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Abstract: The role of pwords and inversions in molecular biology led to a
unified study of inversions on gpwords. In this paper, we use a generalization
of the concept of inversion termed as block inversion on finite rich pwords.
A comparison of block inversion on finite total words and on finite pwords is
made. We conclude that the total number of pwords in the block inversion set
of a finite rich pword of length n is strictly less than 271
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1. Introduction

Combinatorics on words and the study of formal languages are related since
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both fields investigate different aspects of words [10, 16]. Recent molecular ge-
netic research have suggested that inversion (or reversal) operation is one of the
vital operations on DNA sequences [12]. Inversion is a concept of rearrange-
ment of a word. If a word x exists as the mirror image of another word y then
x is the inversion of y. From the formal language theory point of view, many
biological operations such as string matching and alignment problems consider
hairpin inversion, pseudo-inversion and non-overlapping inversion [4, 11, 19].
The authors in [7] proved that context-free as well as regular languages are
closed under the inversion but not closed under the iterated inversion. The
decidability and closure properties of some language classes with respect to
hairpin inversion was scrutinized in [5, 6]. In the literature of combinatorics of
words, block inversion operation is used for many combinatorial manipulations
[9, 17]. Block inversion of a word is a process of partitioning the word into
blocks instead of letters and writing it in the reverse order. Sorting by block
reversal problem make use of this operation.

Partial words are words with holes and are considered in gene comparisons
[8, 14]. For instance, orientation of two DNA sequences can be seen as con-
struction of two compatible pwords. In DNA computation, DNA strands are
considered as finite words and are utilized for encoding information. While en-
coding, some parts of information may be unseen or missing. These parts are
revealed by using pwords that represent the positions of the missing symbols
in a word. The holes present in a partial word over an alphabet does not be-
long to that alphabet but remains as a standby symbol for the unknown letter.
The study of pwords was initiated in [1] and the study was later extended by
Blanchet Sadri [2, 3]. Here, we use a generalisation of the concept of inversion
termed as block inversion on finite pwords. We study the significant differ-
ences between block inversion on finite total words and block inversion on finite
pwords. We show that the total count of words in the block inversion set of a
finite total word of length n is less than or equal to 2”1 but the total count of
words in the block inversion set of a finite rich pword of length n is strictly less
than 2”71, In Section 2 the fundamental definitions pertaining to pwords and
inversions are recalled. The block inversion operation on rich pwords explained
in Section 3 and finally in Section 4, conclusion and future work are discussed.

2. Preliminaries

Here, we briefly recall the standard notations with respect to pwords.

Let the set A termed as alphabet represent a non-empty finite set of symbols
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(or letters). A total word or string is a sequential arrangement of letters over
A. The set of all total words from A is denoted by A*. AT = A*excluding
the empty word {\}. A language L is a subset of A*. Let w € A* by |w| we
denote the length of the word w. Alph(w) denotes the set of all letters in w. A
finite word w is called a palindrome if w = w where w' is the reversal (mirror
image) of w. A partial word is a word made up of a number of holes or wild
card letters (denoted as ¢) present anywhere in the sequence of letters of the
word. The symbol ¢ ¢ A, but remains as a standby symbol for the unknown
letter, for instance, u = aa{b is a partial word with |u| = 4. Formally, a partial
word u with |u| = n over A is a partial function w : {0,1,2--- ,n—1} — A.
For 0 < j < n, if u(j) is defined, then we say j belongs to the domain of
u (defined as d(u)), otherwise j belongs to the set of holes (defined as h(u)).
The following definition is used in order to represent the locations of the holes
of the pwords. w¢ representing the companion of u is the total function wug :
{0,1,2--- ;n—1} - Ay = AU {O} defined by

N Ju() i ed(u),
“QU)_{O if j € h(u).

A finite partial word p is primitive (non-periodic) if a finite partial word ¢ exists
such that p = ¢, for all m > 2.

3. Block Inversion of a Rich pword

The inversion of a non-empty finite total word of length k say wjus...u; such
that u,, € A, for all m is the word derived by partitioning u into & non-empty
segments and listing them in the reverse order as uy...uou;. For instance the
inversion of the total word aab is baa. The inversion operation on a finite rich
pword is not similar to the inversion of a finite word since the presence of ¢ in
a rich pword cannot exist as a non-empty segment without a companion while
partitioning. In order to fulfill this gap we use block inversion operation on
finite rich pword which shows variation from the classical definition of block
inversion of finite total word. Here we study the palindromic properties along
with block inversion operation on rich pwords. The empty word A is regarded
as a palindrome.

Definition 1. A factor p, of a partial word wu, over Ay is called a partial
palindromic proper factor if p, is compatible with its reversal (denoted by
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po T pg). The set of all non-empty partial palindromic proper factors of u is
denoted by PPPF(uy).

Example 2. Consider a partial word uy = abbala over Ay = {a,b}U{0}.
The palindromic factors of u are

{A\,a,b,bb, a®, Oa, bad), ada, abba} .
Here the factors {a{, Qa,bad,ada} are termed as partial palindromic factors.

Definition 3. Any partial word over A, with length n is a rich partial
word if it has at least n distinct partial palindromic proper factors.

Example 4. Consider a partial word uy = aaQba over Ay = {a,b} U {0}
with |ug| = 5.
The set of all distinct palindromic proper factors of u, are

{\,a,b,aa,ad, b, aad), Oba, bab, adba} .

Among the above set, the set of all distinct partial palindromic factors of wuy
are

{a<>7 <>b7 aa<>) Oba) a(}ba} *
Here the number of distinct partial palindromic proper factors is equal to |ug|.

Hence uy is a rich partial word.

Example 5. Consider a partial word vy, = Qababb with length |vy| = 6
over Ay = {a,b} U{O}. Then the partial palindromic proper factors of v, are

vy = {0a,Oab,Qabab} .

Here the number of distinct partial palindromic proper factors is less than |v|.
Hence v is not a rich partial word.

Definition 6. Consider a finite alphabet Ay = AU {{}. For any integer
m, let ug, I, € Ag where u¢, represent the rich pword over Agy; I, denotes
non-empty blocks of a rich pword in Ag such that

1> 1 if O ¢ I,
"= )2 i€,
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It It-1 Im 2 I
Figure 1: For ug € Ag,vo € Ip(ug)

The block inversion of u¢, represented by Ip(ug) is the set
IB(UO) = {Iplp_l...fgfl Uy = 11[2...Ip_1fp, P Z 1}

A rich pword u¢ can be partitioned at most of |ug| blocks. The block
inversion in L C Ag which is denoted by Ip(L¢) is

Ip(Lo) = | In(uo).
u€Ly

Example 7. Assume uy = ab0b over Ay = {a,b} € {O}. Then
Ig(ug) = {abdb, Obba, bbda, bOba, babl, Gbab}.

Theorem 8. [17] Assume a total word x € AT with |z| = n. Then
|Ig(z)| = 2"~ iff |Alph(z)| = n.

Theorem 9. Assume a rich pword ug, € Azg and |ug| = n. Then |Ip(uy)| <
2L | Alph(ug)| < n.

Proof. Consider u¢ € Azg and |ug| = n such that [Ig(ug)| = 2"~ L. If
a € A:g is a letter, then the number of occurences of @ in the rich pword wug
is denoted by |uglq. Let |uglea > 1 and |uglo > 1. Also let a € Alph(ug) and
O € Alph(ug), O ¢ A. There are four cases to consider:

1. Assume that |ug|, > 1 and |uglo > 1. Then for some z,y,z € A*, uy =
axay(Qz$O. For Iy = azxa, Iy = y, I3 = $z0, we get Islol; = Qz0yaxa €
Ip(ug). But we do not get JrJsJs5JaJ3J2J1 = Oz0Qyaxa € Ip(ug) for
Ji=a,Jo=x,J3=qa,Jy =y,J5s = O, Js = 2z, J7 = { since ¢ without a
companion does not exist as a block. Since J7JgJ5J4J3J2J1 cannot exist,
then |Ig(ug)| = 2/“0I=1 is a contradiction.
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2. Assume that |ug|l, = 1 and |ugle > 1. Then for some z,y,z € A*,
uy = zayQzQ. For Iy = x,Iy = a,I3 = y, 1y = 020, we get Iulzl]; =
OzQyax € Ig(ug). But we do not get JgJ5J4J3J2J1 = Oz0yax € Ip(ug)
for Jl = JJ,JQ = a, Jg =Y, J4 = Q,Jg, = Z, J6 = Q Thus .[4[3[2]1 75
JeJ5J4J3J2.J1, then |IB(U<>)‘ < 2‘”0‘_1.

3. Assume that |ug|, > 1 and |uplo = 1. Then uy = azaydz for some
x,y,z € A*. For I} = axa,ly = y,I5 = Oz, we get Islol; = Qzyaxa €
Ip(ug). But we do not get JsJsJyJs o1 = OQzyaxa € Ip(ug) for J; =
a,Jo = x,J3 = a,Jy = y,J5 = z,Jg = O since ¢ without a compan-
ion does not exist as a block. Since Jg.J5J4J3J5.J7 cannot exist, then
[I5(uy)| = 21*0I=1 is a contradiction.

4. Assume that |ugl, = 1 and |ugle = 1. Then for some z,y,z € A*,
uy = zayQz. For I) = z,Ir = a,I3 = y,1y = Oz, we get Iilzlr]; =
Ozyax € Ip(ugp). But we do not get J5JyJ3JoJ; = Qzyax € Ip(ug) for
Ji=x,Jo =a,Js =y,Js = z,J5 = . Since J5JyJ3J2J1 cannot exist,
then |I(ug)| = 2/%0I=1 is a contradiction.

Thus, for each a € Alph(ug) and ¢ € Alph(ug), O ¢ A, |ugles > 1 and
luglo > 1, ie, [Alph(ug)| < nif [Ip(ug)| < 2771

Conversely, consider u¢ such that for each a € Alph(ug) and ¢ € Alph(ug), O ¢
A |uple > 1 and |ugle > 1. For 1 <k < |ug|, the rich pword u¢ can be divided
into k& non-empty blocks in (\ukolzl) distinct ways. Since all the letters in wug
are distinct, the block inversion of such a rich pword contains 2/“¢/=1 elements.
Hence, the proof. O

Example 10. Consider the rich pwords ué = aaQbQ,u% = ca(}b(},uf’> =
aba),u = abOc over Ay = {a,b,c} U{O} with [ug| = 5, [u| = 5, [uf| = 4 and
Lué\ = 4. Here \Alph(uéﬂ =3, |Alph(u%)| =4, |Alph(u?<’>)| = 3 and |Alph(uzl>)| =

Ip (u<1>) {aadbd, Obdaa, bOada, bOaald}

Ip (u<2>) {ca®bl, Obdac, Obdca, bOade, bOcad}
Ip (u%) {aQba, abal, adab,bada}

Ip (ué) = {ablc, Qcba, Ocab, bdca}.

Here

Ig(ul)| = 4 < 2luol-1
0
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Ip(ud)| =5 < 2lwl-!
Ip(ud)| = 4 < 2lwl=!
1Tp(ud)| = 4 < 2/wol=1,

A subset of the set Ip(uy) that considers rich pwords with the inversion of
minimum two non-empty blocks is termed as a proper block inversion.

Definition 11. The proper block inversion of uy denoted by PIg(ug) is
Plg(uo) = {I I, 1...Io1y : uy = L1y..D, 11, p>2}.
The proper block inversion of (u¢ ), denoted by PIg((u¢)o) is
PIp((uy)o) = {I(PIB(ugy)) : wo = Iils...D,—11,, p > 2}.
Example 12. Assume uy = acQca over Ay. Then

PIgp(ugy) = {cOcaa, Hcaac, caacd), aacde, cacda, alcea, adcac,
acac), acea, accHa, Hcacal,

PIg((uy)o) = {cOcaa, Ocaac, caacd, aacde, cacda, adcca, adceac,
acacy, acQca, acca, Hcaca, aacc), aace, acacd,

acae, caea, cQaca, acdac, Hccaal.

Definition 13. A rich pword u¢ over Ay is called a block palindrome
(denoted as byq) if u¢ exists as

Uy = prI—(p—l)----[71]0-[1---1(;)—1)[;0;

where I,,,,I_,, € A;’; and I, = I_,, for 1 < m < p. Here Iy € A* is the
mid-block and it may or may not be a palindrome.

Remark 14. A palindromic rich pword is a by, formed by palindromic
partitioning but the converse does not holds. For instance, the partial word
ugy = babObObabb is not a palindrome but ug is a byg with palindromic parti-
tioning b | ab | Ob| Ob| ab | b.

Remark 15. A unique representation of a rich pword as a by, is not a
necessary condition.
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Example 16. Consider uy = bQaab) over Ay = {a,b} U {OQ}. Here uy is
a by with palindromic partitioning b |a | a | b0 as well as b0 | aa | bO.

Theorem 17. For any rich pword u € Ag, wy € Plp(ug) iff ug is a by

Proof. Let the rich pword uy, € PIg(ug). Then by Definition 13, there ex-
ists I, [ € AJ for 2 <m < psuch that ug = I_,I_,_1)..] 1 = I1.. DG 1)1,
Let |I;| < |Ip|, then we have the following cases:

L. If |I1| = |1}, it is trivial that uy € PIg(u) is a bpg.
2. Let [I1] < [Ip|. Then I, = I« for some x € A*. We have
Uy = Iplp_l...fgfl

= Il.I‘Ip_l...Igfl
= 11[0[1 where I() = .I‘Ip_l...IQ.

Thus ug is a by
Conversely, let uy be a b,q. Then uy € Plp(ug) since I, = I_,, for
1<m<p. O

Lemma 18. [3] For any non-empty rich pwords u¢ and vy, the equality
uovy = voug holds iff ug = wg and vy = w% for some positive integers i,j and
rich pword wy.

Remark 19. For all integers i,j > 1, the rich pword u§> is a palindrome
iff u% is a palindrome.

Theorem 20. For any non-empty partial words w, and v, the concate-
nation uyvg is a byg iff both ug, vy are powers of some byq; wo .

Proof. Suppose uyvg is a by, by Definition 13 we have

Uy = {I_plf(pfl)...1_1[0[1...1@71)[1,},
Vy = {I—qu(qfl)-'-I—IIOII'-'I(qfl)Iq}a

where Iy, Iy, I, In,€ A and I, = Iy, I, = I, for 1 < m < p and
1 <n < q. Then we get

’LL()’U() = {I*p‘[—(p—l)"'I(p—l)IpI*qI—(q—l)"'I(q—l)Iq}
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= {IqI(q—l)"'I—(q—l)l—qul(p—l)"'I—(p—l)l—p}
= (uowg)"

= (vo)(ue)"

= VUG-

By Lemma 18 and Remark 19, we have that both u, v, are powers of some block

palindrome wg. Conversely, if uy = wj and vy = w}), we have ugvy = wz;'] ,

which is a by, by Remark 19. ]

The total count of total words in the block inversion set of a total word
of length n is equal to 2"~!. But it is not so, in the case of rich pwords.
The following theorem proves that the total count of rich pwords in the block
inversion set of a rich pword of length n is strictly less than 271,

Lemma 21. [10] The count of palindromic segments of an integer n is
alz]. Also,
Count of palindromic segments of n with
[ﬂ-|_
)
[ 1*1)‘

[y

2k 4+ 1 parts equals (

NIE]

2k parts equals (

Ea

Theorem 22. Assume ug to be a palindromic partial word with |ug| = n.
Let Pal(Ig(u¢)) denote the total number of palindromic words in Ig(ug). Then

a1 . . _n
Pal(Tp(ug)) {< 271;171 1'f n 1's even, |Alph(ug)| n2+,1
<27z if n is odd, |Alph(uy)| = "3=.
Proof. Consider a palindromic rich pword u¢ with |uy| = n. The following
two cases arises with respect to n.
Casel : Let n be even and |Alph(uy)| = 5. By Lemma 23, all elements
of Ip(uy) with palindromic blocks are palindromes. Let vy € Ig(ug) be a
palindrome with palindromic blocks ni + ng + ... + n,, + ... + no + nq. Since
n is even, n,, is also even. This implies that palindromic blocks with an even
number of parts forms v,. Then followed by the Theorem 17 and the Lemma
21, we get the total number of palindromic elements in I (uy) less than 22 1,
Case?2 : Let n be odd and |Alph(ug)| = %42, This shows that a letter occurs
once in the rich pword and also in the mid position of ug. Let v € Ig(ug) be
a palindrome. The palindromic blocks of v, are of the form ny + no + ... +
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N + Ny + ... + 12 +n1. Then by Theorem 17, the total number of palindromic
n+1
elements in Ig(ug) is less than 2" 1, O

Remark 23. If uy over Azg is a palindromic rich pword then all elements
of Ig(ug) with palindromic partitions are palindromes.

4. Conclusion and Future Work

We extended block inversion operation on finite rich pwords and also discussed
the classification of palindromic words in the block inversion of a finite rich
pword. In future, it would be interesting to study the combinatorial properties
of finite pwords using non-overlapping inversion and pseudo inversion opera-
tions.
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