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Abstract: Optimal control problem with coefficients for the equation of vi-
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work. Existence theorem for optimal pair is proved and necessary condition for
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1. Introduction

Fourth order partial differential equations make an important part of mathe-
matical physics. In practice, some real processes are described by fourth order
partial differential equations. For example, equations of vibrations of a tuning
fork (see [1]), equations of elastic plate (see [6]), equations of thin plate (see
[11]), circular plate equations (see [2]), etc. belong to this kind of equations.
Therefore, the study of optimal control problems in the processes described by
these equations is of great theoretical and practical significance.

Note that different optimal control problems for the vibrations of a elastic
plate have been considered in [3], [4], [10].
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In case where the control function appears in the right-hand side of the
equation, optimal control problem for Petrovski-type correct system with dis-
continuous solution has been treated in [7].

Of particular interest are the optimal control problems where the control is
included in the coefficients of the equation. Some essential difficulties related
to their nonlinearity and incorrectness are obtained in investigation of these
problems of optimal control (see [5], [8]).

In this work, we consider an optimal control problem using the coefficients
of the equation of vibrations of a elastic plate with discontinuous solution.

2. Problem statement

Let the controlled process be described by the equation

9°D 9%u

0%u 5
8%‘1 6.1‘2 8%‘1 6.1‘2

o2

ph + A(DAu) + (1 —v) (

9*’D o*u  9*D d%u 3
—_— | —u’ = t 1
(.1‘1,.T2,t) S Q7
with the initial conditions
ou(x1, 29,0
u(z1,72,0) = wo(z1,72), %
t
= p1(z1,22), (v1,22) € Q (2)
and the boundary conditions
0u(0, z2,t) ou(z1,0,1)
) =0, —2—27 — ) =0, SIS
u(0,z9,t) =0, e 0,u(z1,0,t) =0, Og 0,
ou(a, xa,t) Ou(xy,b,t)
U(CL,.’EQ, ) 07 81‘1 07u({£1, ) ) 07 8%2 07
0<z1<a, 0<z3<b, 0<t<T, (3)

where (z1,22) € Q = {(z1,22):0<2z1<a, 0<ax2<b}, t € (0,T), Q =
Q x (0,T), a, b, T, are the given positive numbers, p(x1,x2) is a dense of the
mass at the point (x1,x2), h(x1,x2) is the heath thickness of the plate in the
point (x1,x2), u(xy,x2,t)- is deflection of the plate in the point (z1,z2) at the
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moment ¢, A is Laplace operator with respect to z1,xy, D = #}fﬂ)— cylin-

drical rigidity, v (O <v< %) — Poisson’s coefficient, £ > 0— Young’s modulus,

o
p(x1,22) € C(Q), f(x1,72,t) € La(Q)-are given functions, pg(x1,9) € WE(1),
v1(x1,x9) € Ly(Q2)— are given initial functions, h(x1,x9)— are the control func-
tion, belonging to following set

Uua = { h(z1,22) € WH(Q)] |h],

Oh| [on| || | o | (o] || | ot
Ox1 |’ |Oxa|’ |023|" |0x10x2|  |023| |0x3|" |0230x2|’
Ph | |8°h| [0'h] | ' | | o'

01023 | 023" |0xt| | 0230ma | | 022023 |’
o*h o*h
——— |, =5 <M a e inQ
Ox10x3 | |0z | — Ao }’

where M is the given positive number.
Define an admissible pair {h,u} which satisfies the conditions (1)-(3) and
let

h(xy,x2) € Uyg,u(x1,22,t) € Le(Q).

Also assume that the set of admissible pairs is nonempty. (4)
Let o
po(w1,22) € W3 (Q), p1(21,72) € La(Q), (5)

0
here W2(2) is subspace WZ2(£2), whose elements on the boundary of € are equal
to zero together with their first derivatives, and W (Q)-Hilbert space consisting
of all elements z(z1, z2) of Ly(€2), having generalized derivatives of the first and
second orders from Ls(€2) with the norm

=] [ o () + (2 + (Z2)
o Q ox 0xo 83:%
0%z 2 922\ 2 /2
" <3$13$2> " (3—$§> e

0
U= {u(a:l,:z:g,t) :u € u(wy,zo,t) € C ([O;T] ; Wg(Q)) ,

Let us denote
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ou(xy,xo,t)
ot

For every admissible pair {h,u}, the satisfaction of conditions (1)-(3) is
understood in the sense that u(xq,ze,t) € U and for every function n(x1,xs,t) €
U, n(z1,z2,T) = 0 the integral identity

Ou On

/Q [—phaa + DAulAn+ (1 —v)

€ C ([0;T) ;LQ(Q))} .

" ( 9*D 9%u 92D 0%*u  9%D d*u

- s — = | n— u’n| dvidradt
81‘18.%2 813181‘2 8%% 8%% 8%% 8%%) n U 77:| T1ax9

- / php1(x1, 22)n(x1, 22, 0)dr1d2,
Q

:/ f(l”ly1‘27t)77(331,$2,t)dx1d132dt
Q

and the condition u(x1, z2,0) = @o(r1, z2) holds.
Define the functional

1 6 N e
T = gl =l o+ 5 1l (6)
where ug(z1,x2,t) € Loo(Q)-given function, and N > 0 is a given number.
Consider the following optimal control problem: find the minimum value of

the functional (6), where {h,u} is varying in the class of admissible pairs.

3. Existence of optimal pair

Theorem 1. Let the conditions (4), (5) hold. Then there exists an optimal
pair {h°,u"} in the problem (1)-(4), (6), i.

J(h°,u®) = inf J(h,u).
( ) (nf, (h,u)

Proof. Let {h(”), u(”)} € Uyq X U be a minimizing sequence, i.e.

lim J(A"™, w™) = inf J(h,u). 7
A, T, W) = inf J(hw) @)
Hence it follows
Hh(") < const, (8)
wi(Q)
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2

< const 9)
Ls(Q)

and then by the relation (8) and definition of the class Uyq we can derive from
{h(")} a subsequence, denoted again by {h(”) }, such that

R — B in W) weakly as n — oco. (10)
From (9) and (1)-(3) we obtain

2

u(")H < const. (11)

< const, 01
U Wy (@)

Hence it follows that the sequence {u(”)} belongs to a bounded set in the
class U.
Then from embedding theorem of [9, p. 70], we obtain

u™ = 4 in Lg(Q) strongly, (12)
9>D™) . 2*’D°  9?’D™ N 9>DO°
Ox? 0x2 7 01109 02105
9*D™ 92 po
Ox3 - o0x3

here D™ = %’ Do) — 1E22}1L(—03/)23)-
Au o0 §2u™ 9240 92u 20
o o Out - Ort " Ov10x2 "~ B210x3
2™ 92,0

in W3 (Q) strongly, (13)

Let h = A« = u(™ in the definition of the solution of the problem

(1)-(3):

(n)
/ [—ph(”)%% + DMA™AD + (1 —v)
Q

9*DM) @24 92D G240 §2 D) §24,(n) 5
x |2 — — n—u™p
0x10x9 011019 Om% 83:% Om% 83:%

xda:ldxgdt—/ph(")gol(xl,xg)n(xl,xg,0)d$1d$2
Q
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= / flxy, o, t)n(x1, X9, t)dr1dLodt. (15)
Q

Then, pass to the limit as n — oo taking into account (12)-(14), we get

oul o
/Q [_ph()@—?jf@_?t? + D°Au’An 4 (1 —v)

aZDO 82u0 aZDO 82u0 aQDO aQuO
X( 0x10x9 011019 B 83:% Om% B Om% 83:%)

X 1 — u037]] dxdxodt — / phocpl(xl,xg)n(a:l,xg,O)da:lda:g
Q

Z/ flxy,xe,t)n(x1, 22, t)dx1dLodt.
Q

Therefore, {ho, uo} is an admissible pair. As the functional J(h,u) is con-
tinuous in Wi () x Le(Q), we have

lim J(A"™, u™) = J(h°,u0). (16)

n—00

Then it follows from (7) and (16) that

inf J(h,u) = J(RY,u°).
inf J(h) = T, )

Consequently, the pair {ho, uo} gives the minimum value of the functional
J(h,u), i.e. {ho,uo} is an optimal pair.
Theorem 1 is proved. U

4. Adaptive penalty method

Introduce adapted functional for the optimal pair {ho, uo} :

1 N
Je(hyu) = < lu - UdHiG(Q) t5 171120
0’n3  9%u

0%u 5
8%1 81‘2 8%1 81‘2

— +aARPAu) + (1 —v)a <

ot?

+1
2¢e

2713 92 2713 92 2
0°h> 0*u  O°h 8u>—u3—f

T 9.2 9.2 9.2 9.2
Oxy 0x3 Oxs Oxf

Lo(Q)
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Il

]' 0
@ T3 (Lt

1 2
+5 [[u—u (T (17)

where a = L {ho, uo} is a chosen optimal pair. Let us it minimize this

__E
12(1—22
functional for

h(z1,22) € Ugg, u(z1,22,t) € L6(Q)
under the conditions

ou(xy,x2,0)

w(x1,22,0) = po(1,2), BN = p1(x1,72),
o 0u(0,m9,t) _ - Ou(xy,0,t)
u(0,2,t) = 0, T om 0,u(x1,0,t) =0, T om, 0,
ou(a, xa,t) Ou(xy,b,t)
u(a, e, t) =0, . 0,u(z1,b,t) =0, Dg 0

Theorem 2. For every fixed € > 0, there exists a pair {h.,u.} that gives
the minimum value of the functional J¢(h,u), i.e.

J¢(heyue) = inf J(h,u). (18)

The proof of Theorem 2 is similar to that of Theorem 1.

5. Convergence of adaptive penalty method

Theorem 3. Let {h.,u.} be some solution of the problem (18). Then for

€ — 0 we have
he — Y in W3 (Q) strongly, (19)

u. — u’ in Lg(Q) strongly, (20)
where {ho, uo} is a chosen optimal pair.
Proof. We have
J(he,us) = inf J¢(h,u) < JE(h°,u°) = J(h°, uP). (21)
By definition of functional, we obtain

1Pellywaey + luellLgq) < € (22)
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and also 52 . N
Ug ] ”
he—— + A(D:Aue) + (1 —v) (2
phe 5 + (D:Au.) + ( u)( T T e
82D5 32u5 82D5 aZUE 3
_ - B . ,
8%% 81‘5 al‘g 8%% > Ug f(J:laan ), ( 3)

Oug(x1,x9,0
us (21, 22,0) = o1, 22), % = p1(x1,2),

ue(o’x%t) =Y ox1
_n Ouc(a,xa,t) ( 5)

ue(a, w2,t) = 0, HEEE = 0

U5($17 b’t) =0, %ﬁ;b’t) =0.

9

From (22), (23)-(25) and the relation h. € U,q it follows
fuclly < €. ez gy < C-

Consequently, we can derive from {h.,u.} a subsequence, denoted again by

{he,uc}, such that
he — h in Wi(2) weakly as ¢ — 0 and h € Uy,

Us — U in W22’1(Q) weakly as ¢ — 0.
Besides, by [9, p. 70],
ue — G in Lg(Q) strongly.
Then, in the sense of generalized solution of the problem (1)-(3), the fol-

lowing relations hold:
- 0% A *D 9%
h— + A(DA4 1- 2
Phge + ADAY + (1 =v) ( 81015 0103

O?D &% PDa\ 4
T 02 022 0a2 022 — 0 = f(z1,22,t) ,

. ou(xq,x9,0

(1, 2,0) = @o(z1,22), % = p1(z1,22),
i(x1,0,1) =0, 2400 g,
a(x1,b,t) = 0, 22500 — g

(0,29, t) = 0, 220228 — g
a(a’u T2, t) = 07 8U(g;:12’t) - 07
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So, the inequality

~ 0H2

1 1+ 2
ahsu £ > h57 € o - —Hh—hOH
Je(hesue) = I (heyus) + 5 [la =2 43 .

leads to

R 1
. a > 'y —
ilfé e (he,ue) 2 J(h,a) + 5 La@ | 2

And, as by (21) we have
lim J%(he,u.) < J(h°,u°),
e—0

it follows that

Therefore,
J(h,a) = J(h°,u°)
Then ) ) )
LIRS (R W
QHU u||L2(Q)+2 ho=h W(Q) 0

so h=h, & =u’ So we get the validity of the relation (20).
By (21),
J(hO’UO) > JZ (he,ue) = J(he, ue)

and
lim J(he, us) > J(hoa UO)'
e—0
Then
J(R®,u®) > lim J(he,ue) > lim J(he,us) > J(h°,u®).
e—=0 e—0
Therefore,

J(he,uz) — J(hO,uP).

UL N Y LR .

707

Hence, by definition of the functional J(h,u) we obtain the relation (19).

Theorem 3 is proved.

O
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6. Optimality system for penalty
problem

Now let us find the necessary conditions for {h.,u.} to be the solution of the
problem (18). For this {h;,uc.} € Uyg x U

Lo+ 20| =0ve e (@),
dA A=0
¢ (21, 9,0
5(1‘171‘270) = 0) %
8§(O,x2,t)
6.1‘1
0 0¢(a, xa,t)
’ 8:51

= 0,
ag(xla 07 t)
6.1‘2

ag(xla b7 t)
8:52

5(0,1‘2,75) = 0) = 075(1‘17 0>t) = 0) = 0)

§(a,x2,t) = :0,§($1,b,t) :Oa =0

and

d
an(h8 + A(h — he),ue) > 0,Vh € Uyg, he € Uyq, (26)
A=0

here \ € R.
For this aim, let us calculate the derivative of the functional

1 N
JE (heyue +A§) = 6 lus + A —uall® + 5 HhaH%/v;(Q)

Lg(Q)
i 9?2 (ug + )\f)
2e ot?

e O*h3 0% (ue + XE) B 02h2 9% (u: + &) B 02h2 9% (us + &)
0x10xy Ox10x9 83:% 83:% 83:% 83:%

+ + aA(h2A(us + M) + (1 —v)a

2

2
Ly(Q) H

Lo

—(ue + A6 = £||
with respect to A and substitute A = 0:

1 1 2
*3 lue + 28 = @132 e - hOHWQ‘(ﬂ)

d
a‘]g(haaua + )\f)

_ / (e — ug)® Edardaadt
A=0 Q

1 0%u, o’he  0%u
- Ah2A 1— 2 £ <
+5/Q < ot? +aA(hzAue)+ (1 -v)a < 01019 011079

0?h3 9*u.  0%h3 0%u. 0?
B O0x? Ozl B O0x3 Ox? ) —ug f> (ﬁ +aA(hzA)




OPTIMAL CONTROL PROBLEM WITH COEFFICIENTS FOR... 709

2p3 2 213 52 213 52
e (T PR ey
0x10x9 0x10x9 Ox{ Oxs Ox; Ox7
—3uZ€) dzydzadt + / (ue — u) &dzydzadt.
Q
Denote o2
1 Ue 3
e = - ( 52 + aA(hAu:) + (1 — v)o
273 2 213 52 213 52
28h 0°u 8h;8u25_8h;8u25 By, (28)
0102 83:10:62 Ox{ 0x3 Oxs Oxy
Then from (27) we obtain
25 3
1/15 +alA(hzAg) + (1 —v)a
0*h3 825 0*h3 9%°¢  9%h3 9%¢ 9
2 3 _ E- S T e TS _
< Ox10x9 Ox10z2 023 022 023 0:6%) 3%5] dadwadt
+ / (ue — ug)’&dryduadt + / (us — u®)édxydaedt = 0. (29)
Q Q
The equation (29) means that 9. (z1,x2,t) is solution of the following prob-
lem: o o o
/Z/)E DE
A(D:A —v) |2
phegpr + ADAYe) + (1 -v) [ 021025 <8x18x2 wé‘)
_8_2 82D5¢ _8_2 82 1/,
ox? \ 0x3 '° o0x3 xf 7
—3uZye = (ue — ua)” + (ue — ), (30)
g ) 7T
Velwr,ao, 1) = 0, 20072 T) (31)
ot
Ve (0,2,1) = 0, 2Rt = 0,40 (21,0, 1) = 0, 220 = g, (52)
Yela,aa ) = 0, 20820 — 0y (21,b,1) = 0, —W““) =0.
From (22) follows
0%u. ?uY  9%u. 9%ud
a 2 % 2 % Y
] Oxy ~ 0x10x2 0102
2 2,0
Oue U [o(Q) weakly v € U, (33)

_> -
83:% 83:%
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and by definition of the class U,y we obtain
he — h® in W(Q) strongly h° € U,q. (34)

For every admissible pair {h., u. }, the satisfaction of conditions (30)-(32) is
understood in the sense that ¢ (z1, z2,t) € U and for every function n(x1, x2,t) €
U, n(x1,22,T) = 0 the integral identity

e On 0? 0D,
/Q |: ph 8t 8t +D AQZJEAT]—’_( ) [2830181‘2 (81:183321/}5

0% (0°D 0? (0*D
( 72 1/}5> 5.2 < 022 ¢5>:| U 3ug¢5n:| dxidzadt

83:1 8:1:%

—/QPhs%(l‘ly952)?7(951795270)6133161332

= / [(ue — ua)® + (ue — u0)] n(z1, 22, t)dz1 dzodt
Q

and the condition u(z1, z2,0) = @o(z1, z2) holds.

Taking into account (33), (34) can pass to the limit in the problem (30)-(32)
as € — 0, and the limit function (z1,x2,t) will be solution of the following
adjoint problem:

92 92 [ @D
TY L ADAY) + (1-v) |2
Phigr + ADAY) +( ”)[ D102 (axlax2w>

& (8°D 92 (6D 0
~3z (5v) o (Gv) | - -0 -

a¢($17l‘2,T)
ot

$(0,22,8) = 0, 200228 — 0 (1,0, ¢) = 0, 24200 — g

¥(a, 22,t) =0, W;;?’ 0, g, byt) = 0, 22000 _ g

Oxo

1/}($1,.’E27T) = 07 = 07

Now let us simplify the condition (26). For this, let us calculate the deriva-
tive of the functional

1 N
JZ(he + A(h — he),ue) = 6 e — UdHG + D) [he + A(h — ha)”%/[/é(ﬂ)

Lg(Q)
0%u,

R (he + A(h — he))? Aue

+1
2e
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v <282(h5 +A(h—h))® Ou.

8:5183:2 8:5183:2
_ P(he + Mh = he))® Pue  0*(he + Mh = he))® e
Ox? 0x3 Ox3 Ox?
—ad = f[} gl =l Hh F A= he) =1

with respect to A and substitute A = 0:

d

T JE e+ A(h = he) )

A=0

2
- N/ [he x (h — he))SY dayday + 1/ OUs | WA(RE AW
Q K E 8 2

213 2 213 92 213 92
- v)a 28h 0“u 8%8%_8%811; —ug’—f
0x10x9 83:18352 Oxy 0x3 Oz Oxf

0?(3h2(h — hy)) 0*u
2 o o (5 € £
X {304A(h5Au5)(h he)+ (1 —v)a (2 02107 920y

 OP(3h2(h — h.) Pu. DP(3h2(h - h.)) 02%)]

Ox? Ox3 Ox3 Ox?
x da1dwadt + / [(he = 1°) x (h = ho)] ) devy .
Q b
Given the designation (28), we obtain the inequality

N/ [he x (h — he)]S deidas
Q

92(3h2(h — h.)) 0%u.
8:5183:2 63:18552

_/ Ve [BaA(h2Au)(h — he) + (1 — v)a <2
Q

2 h2h—h5 25 2 h2h—h5 25
Oxy Oxs O0x3 Ox]
+/ [(he = hO)(h — ho)]S') daydas > 0,h € Uy, (35)
Q b
Taking into account the relations (33) and (34), we pass to the limit in (35)

and obtain
N/ (h = K0)]5, dydary
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_/QQ/)

9%(3h%° (h — h0)) 920
8:518:52 63:18552

3aA(RY AuC)(h — 1) + (1 — v)a (2

PR (h=h0) P P(3hY (h — hY)) Pl
0z? 0z3 0z3 Ox?

Xdxidxodt > 0,Vh € Uyy (36)
Thus, the following theorem is proved.
Theorem 4. Under the given conditions on the data of the problem (1)-

(6), for the optimal pair {ho,uo} there exists a triple {ho,uo,l/J} € Uy xU
such that

82
ph? 57 T A(D°Au®) + (1 —v)
9?°D%  9%yY - 92D 9240 B 92D 920 0% £ 0
021019 011029 Om% 83:% 83:% Om% A
821/1 H? 92DV
ph’—= + A(D°A 2
8t2 + ( 1/}) ( ) |: 8%181‘2 (8%18%21/})
0% [(92DO 9% [92DO 02
51 () 5 ()| e = 0w
0 , X2, 0
u’ (21, 2,0) = @o(a1,22), % = p1(x1,72),
T
W, 29, T) = 0, oY(x1,22,T) _o,
ot
o a¢(0,1‘2,t) o o 8w(x170¢t) _
1/}(0,$Q7t) - 07 8.’,1;'1 - 071/}(1:17 07t) - 07 a$2 - 07
o 81/}((171327 ) a¢(x17b t)
Y(a,x9,t) =0, o1 =0, ¥(x1,b,t) = Oy =0,

u’ € U, ¢ € U and the inequality (36) holds.
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