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1. Introduction and Preliminaries

Banach developed the Banach contraction principle, a fundamental consequence
of fixed point theory on metric space, in 1922. This approach has been devel-
oped and extended in numerous ways as a result of its applications in diverse
domains of nonlinear analysis and applied mathematical analysis. Marr [1]
defined a concept of convergence similar to that described for real numbers.
It is worth noting that any metric space (shortly, MS) can be embedded in
a partially ordered metric space (shortly, POMS), allowing for metric space
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convergence via order convergence. He also demonstrated how to improve the
Banach fixed point theorem in complete metric spaces as a prescribed case of
a fixed point theorem in partially ordered metric spaces. Later, Khan et al. [2]
established some fixed point theorems in complete and compact metric spaces.
Vishal Gupta et al. [3] presented some fixed point results involving the gener-
alized altering distance function. Later, Gordji et al. [4],[5], and [6] introduced
the concept of orthogonality and its properties. Also, they extended the Banach
contraction theorem in the notion of generalized orthogonal MS. In this arti-
cle, we utilize the concept of orthogonal MS and generalized altering distance
function. Here, we also extend the fixed point results in these spaces.

Throughout this paper, we use the notation [0,00) = Ry .

Definition 1. Let Q # (), a mapping § : Q x Q — R satisfies the
following axiom for all 9,7n,c € Q:

1. 6(9,m) >0; 6(9,n) =0 iff 9 =n;
2. 6(0,m) = 6(n, 0);
3. 6(0,m) <6(9,¢)+d(c,m).
Then, (Q,9) is said to be a metric space.
Definition 2. ([1]) A POMS (Q, <) is a set which satisfy the three axioms:
1. 91 < forall ¥y € Q,
2. Y1 <y and ¥y < 93 implies 91 < I3 for all ¥1,92,73 € Q,

3. U1 < g and V9 < ¥y implies ¥ = vy for all 91,19 € Q.

Definition 3. ([2]) A function © : RS — R{ is altering distance function
satisfies the following axiom:

1. ©(h) is monotonically increasing and continuous,

2. ©(h) =0 iff h=0.

The following are some examples and properties of an orthogonal set as
initiated by Gordji et al. [4].
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Definition 4. ([4]) Let Q # (. If a binary relation L C Q x Q satisfies
the following stipulation:

Jdp€ Q: (VI € Q9LY) or (VIe QL)

Then, the pair (Q, 1) is called an orthogonal set (briefly O-set).

At this point, it is important to remember some basic, separate words like
orthogonal sequence, orthogonal continuous, orthogonal complete, orthogonal
MS, orthogonal preserving, and weakly orthogonal preserving.

Definition 5. ([4]) A sequence {Vy,} of an O-set (Q, L) is called a orthog-
onal sequence (shortly, O-sequence) if

(Vm e N, Uy Llpy1) or (Vme N, Opp1 LVy).

Definition 6. ([4]) The triplet (Q,L,0) is called an orthogonal MS if
(Q, 1) is an O-set and (Q,0) is a MS.

Definition 7. ([1]) The (Q, <, 1, 0) is called a partially ordered orthogonal
MS if (Q, <) is a partially ordered set and (Q, L,¢) is an orthogonal MS.

Definition 8. Let (Q,<,1,d) be a partially ordered orthogonal MS.
Then:

1. The O-sequence {Vy} C Q is said to be a convergent if 3 ¥* € Q such
that lim 6(Jy, 0%) = 0.
m—o0

2. The O-sequence {0y} in Q is called an O-Cauchy sequence if for every € >
0, 3mg € N such that 6(Uy,9) < € for allm, £ > my. i.e., %im O(Un, ) =
m,£— 00

0.

3. If each O-Cauchy sequence converges in Q, then (Q, <, 1,0) is said to be
an orthogonal partial complete (shortly, O-complete).

Definition 9. [4] Let (Q,<,1,d) be a partially ordered orthogonal MS.
Then, a functionV : Q — Q is orthogonal partial continuous (or < | -continuous)
in ¥ € Q if each O-sequence {Up} in Q with ¥, — ¥ asm — oo, we have
V(Un) = VU asm — oco. Also, V is < -continuous on Q if V is < -continuous
in each ¥ € Q.
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Definition 10. [4] Let (Q, L) be an O-set. A function V : Q — Q is
called a |-preserving if VY1 Vn whenever ¥ 1n. AlsoV : Q — Q is called a
weakly L-preserving if V(9)LV(n) or V(n)LV(¥) whenever JLn.

2. Main Results

In this section, we inspired the concept of the altering distance function and
also to establish some fixed point theorem on orthogonal complete metric space
via altering distance function.

Theorem 11. Let (Q,<,1,d) be a partially ordered O- complete MS.
Let V1,Vs : Q — Q are monotonically increasing mappings satisfying
1. For all 9,m € Q with ¥1n
[6(V19,Van) > 0,£[6(V19, Van)] < ©1(C(9, 1)) — ©2(¢(W,m)], (1)

where ((0,n) = (W, d(¥,m)) and Oy, O are altering distance

function and £(09) = ©1(9,7);
2. < -continuous;

3. L-preserving.

Then V1, Vs have a unique common fixed point.

Proof. By the definition of orthogonality, there exists ¥y € Q such that
(Vn € Q,9¢Ln) or (Yn € Q,nLvy).
It implies that
Yo LV or Vg L.
Let
Uy = V(Who); U2 = V(1) = V*(Do); . .. i Yomr1 = V() = V™ (D),

for allm € . Since V is L-preserving, {Un tnco is an O-sequence. Let 9y € Q,
we define Vo1 = V1o and Yopio = Voloyyq for all m € N. Also assume,
Von = 6(0n, Unt1). Replacing 9 by dop and n by Jop4+1 in (1) and we get,

E[6(V1¥om, Vallony1)] = E[ViVont1, Volonia]
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< 01(C(Yom, Yont+1)) — O2(¢(Vom, Voms1)),
where

d(Vom, V1U2m).0(Vomt1, Voomi1)
d(Vom, Voms1)

C(Vom, Vomt1) = ( , 0(Vom, VYont1)),

this gives

EVomt1) < O1(Vom, Voms1) — O2(Vom, Vong1)- (2)
If Vo < V2m+1, then

EVant1) < ©1(Vom, Vomt1) — ©2(Vom, Vony1)
< 01 (Von, Vant1)

=&Vomt1).

Which is a contradiction. Hence, we have Vo > Vop11. It follows that Voy1q >
Vont2. Thus we obtain, Von > Vopy1, it follows that {Voy,} is decreasing O-

sequence and converge to p. Letting m — oo in equation (2), we have
EV2) < O1(V2,Va) — ©2(V2, Va) = £(V2) — O2(Va, Va)
that implies
O2(V2,V2) = 0,
by definition of ©9, we have Vo = 0. Hence,
Von = 6(Vpt1,Yn) — 0 as m — oc. (3)

Next we prove that {Up} be an O-Cauchy sequence. By (3), it is enough to show
that {¥o,} is an O-Cauchy sequence. Suppose that {¥o,} is not an O-Cauchy
sequence, if every ¢ > 0, then there exists two sub O-sequences {¥o()} and
{ﬁgm(b)} such that

6 (Va0(p) Dompy) > € (4)

and

6(Fae(p)s Vomp)—1) > € for m(b) > £(b). (5)

Then by equations (4) and (5), we have,

€ < (Do), Vom()) < I(D2e(v), Vomp)—1) + I(Damppy—15 Vom(p))
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<e+ 5(192m(b)—1 ) ﬁ?m(b))' (6)
Letting b — oo in (6) and using (3), we get
e < lim 5(792€(b)7792m(b)) <e+0,

b—o0
implies

lim 6(2 Y =e. 7

Jim 5(D25), Vomr)) = € (7)
Using triangle inequality

0(Vam(v)+1>V200)) < 0(Vamp)415> Vom(s)) + 0(om(py» D2e(v))

3(Vamv)> V2005)) < 6(Vamv)s Vom(v)+1) + 0 (Dom(p) 15 D2e(v))- (8)
Letting b — oo in (8) and we get
lim 6(Pom(p)41, Voepy) < 0+€
b—o0
and
<0+ lim §(¢ 0
e<0+ bigolo ( 2m(b)+1> 2€(b))7
implies
lim §(¢ 0, =e. 9
Jim. (Vom(p)+1, Vo0py) = € 9)
By using triangle inequality we can show that
lim §(¢ Doppy—1) = €. 10
Jim (Vom(p), V20(py—1) = € (10)

Replacing ¥ by Yoy and 1 by ¥y in (1) and we get,

E(6WV10am(p)s VaUau)-1)) < O1(C(Vam(s), V2r()-1))
— O2(¢(Yamp) > Y20(p)-1)) (11)

where

C(Vampys Vor(h)—1)
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5(Damv)s V1Uomp)-0(F20()—1, VaPae(py—1)
8 (Damv)> Y20y —1)

= ( s 0(Dompys Vo0p)—1))

this gives

§(6(Vamr)11 V2r(5)))

6(Vam(p) s Vom(v)+1)-0 (Fae(p)—15 V2e(r))
S (Damn)s Varpy—1)

6(Vomv) s Yomp)+1)-0 (V2e(p) —15 V2ev))
8 (Damv)> Y0y —1)

Letting b — oo in above inequality, we get &)(¢) < ©1(0,e) — 02)0,e <

&(g), which is a contradiction. Hence {0} is O-Cauchy sequence. Since O-

completeness, there exist p € Q such that I7lim Un=p. Let ¥ =ty and n =p
—00

< Oq( s 0(Dom(v), Var(v)—1))

— @2( ) 5(192m(|7) ) 192307)—1))’

in (1), we get

§[6(V102m, V2p)] < ©1(C(V2m, p)) — O2(¢(V2m, p)) (12)
where
(i p) = (AR 0) )
= (Lm0 ),

Letting m — oo in (12), we get

8(p, p)-6(p, Vap)

5[(5(]}1?921,1,]}20)] < 61( (5(0 p) >6(p7p))
o @2((5(0, %)(2(23V2p)>5(p7p))

If 6(p,Vap) # 0, and since ©; and ©O9 are non-decreasing, and Oy(¥,7n) =
0 if and only if ¥ = n = 0, we get £(0(p,Vap)) < £(6(p, Vap)), it follows a
contradiction. Therefore, we get £(6(p, Vap)) = 0 or p = Vop. From this, we
obtain p = Vyp. Hence p is a common fixed point of V; and Vs.

Now, prove that uniqueness part, suppose that p; and ps are two distinct
common fixed points of V; and V5. By the choice of ¥ in the proof of the first
part, we get

[190J_p1 and 190J_p2] or [le_190 and pQJ_’l90]
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implies p1Lpo or palp;.
Since V is L-preserving, we have

V(90)LV(p1) or V(p1)LV(9)] and [V(dg) LV (p2) or V(pa) LV ()]
implies Vp1 1 Vps or Vpa LVpy.

Therefore, by equation (1)

E[6(Vip1, Vap2)] < ©1(C(p1,p2)) — O (p1, p2)), (13)
where
o(p1,V 0(pa, V)
(1, o) = (o0 V121)-0102, Vora) 5 o)
5(01,P2)
o(p1,p1).0(p2,
= (pl pl) (p2 p2)75(p17p2))
d(p1,p2)
= (0,0(p1, p2))-
From (13)
£[6(p1, p2)] < ©1(0,0(p1,p2)) — O2(0,6(p1, p2))-
Clearly, ©1 is non-decreasing in all variables, we have p; = pa. O

Theorem 12. Let (Q,<,1,d) be a partially ordered O- complete MS.
Let V.U : Q@ — Q are monotonically increasing mappings satisfying:

1. For all 9,n € Q with 91n

[(5(]/119, Van) > 0,

£[6(V19,Van)] ©1(¢(¥,m)) ©2(¢(¥,m))
/ Q(h)oh < / Q(h)oh — / Q(ﬁ)éh} , (14)
0 0 0

where
8(9,V19).0(n, Van)
6(0,m)

and ©j, Oy are altering distance function and £(V) = O1(9,9). Here
©1 : Ry — R is Lebesgue integrable function as summable for each
compact R, such that for e > 0,

J Q(h)oh > 0;

C(Q9> 77) = (

,0(3,m))
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2. < | -continuous;
3. L-preserving.

Then V1 and V5 have unique fixed point.

Proof. By the definition of orthogonality, there exists ¥y € Q such that
(Vn € Q,9¢Ln) or (Yn € Q,nLvy).
It implies that
Yo LV or Vidg Lvy.
Let
V1 =V(Wo); 92 = V(¥1) = V*(U0);...;Pons1 = V(Vam) = V"1 (1)),

for all m € N. Since V is L-preserving, {Unnco is an O-sequence. Let 9y €
Q and define ’ﬁgm_H = Vl’ﬁgm and ’ﬁgm+2 = Vg’ﬁgm_H. Let ng = 5(?9m,’ﬁm+1).
Replacing ¢ by Jo, and 1 by Pop41 in (1) and we get,

E[0(V192n,Vo2n41)]
/ Q(h)oh
0
©1(¢(Y2n,920+1)) O2(¢(Y2n,020+1))
</' Qmwh—/' Q(R)oh,
0 0

where ((Von, Voni1) = (6(19%ylﬂcg(ngifg;ﬂll)’]b%mﬂ)’5(192""192"”'1))'
This gives

E(Vont1) 01 (Von,Vont1) O2(Von,Vont1)
/ mmm</' mmm—/ Qh)sh.  (15)
0 0 0
If Vo < V2m+1, then
§(V2m+1 O1(Vont1,Vont1) 2 (Vom,Von+1)
/ h)oh / (ﬁ)éﬁ—/ Q(h)oh
0 0

0

01(Vont1,Von+1)

/ Q(h)oh
0

/E V2m+l
0

IN

N
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Which is a contradiction, therefore Vo, > Voyi1. In this way, it follows that
Vomt1 = Vonto. Thus we have, Vo > Vop i1, it follows that {Vay} is decreasing
O-sequence and converge to p. Taking m — oo in (15), we have,

EOV2) ©1(V2,V2) ©2(V2,Vo)
/ Q(h)oh < / Q(h)oh — / Q(h)oh
0 0 0

EV2) ©2(V2,V2)
_ / Q(h)oh — / Q(h)oh.
0 0

This implies fOGQ(VQ’VQ) Q(h)dh = 0, by definition of ©9, we have V5 = 0. Hence,
Von = 6(Ont1, %) — 0 as m — oc. (16)

Now as in Theorem 11, we have
lim §(¢ 9 =ec. 17
Jim 5(D2(5), Vom(r)) = € (17)
Replacing ¥ by Yo,y and 1 by ¥gy)—1 in (14) and we get,

/5[50/1 Yom(b) > V2V2¢(b)—1)]
0

O1(C(Vomv),920(5)—1))
<

O2(C(Van(v)V20(v)—1))
Q(h)oh — /

Q(r)oh,  (18)

0 0

where

C(Vamppys Vae(py—1)
_ (5 (Vom(v)s V1¥amp))-0(Daepy—1, VaDar(hy—1)
6(Damv) > Vae(py—1)

Letting b — oo in above inequality, it follows that {dJ,} is an O-Cauchy se-

quence. Since O-completeness, there exist p € Q such that |7lim Uu = p-
— 00

s 0(Dom(v)» Varp)—1))-

Put ¥ = Y9y, and n = p in (14), we get

£(6(V192n,V2p)) O1(¢(V2m,p)) O2(¢(V2n,p))
/ Q(h)oh < / Q(h)oh — / Q(h)sh,  (19)
0 0 0

where

d(Vom, V102m).0(p, Vap)

5(792111»0) = ( 5(192]“ p)

s 5(192m> P))
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d(Vom, Vomt1)-6(p, Vap)
5(1921117{))

Letting m — oo in (19) and since ©1 and O4 are non-decreasing, and O (9, 7) =
0 if and only if ¥ = n = 0, we obtain

£(0(p;V2p)) £(8(pV2p))
/ Q(h)oh < / Q(h)dh.
0 0

Therefore, we have p = Vap. Uniqueness part is the same way as in the proof
of Theorem 11. O

=

75(ﬁ2m7 p))

3. An application to resolve an integral equations

Consider the integral equations:
V1
u(s) = / £1(s, 0,u(e))de +h(s),s € [0, 1],
0

V1
wozﬁ £2(c, 0,u(0))do + h(<), < € [0, V1], (20)

where V; > 0. The purpose of this section is to give an existence theorem for
common solution of (20) using Theorem 11. This application is inspired by [7].
Previously, we consider the space X = C(T)(T = [0, V1]) of continuous functions
defined on T. Obviously, this space with the metric given by

d(d,n) = sup [¥(s) — n(s)|, for all 9,n € C(T), (21)

SET

is a complete metric space. Define an orthogonal relation L on C(T) by
Y.Ln if and only if ¥(s)n(s) > 9(s) V n(s), for all ¥,n € C(T).

Then (C(T),L,d) is an orthogonal complete metric space. C(T) can also be
equipped with the partial order < given by

9,m € C(T), ¥ <n<= 1) <n()," €T. (22)

Now, we will prove the following result.

Theorem 13. Suppose that the following hypotheses hold:
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(i) £1,f2: TXTXR —- R andh: R — R are continuous,

(ii) for all ¢,p €T,
Vi
fl(ga o,u < f2 S, Qv/ fl 0,7, dT+h( )) (23)
0

V1
f2(s, 0,u(o)) < £1(s, Q,/ f2(0,7,u(7))dr +h(o)), (24)
0

(73i) there exist £1,f2 > 0 such that

1Go(s) = Fy(<)]

D o )
o @2<‘19( ) — Fﬂ(g) _‘1;1((5))_‘7;]((1)”_ gﬂ(g) — h(g)‘ ’ \ﬁ(g) _ U(§)|>7 (25)
where
V1
Fi(s) =/ £1(s, 0,m(0))do,< €T,
0
V1
Gy (<) =/ £2(c, 0,9(0))do,s €T, (26)
0

for every 9,m € X and ¥ <n and ¢ € T. Then, the integral equations (20) have
a solution u* € C(T).

Proof. Define Vi, Vs : C(T) — C(T) by

V19(s) = Fy(s) + h(s),s €T,
WVoil(s) = Go(s) +h(s),s €T, (27)

Now, we will prove that V; and Vs are monotonically increasing. From (ii), for
all ¢ € T, we have

W1
V1d(s) :/0 £1(s, 0,9(0))do + h()

< /OVI fo <§, 0, /OV1 f1(0, 7, u(7))dr + h(g)>dg +h(s)
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V1
_ /O £(<, 0, V10(0))do + h(<)
= V2V1'19(§)' (28)

Similarly,
Vi
Vod(s) = / £(s, 0,9(0))do + h(s)
Vi Vi
< /O f1<g,g, /0 f2<g,f,u<f>>dr+h<g>>dg+h<<>

V1
_ /0 £1(s, 0,V20(0))do + h(s)
= V1V2’ﬁ(§)' (29)

Then, we have V19 < VoV and Vo < V1 Vad, for all ¥ € C(T). This implies
that V; and Vs are monotonically increasing. Now, for all 9,7 € C(T) such that
¥ <, by (iii), we have

Van(s) = V1d(s)|

[9(s) = Fo(s) —h(9)]-[n(s) — Gy(s) —h(s)|
<en( 00 -1 LCRC)
[0(s) = Fu(s) —h(s)|-n(s) = Gy(s) —h(s)|
- kb - 6 106 =a(6)). @0
Hence,
d(Van, V19)
= sup [Van(s) — Vid(q)|
€0, V1]

[9(s) — Fu(s) = h(S)|[n(s) — Gn(s) —h(q)| 3
= o [906) —n(o)] 196 =)
. 19(s) = Fo(s) —h(s)]-In(s) = Gy(s) — h(s)| B

S o 96) — n(o)] ) =)

_ o, (SUPce[O,vl] 9(s) = Fo(s) = h(S)]- supsepo, vy [1(s) = Gn(s) —h(s)]
SUPgeo,vy] [0(5) — (<)

sup [9(<) - n<<>|>
€0, 1]
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o, <sup<e[o,vl] [9(s) = Fo(s) —h(s)]- supcepo,vy] [1(s) = Gy(s) —h(s)]
SUPgefo,vy] [0(s) = n(<)]

)

sup. [9(s) n<<>|)

€0, 1]

e, <Snge[O,V1] [9(<) = V1d(9)]. supeejovy) [n(s) — Van(<)|
Supejo, vy [9(s) = n(s)|

9

sup [9(s) n<<>|)

s€[0,V1]
_e, <sup<€[07vl] [9(S) = V1d(s)|- supeejo ) [1(S) — Van(<)]
SUP.ejo,vy] () — 1(<)]

sup [9(s) n<<>|>

s€[0,V1]
(a9 (6)-A(n(<). Ve (<))
_91< SeDSluts ,dw(g),n(c)))
d(¥(s), V19(s)).d(n(s), Van(s))
- (HHIIENEII D) 90, () @1
Then
d(Van, V1v) < ©1(K(0,n)) — ©2(K(9, 1)), (32)

where K(9,7) :< R e (IO n<<>>>, for all 9. € C(T)

such that ¢ < 7. This implies that for all 4,7 € C(T) such that n < ¢,
d(Van, V1) < ©1(K(9, 1)) — O2(K(,n)). (33)

Hence the contractive condition required by Theorem 11 is satisfied. Now,
all the required hypotheses of Theorem 11 are satisfied. Then, there exists

u* € C(T), a common fixed point of V; and Vs, that is, u* is a solution to
(20). O

4. Conclusion

In this paper, we have used altering distance function for proved fixed point
theorems in orthogonal complete MS.
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