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Abstract: In this article, we launch the conception of anti product fuzzy
graph and two operations on them; namely join and product. We give sufficient
conditions for the join and product of two anti product fuzzy graph to be
complete. We also provide equivalent conditions for the join of two unbiased
anti product fuzzy graphs to be unbiased.
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1. Background

The theory of graph has many applications in mathematics and economics.
Since most of the problems on graphs are undetermined, it is necessary to handle
these facets via the method of fuzzy logic. Fuzzy relations were introduced by
Zadeh [22] in 1965. Rosenfeld [19] in 1975, introduced fuzzy graphs (simply,
FG) and some ideas that are generalizations of those of graphs. Nowadays,
this theory is having more and more applications in which the information
level immanent in the set of things working together as parts of a mechanism
differ with various degrees of accuracy. Fuzzy fashion are convenient as they
reduce differences between long-established numerical models of expert systems
and symbolic models. Peng and Mordeson [14] defined the conceptualization
of FGs complement and conscious FGs operations. In [21], it is improved a
complement’s definition in order to guarantee the original FG is isomorphic to
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complement of the complement, which concurs with the case of crisp graphs. In
addition, self-complementary FGs properties and the complement under FGs
join, union and composition (introduced in [14]) were explored. Al-Hawary [1]
introduced the concept of balanced in the class of FGs and Al-Hawary and
others have deeply explored this ides for many types of FGs. For more on the
foregoing concepts and those coming after ones, one can see [2, 4, 5, 6, 7, 8, 9,
10, 14, 16, 17, 18, 21].

For a non-empty finite set U a fuzzy subset of Uis a mapping t: U— [0, 1]
and a fuzzy subset of UxU is called a fuzzy relation ¢ on t. We assume that U
is finite and ¢ is reflexive and symmetric.

Definition 1. ([19]) A fuzzy graph (simply, FG), with U as the underlying
set, is a pair G: (t,¢) where t:U— [0,1] is a fuzzy subset and S UxU— [0,1]
is a fuzzy relation on t such that ¢(c, s) <t(c)At(s) for all ¢, s €U, where by A,
we mean the minimum. Its classical graph is G* : (t*,¢*) where t* = supc(t) =
{c €Ust(c) > 0} and ¢* = supc(s) = {(¢,s) €UxU: ¢(c, s) > 0}.

Definition 2. ([19]) Two FGs Gi : (t1,61) and Go : (t2,<2) are said
to be isomorphic providing the existence of a bijective 7 U, — Uy such that
t1(c) =ta(7(c)) for all ¢ €Urand <1 (¢, s) = w(r(c),7(s)) for all (¢, s) €B;. We
then write G; ~Go and h is called an isomorphism.

Using the operation of product instead of minimum, in [20] Ramaswamy
and Poornima established PFGs.

Definition 3. ([20]) Let G* : (U,E) be a graph, t be a fuzzy subset of U
and ¢ be a fuzzy subset of UxU. We call G: (t,¢) a product fuzzy graph (simply,
PFG), if ¢(c, s) <t(c)t(s) for all ¢, s €U.

The next result follows immediately.
Theorem 4. Every PFG is a FG.

Definition 5. [20] A PFG G: (t,<) is called complete if ¢(c, s) =t(c)t(s)
for all ¢, s €U.

Definition 6. ([20]) The complement of a PFG G: (t,5) is G° : (t%,<%)
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where t¢ =t and

“(e,8) = t(At(s) — (e, )
= t(t(s) — (e, ).

Anti fuzzy graphs were introduced in [13]. The notion of join and product
of FGs was introduced and studied in [21] where the complement for these oper-
ations was the main idea. In Section 2 of this paper, we launch the conception
of anti product fuzzy graph and two operations on them. We give sufficient
conditions for the join and product of two anti product fuzzy graphs to be com-
plete. Section 3 is devoted to provide equivalent conditions for the join of two
unbiased APFGs to be unbiased.

2. Anti product fuzzy graph

We begin this section by defining the anti product fuzzy graph.

Definition 7. A FG G: (t,¢) is said to be ani product fuzzy graph (APFQG)
if ¢(t, §) =t(W)t(, §) for all &, § €™

Clearly, every complete PFG is an APFG, but the converse is not true in
general. In fact, an APFG may not be a PFG. For example, the APFG G: (t,¢)
where t(x)=.1, t(y)=.1 and ¢(z,y) = .2 is not a PFG.

Definition 8. Let Gi : (t1,¢1) and G2 : (t2,52) be APFGs with UNUy =.
The join of Gy and Gy is defined to be G1+Ga : (t; + t2,<1 + <2), where

. t () el
t t = . ,
= { 0 LSy
and
SIUN) iy € By
(gl + §2>(ﬁ7 y) = §2(ﬁ, y) ﬁy € E2

Theorem 9. The join of two APFGs Gy : (t1,51) and Ga : (t2,52) Is an
APFG.
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Proof. To show the join is a APFG, we need only show that ¢({, §) > (t1+1t2)
() (t1+t2)(3) for all 4,4.
Case 1: If tijj € By, then (,jj €Uy and as G is an APFG,

(c1+)(E4) = (i)
> 4 (W)ty(9)
= (t +t2) (W) (41 + t2)(9)-

The case that iy € B, is similar to the case Uy € Er.
Case 2: If {ijj ¢ E; and (ijj ¢ Fs, then

(1 +){i) = t(D)ty(9)
= (61 +t2) (1) (41 + t2)(9)

This completes the proof. O

Theorem 10. Two APFGs Gy : (t1,61) and Gz : (t2,52)G1 : (t1,51) and
Ga : (t2,s2) are complete if and only if their join is complete.

Proof. If the join of G; and Gs is complete and ij € Fj, ¢ (,9) = (1 +
s2) (0, §) = (t1+t2) (1) (1+12) (§) =ta(1)t2(§) and hence Gy is complete. Simi-
larly, Go is complete.

Conversely, let G1 and Gy be complete. If {ij € Fq, then ,§j €U; and so

(61 + )1, ) = c1(t, §) =t1(t)t1(7) because Gy is complete. But 1 ()1 (i) =

(t1+Ht2) (1) (61 +2) () (b1 +2) (1) (b1 +t2) (3) and so (s1+2) (1, 3) = (6 +t2) (1) (41 +
t2)(i). Hence the join is complete. 0

Theorem 11. Let Gy : (t1,51) and G : (t2,52) be APFGs. Then:
a) (G1+G2)¢ ~ (GIUGS),
b) (G1UG2)¢ =~ (GI+G5).

Proof. a) For tieUy, (414t2)°(1)= (t14+t2)({))=t1 (&1). On the other hand, t¢ (i)
V5 (1) =t1 (1) Vi () =t1 (). Similar result will occur for icUsy. Now if ijj € Fy,

%

then 4,5 €U; and so

(1 + ) (W§) = (t1+ )@t +t2)(H) — (a1 + ) (H,5)
= (Wt (9) — (i)
= < (4,9)
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= <1 (4,4) V5 (1,9).

Similarly, when . €Uy, we get (1 4 )¢(4,ij) = <C({L,7) V ¢5(1,37). Now if
u€U1 and g €U2, then

(1 + )Wy = (t1+ )@t +t2)(¥) — (a1 + ) (4,5)
t1 (@)42(9) — 1 (D)t2(9)

Il
o

= q(4,9) Ve (t,y).
b) For ticUy,
(t1 Ut) (1) = (61 Uta) () = (1) = £1(1) V 1o (1)
= 17(1) vV t3(8) = (17 +12) ().

Similar result will occur for ﬁGUQ.
Now if 1 € F1, then 11, €U; and so,

(1UQ)(0y) = (4
= (i
s1 (1,

U ) () (61 U t2) () — (61 U ) (1,4)
Dt1(9) — 1 (,9)

§)-
Similarly, when ,j €Uy, we get (1 U )°(11,) = ¢5(f1,ij). Now if iU and
i €Ug, then

(@Ue)(05) = (1 Ut)(E)(t1 Ute) (@) — (a0 Ue)(ly)
=t (W)ta(9)
= tH(Wt(9)-
This completes the proof that (¢; U ¢2)¢(11,4) = (¢f U¢S)(4,7). O

Definition 12. Let Gi : (t1,61) and G2 : (t2,¢2) be APFGs. The prod-
uct of G1 and Go is defined to be GlXGQ : (41 X t9,61 X ¢2) where (1%
‘92)( ) §1( )§2( ) for all u€U1 and GUQ and (Cl X CQ)((ﬁl,ﬁQ),(ijl,yg) =

<1 (ﬁ1,i/'1)€2(u2,y2) for all i, 1 €Uy and fig, jj €Us.

Next, we show that the above definition is well-defined.

Theorem 13. Let Gy : (t1,51) and Go : (t2,52) be APFGs. Then Gy XxGo
is an APFG.



752 T. Ali Al-Hawary

Proof. Let iy, i1 €U, and g, 92 €U,. Then

(1 x &) ((tir, ti2), (1, 52) = <u(fin, §1)s2(M2, §i2)
>t (Tin)t (1) 2 (2) b2 (32)
= 4 ()t (1)t (1) 82 (32)

(t1 X t2) (tir, ti2) (41 X t2)(¥1, 92)-
O

Theorem 14. Two APFGs Gy : (t1,51) and G : (t2,52)G1 : (t1,51) and
G2 : (t2,52) are complete if and only if Gy x Gy is complete.

Proof. Let G1xGg be complete. We will first show that at least one APFG is
complete by contradiction. So let us assume that both are not complete. Then
there exist {1, 1 cU; and o, 9o €U, such that ¢1(y,91) >t1 ()41 (1) and
s2(liz, §i2) >t2(ii2)t2(i2). Now

s1(ti1, §1)s2 (2, )
>ty (Tt (91)t2(B2) b2 (42)
= t(d )tz(ul)tl(yl) 2(#j2)
(61 X o) (fi1, t2) (b1 X t2) (#1, i)

(61 % &2)((ty, t2), (41, ¥2)

This contradicts that GixGsg is complete. Thus, without loss of generality,
assume G is complete. To show Gg is complete, as G xGo is complete,

(51 x 62)((tir, 1), (§1,d2) = (t1xt2) ({1, l2) (t1xt2) (F1, J2).
Thus,

1 (tin, 1 )s2(ig, 2) = t1 (1) ta(ti1)t: (§1)t2(i2)
= (i)t (91)t2(t2) b2 (32)
= (i, §1)t2(l2)t2(92),

where the last equality holds because G is complete. Now ¢; ({1, 1) # 0 since
otherwise, §1(ﬁ1,g1)§2(ﬁ2,y2) =0 :§1(ﬁl)tl(yl)gg(ﬁg))gg(yg) which means at
least one term is zero and that is impossible. Now divide both sides of the
above equilaty by ¢ ({1, 1), we get ¢ ({2, ¥2) =t2(li2)t2(J2), which means Gy is
complete.

Conversely, if G; and Gg are complete,

c1(tin, 9 )s2(ti, Gi2) =ty (1) ta (1)t (F1)t2(42)
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t (1)1 (1) 2 (ti2) b2 (32)
= q1(fi1, 1)t2(ti2)ta(Y2)
= (t1 x t2)(ti1, 2)(t1 X t2)(G1, U2)-

Hence G xGo is complete. 0

3. Unbiased APFGs

We begin this section by introducing the definition of unbiased APFGs and then
proving the following Theorem 16 to make it possible characterize unbiased the
join and product of two unbiased APFGs.

Definition 15. ([5]) The degree of compactness of an APFG is ¢(G) =
2 32 (s(ti3))
)
2. (L(W(H))
ii,j€0
subgraph H of G.

. G is unbiased if ¢(G) < ¢(H) for any non-empty product fuzzy

Theorem 16. Let Gy and Go be APFGs. Then ¢(Gy) > ¢(G1+G2) and
c(Ga) = c(Gi+Ge) if and only if ¢(Gr) = ¢(G2) = c(G1+Ga).

Proof. If ¢(G1) = ¢(G1+G2) and ¢(Gz2) = ¢(G1+Gz), then
(G =20 Y alfifla)/( > (ti(f)t(f)

ti1,l2eU; {i1,lioc Uy
<20 ) allule)t (i)t (i)/
tiy, oy
i1,92€ U
(> ()t ()t (i1)ta(42)))
tiy,lip ey
i1,i2€U2
< 2 Z ¢1(tirtia)s2(F19j2))/
{iy,lipeUy
i1,52€ U2
( Z (61 (1)t ()t (§1)t2(92)))
ﬁl,ﬁQE[:ljl

1,52€U2
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< 2( Z (1 + <2)((tadr), (tiadi2))/
1"11,{'1261:?1
91,i2€Us2

( Z (61 + t2) (1, 1)) (b1 + t2)((G2, §2)))
tiy, Uy
i1,i2€U2

=c(Gy + Gg).

Hence ¢(G1) = ¢(G14Ge). Similarly, ¢(Ga) = ¢(G1a4G2). Therefore, ¢(G1) =
¢(G2) = ¢(G14G2). The converse is trivial. O

Theorem 17. For two unbiased APFGs G1 and Go, G1+ Gy is unbiased
if and only if ¢(G1) = ¢(G2) = c(G1+Ga2).

Proof. If  G1+Go is wunbiased, then ¢(G1) > ¢(Gi1+Ge) and
¢(Gz2) > ¢(G1+G2) and by Theorem 16, ¢(G1) = ¢(Gz2) = ¢(G1+G2).

If ¢(G1) = ¢(G2) = ¢(G1+Ge) and K is an APFS of G1+Go, then we
can find APFSs K; of G; for i« = 1,2 with K ~ K; + Ko. As Gy and Go
are unbiased and ¢(G1) = ¢(Gz2) = mq/k1, then ¢(K;) = a1/by > my/k; and
c¢(K3) = ag/by > my/ky1. Thus a1k + agk; > bymy + bymy and hence ¢(K) >
(a1 4+ a2) /(b1 + b2) > my/k1 = c¢(G14+G2). Therefore, G1+Gy is unbiased. [

We end this section with the following result which states that unbiased
notion is preserved under isomorphism:

Theorem 18. Let Gy and Go be isomorphic APFGs. If one of them is
unbiased, then the other is unbiased.

Proof. Suppose Gg is unbiased and let € U =0y be a bijection such that
t1 (1) =t2(e(t1)) and <1 (1§) = c2(e(d)e(§)) for all §,§ €Ur. Now 3 ;¢ ta(l) =
Zﬁe[’bt?(ﬁ) and Zﬁg’jEE1 §1(ﬁy) = ZﬁijEEQ §Q(ﬁy) If K1 = (tl,q) is a APFS
of Gy with underlying set W, then Ko = (t2,<2) is a APFS of G with un-
derlying set e¢(W) where ta(e(li)) =t1({1) and < (e()e(y)) = <i(ig) for all
- : . . D agen, s2(e(d).e(@))
4,y € W. Since Gg is unbiased, ¢(K7) > ¢(Gz2) and so 22‘3,@601(‘;2“)/\@2(?))) >
Dagen, 2(09)

Eﬁ,geﬁl(h(ﬁ)/\tz@))

2 . Hence

Zﬁ"ef«j‘l S1 (ﬁay) Zﬁ"eEl S1 (ﬁvy)
Y > Y

’ Daget, (t2(@) A ta(§) —  Xg e, (Ga() Ata(d))
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Therefore, G1 is unbiased. O
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