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Abstract: The study of quaternions has been developed in the last decades,
and some results show like a generalization of the Classical Complex Analysis
Theory. The main purpose of this letter is of a presenting new results besides
showing new current trends, as for instance, to deal with the integral theorem
for Quaternionic Functions. Another proposal to be implemented in this work is
the determination of a “closed” formula for the Cauchy Integral. A preliminary
formula have been already determined [5].
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1. Introduction

The Quaternionic Analysis has provided along the years many results which may
be regarded as extensions of well known theorems, formulas and equations from
the Classical Complex Analysis Theory [8]-[15] and [6]-[17]. Moreover, it also
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presents some peculiarities whose interpretations still deserve a consolidation.
In this context, the Cauchy theorem (null) will be analysed in this work; through
analysis of a certain results it is possible to make an additional assumption on
the already consolidated theorem of the Classical Complex Theory.

2. Cauchy’s theorem for complex variables and Cauchy like
relations for quaternions

The Cauchy theorem for complex variable functions is discussed in detail in [9]
and [12]. Furthermore, in this section, we present this theorem and omit its
proof. The Cauchy theorem’s version that best fits the purpose of this work is
the demonstration made by the French mathematician Goursat (1858-1936) in
1883. Thus let us make the following assumptions.

Theorem 1. Let f: A — C a continuous function defined in a region
A C C be the classical complex two dimensional space. Then the following are
equivalent:
(1) f has a primitive in A;

(2) / f(2)dz = 0 for any closed path, soft parts for v in A;

g

(3) / f(2)dz only depends on the start and end points of any smooth path for
g

parts v in A.

Theorem 2. For every pair of points a and b, and any path connecting
them in a simply connected dimensional space, the integral f fdq is independent
of given up way, only if there is a function F = Fy + iFy + jF3 + kFy, with

/ fdq = F(b) — F(a) and which satisfies the following relationships:

8F1 8F2 8F3 8F4.

Oqpn Oqa  Oqz  Oqu
oy oF; OFy 0F3

9

9

Iq dg2  Oqgs 944
OF,  OF,  OF OF
91 Oq2 g3 Oqs’
oF, _ 0F3 _ _8F2 _ _aFl. (1)
dq1  Ogo Jqs3 Jq4
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Theorem 3. For every pair of points a and b, and any path connecting
them in a simply connected dimensional space, the integral [ dqf is independent
of given up way, only if there is a function G = G1 + iGs + jG3 + kG4, with

dqf = G(b) — G(a) and which satisfies the following relationships:

0G1  0Gy 0G5 0G,

Ogpn Ogq2  Oqz3  Oqy
G 0G1 0G4 OF3

9

?

oq 9q2 Jqs3 944
9Gs  9G,  9G, G,
¢ g2 g3 Oqi’
0G4 _ _8G3 _ 0G9 _ 3G1' )
oq1 dg2  Oq3  Oqa

3. Cauchy’s theorem for quaternionic functions
The next theorem has one more analogue in Classical Complex Analysis, and

will be shown that, using some restrictions to f(g), it can be called as Cauchy
theorem for quaternionic functions.

Theorem 4. Let f(q) be a quaternionic function, where f(q) = f(q1,q2,q1,2),
then

b
/ f(q)dg =0, (3)

where a and b are points in a connected simply connected four-dimensional
space.

Proof. Using relations, according to [15], the integral (3) to the variables
(q1,92,q1,G2), is such that we may have that:

b b
[ @da= [+ s+ s+ kg0 dar +ides + jaas + R
b
= / (fidgr — fadga — f3dgs — fadqs)

b
+ / (fodgr + frdga — fadgs + f3dqa)i
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b
+ / (fadgr + fadga + fidgs — fadqa)j

b
+ / (fadqr — f3dqa + fodgs + fidqa)k.

Now using the identities obtained in [15], it immediately follows that:

/a " fa)da

b
:/ (fi +ifo+jfs+kfa)(dgr + idgs + jdgz + kdgs)
a

b
OF: OF: oF: oF:
— / (5 2dar + 52 day — 5-2day — 5 da )
a q 0q4 1 2

dq3 dq dq
/ab (g—ﬁjdfh + g—f;jdm - ?dng — ?szl)'L
+/ab<— aaj;dm - gjid%-i- gjqj’lld%-i- gﬁd%)j
+/ab ( - ?)Zjd(h - ggjd% + g{:fd% + ZZdQ4>/€.

By hypothesis, ¢ = (q1, g2, ¢1,q2). Therefore,

b
/ f(g)dq = 0.
]

Theorem 5. Let f(q) be a quaternionic function, where f(q) = f(q1,92,q1,42),
then

b
/ dqf(q) = 0. (4)

where a and b are points in a connected simply connected four-dimensional
space.

Proof. Using relations, according to [4], the integral (4) to the variables
(q1,92,q1,G2), is such that we may have that:

/a " daf(@)
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:/ab(dql +idge + jdgs + kdqa)(f1 +ife + jfs + kfa)
_ / '(faday — Fadgs — Fadas — fuday)
+ /ab(deql + fidge + fadgs — f3dqs)i
N / ' sdar — adas + Frdas + fadan)j

b
4 / (Faday + fodas — fodas + Frdas)k,

Now using the identities obtained in [4], it immediately follows that:

/a b dqf(q)

b
:/ (dq1 +idgs + jdqz + kdqa)(f1 +ifa+ jf3 + kfa)
a

b oG oG oG oG
=/ (a ;d 1— ng@ — ng%-i‘ ng%)
b oG, 0G4 0G4 OGy
+ ——dgy — ——dq + ——dq3 — ——dqq )i 5
/a ( 0qy © 0q3 N oq 1 Oqo q4>z (5)

b oGy oG, . 0Gi 9G,
— 2y dgs dgs — =—Ldgy ) j
+/a ( 955 "' 9 2T 9, "B T B q‘*)J

0G5 0G, 0Gs 0Gs
+/a<aqd e dqg—aqd3+a—dq4)k

By hypothesis, ¢ = (g1, g2 1, g2). Therefore,

/a ' daf(a) =

4. Closed Cauchy integral formula

The statements demonstrated now are crucial in determining a unified formula
for the Cauchy integral theorem, shown in detail in [5].
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Theorem 6. Consider () a domain simply connected in a four-dimensional
space and f(q) a regular feature in Q). Then,

LD g4 oy +2) +5), (6)
v4q9—490

where ¢ is a simple closed hypersurface in §2 and qq is any point .

The next demonstrated theorems follow the same directions as previously,
but with the change of orientation of the corresponding coordinates.

Proof. Let us consider ¢ one hypersphere around the point qo, |¢g—qo| = 7o,

where 7( is small enough that ¢q is within ¢. Since the function J_(—Q) is regular

q
in Q/{qo}, we have: ’

f(a) dg = f(a) dg.

<pq—QO @Oq—QO

/ f(q) dq:/ f(q) dq
e d— 40 wo 4 — 40
:/ [f(QO)+f_(Q)_f(QO)]dq
®o q q0

B dq f(q) = f(q)
—f(qO)/%q_qOJr 0 dq,

Therefore,

writing the quaternion g — gy as follows:

_ 01i4+025+03k
q— qo = o€ 1Z+2J+3’

where 7o > 0. Taking now —% < 0 < g,O <@y <2mwe —g < 03 < % and
proceeding analogously to the previous proof of the theorem, we conclude that

. %dq =f(qo)m(i +2j + k).

O

Theorem 7. Consider () as a domain simply connected in a four-dimensional
space and f(q) a regular feature in Q). Then,

@dq =f(go)m(2i + j + k), (7)
v4q9—490

where ¢ is a simple closed hypersurface in §2 e qy any point .
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Proof. Let be ¢g one hypersphere around the point qo, |¢ — qo| = 79, where

ro is small enough that ¢ is within ¢. Since the function % is regular in

Q/{qv}, we have:
fla) dq:/ f(a) dq.
o d—q 2o 4 — 40

/ f(a) dq:/ f(q) dq

e d— 490 <poq—GIO
/ (q0) + f(q f(GIo)]dq
®o

Therefore,

q—4q0
qo)/ dq fla) — flqo )dq_
- 0 q—4q0
Let is write the quaternion ¢ — go as follows:
q — qo = roeltito2itosk,

where rg > 0. Taking 0 < 6; <27, -5 <0 < § e —F5 < 03 < 5, we conclude:

qf_(;dq =f(qo)m(2i +j + k).

This can be written in the form below, making the sums of the respective
formulas found. U

Theorem 8. Consider () as a domain simply connected in a four-dimensional
space and f(q) a regular feature in Q). Then,

f(g)

4
dqg= -7 i+ 754+ k),
S 37 (@)@ +j + k)

where ¢ is a simple closed hypersurface in §2 and qo any point ¢.
Proof. Let us add the formulas
Sy —flqom + 5+ 26)
v4q9—490

=f(qo)m(i +2j + k)
=f(qo)m(2i +j + k).
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Therefore,

flg , 4 o
[ da = grdan) i+ ) ®

5. Concluding remarks

This study shows that the Cauchy theorem has a “closed” version. This version
is more general compared to the version presented in [5]. Another important
fact is that there is no similarity of certain formula with its analogous to the
case of Classical Complex Analysis [12]. Therefore, the results determined using
the formula (9) given in this paper, are actual ones.

References

[1] Baez, J., The octonions, Bull. Amer. Math. Soc., 39, No 2 (2001), 145-205.

[2] Borges, M. F.; Coelho, J. ; Marao, J. A., Geometrical logarithmic and
trigonometric hypercomplex functions of quaternionic type, Far Fast Jour-
nal of Mathematical Sciences, 50, No 1 (2011), 45-53.

[3] Borges, M.F.; Figueiredo, A. D.; Marao, J. A. Hypercomplex geometric
derivate from a Cauchy-like integral formula, International Journal of Pure
and Applied Mathematics, 68, No 1 (2011), 55-69.

[4] Borges, M. F.; Machado, J. M., New remarks on the differentiability of
hypercomplex functions, International Journal of Applied Mathematics, 8,
No 1 (2002), 85-101.

[5] Borges, M. F.; Marao, J. A.; Barreiro, R. C., A Cauchy-like theorem for
hypercomplex functions, Jornal of Geometry and Topology, 9, No 3 (2009),
263-271.

[6] Borges, M. F.; Marao, J. A.; Machado, J.M., Geometrical octonions II:
Hyper regularity and hyper periodicity of the exponential function, In-
ternational Journal of Pure and Applied Math., 48, (2008), No 4 (2008),
495-500.



REMARKS IN QUATERNIONIC INTEGRATION... 671

[7]

Borges, M. F; Marao, J. A. P. F., The Laurent series for the quaternionic
case, International Journal of Pure and Applied Mathematics, 90, No 3
(2014), 281-285; doi: 10.12732/ijpam.v90i3.2.

Buchmann, A., A Brief History of Quaternions and the Theory of Holo-
morphic Functions of Quaternionic Variables, Chapman University, p. 11.

Conway, J. H., On Quaternions and Octonions: Their Geometry, Arith-
metic and Symmetry, A.K.Peters, Ltd, Batiek, MA 20, (2003) p. 159.

Fueter, R., Die Funktionentheorie der Differentialgleichungen Au = 0 und
AAwu = 0 mit vier reelen Variablen. Comment. Math. Helv., 7, No 1 (1934),
307-330.

Li, H. B., Some applications of Clifford algebra to geometries, In: Lecture
Notes on Artificial Inteligence, 1669 (1999), 156-179.

Kodaira, K., Complex Analysis, Cambridge Studies in Advanced Mathe-
matics, Cambridge University Press Cambrigde (2007), 406 pp.

Sinegre, L., Quaternions and motion of a solid body about a fixed point
according to Hamilton, Rev.-Historie-Math., 1, No 1 (1995), 83-109.

Marao, J. A.; Borges, M. F., A note on the hypercomplex Riemann-Cauchy
like relations for quaternions and Laplace equations, International Jour-
nal of Pure and Applied Mathematics, 90, No 4 (2014), 407-411; doi:
10.12732/ijpam.vo0i4.2

Marao, J. A.; Borges, M. F., Geometrical hypercomplex coupling between
electric and gravitacional fields, International Journal of Pure and Applied
Mathematics, 88, No 4 (2013), 475-482; doi: 10.12732/ijpam.v88i4.3.

Marao, J. A.; Borges, M. F., Liouville’s theorem and power series for
quaternionic functions, International Journal of Pure and Applied Mathe-
matic, 71, No 3 (2011), 383-389.

Marao, J. A.; Borges, M. F., Geometrical coupling fields of a hypercomplex
type, International Journal of Pure and Applied Mathematics, 89, No 2
(2013), 215-224; doi: 10.12732/ijpam.v89i2.7.



672



