicts (14). O

Corollary 6. Assume o > ( and the conditions (1) hold, Eq.(E2) is
nonoscillatory. Suppose there exist n, & € C1(I,R) such that g(r, o) < &(r) <
d(r) <r,&(r) >0 andn >0 for r > ry such that the function A(r) <0,

7—00

lim sup/ (n(s) q(s, g))ds =oo for all r; € I, (30)
r1
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where A(r) is defined in (15), also (5) or (6) holds with ©(r) as in Theorem 4.
Then every solution of Eq.(E7) is oscillatory.

Next, we examine the oscillation results of solutions of (F;) of Philos-type.
Let Dg = {(r,s) ra <s<r <400} ,D={(rs) :a <s<r < +oo} the
continuous function H(r,s), H : D — R belong to the class function R, then

(i) H(r,r) =0 for r > rg and H(r,s) > 0 for (r,s) € Dy,

(ii) H has a continuous and non-positive partial derivative on Dy with respect
to the second variable such that

SO ()2,
Js
for all (r,s) € Dy.

Theorem 7. Assume o > 1 and the conditions (1) hold, Eq. (F3) is
nonoscillatory. Suppose there exists n, ¢ € CY(I,R) such that g(r,0) < &(r) <
5(r)<r,&(r)>0,n7>0and H(r,s) € R for r > ry with

hiri)sgip m /T (k1 n(s)q(s,0)H(r,s)

) [h(r, s) — A(s)\/H(T S)A(s)] 2>d8 .

4 B(s)

(31)

for all ry € I, where A(r), B(r) is defined in Theorem 5, also (5) or (6) holds
with ©(r) as in Theorem 4. Then every solution of Eq.(Ey) is oscillatory.

Proof. Let Eq.(FE}) have a nonoscillatory solution z(r). Assume that, there

exists a r > r; such that z(r) > 0 and z(g(r, 9)) > 0 for some r > 9. Proceed-
ing as in the proof of Theorem 5, we obtain the inequality (27), i.e

w'(r) < A(rw(r) = kan(r)g(r, o) + B(rjw?(r),

and so,

/ Hir, s) / H(r, )| (s)+ A(s)w(s) — B(s)w?(s)]ds
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T

w(s)] : + /r: [%w(s)

< H(r,r4)w(7“4)+/

which contradicts to (31). The rest of the proof is similar to that of Theorem
5 and hence is omitted. O

Corollary 8. Suppose that all conditions of Theorem 7 are satisfied with
(31) replaced by

lim sup / ky H(r,s)n(s)q(s, 0)ds = 0o

r—00 H(Tu T4) T4

and

1 r [h('r, s) — A(s)\/H(r, S)A(S)]2
(r,74) /r

1B0s) ds < o0,

lim sup

el H .

then Eq.(Ey) is oscillatory.
Below, we present an example to show application of the main results.
Example 9. For r > 1/2, consider even order differential equation
(1/2r(9e7"(r) (JJ”(T‘))),)/+366_8/2$(ii) (?“/2)4—/12%1‘(@, 36€"/*)dp=0. (32)

r—1)3/2
G e = e a = 3/2, 8= 1p(r) = 2 g g) = 13
and 6(r) =r, g(r, 0) = /3. Now pick n(r) = r, we obtain Q;(ry,r) = r(r — 1),
D (r1, 1) = r(r—1), Qa(r1,7) = r(r—1), Ar) = £ and B(r) = ==

Take ro = 4, we get

Here [ =

—

r 2 s
liir;solip/4 (kl n(s)(s/3) — :143((8))>d8 — 00 as r — 00,
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and all hypotheses of Theorem 5 are satisfied, so every solution of (32) is oscil-
latory.

4. Conclusions

It is clear that the form of the problem Eq. (F7) is more general than all the
problems considered in this study. In this paper, using the suitable Riccati
type transformation, integral averaging condition, and comparison method, we
offer some oscillatory properties which ensure that any solution of Eq. (E)
oscillates under assumption of Q4 (r1,7) = 0o, Qa(r1,7) = 00 as r — co. Also,
it would be useful to extend oscillation criteria of Eq.(E71) under the condition
of Qi(ry,r) < oo, Qa(r1,7) < 00 as r — oo.
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