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Abstract

The aim of this paper is to introduce and systematically investigate a new subclass TS(y, g, )
of analytic and univalent functions with negative coefficients defined in the open unit disk
U={z€C:|z| <1}. This newly established class is formulated by leveraging the
specialized properties of fractional derivative operators integrated with the versatile Mittag-
Leffler function. For functions belonging to this subclass, we derive fundamental geometric
and analytic properties. Specifically, we establish sharp coefficient inequalities and prove
comprehensive distortion and covering theorems. Furthermore, we determine the precise radii
of starlikeness, convexity, and close-to-convexity to characterize the geometric boundaries of
the class. Finally, we determine the extreme points, analyze the behavior under the Hadamard
(convolution) product, and establish closure theorems. The results obtained not only
generalize several existing frameworks in geometric function theory but also highlight the
powerful interplay between fractional calculus and subclasses of univalent functions.
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Introduction

In recent years, fractional calculus has emerged as one of the most rapidly evolving fields
within mathematical analysis. Operators derived from fractional calculus have penetrated
deeply into geometric function theory, particularly influencing the study of univalent
functions. Consequently, a diverse array of these operators has been extensively investigated
throughout the literature. To establish a clear mathematical framework for our study, it is
useful to recall the foundational definitions below (see, e.g., [18, 19, 25]).

The study of the Mittag-Leffler function and its various generalizations has emerged as a
highly active area of mathematical research. This growing interest is primarily driven by the
function’s deep connection to fractional calculus, particularly its utility in resolving complex

Received: Nov 20, 2023 937



International Journal of Applied Mathematics

Volume 36 No. 6, 2023, 937-953
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

problems arising from real-world applications. Introduced by the Swedish mathematician
Magnus Gosta Mittag-Leffler between 1903 and 1905, this transcendental function remained
largely overlooked by mathematicians and applied scientists until the late 20th century. Over
the past few decades, however, it has garnered substantial attention due to its indispensable
role in solving fractional-order integral and differential equations.

Nowadays, it is well recognized that a fundamental role in Fractional Calculus is played by
the Mittag-Leffler function, even with a single parameter (as originally introduced by Mittag-
Leftler), so as to be worth being referred to as the Queen Function of Fractional Calculus;
see Mainardi and Gorenflo [16]. Some information on the Mittag-Leffler functions is found
in any treatise on Fractional Calculus, but, for more details, the reader is referred to the
surveys by Haubold, Mathai and Saxena [10] and Van Mieghem [30], as well as to the
treatise by Gorenflo et al.[9], which is devoted to Mittag-Leffler functions, related topics and
applications.

In recent years, considerable attention has been devoted to the study of Mittag-Leftler
functions due to their wide range of applications in engineering, chemical and biological
sciences, physics, and other areas of applied science. These functions play an important role
in the analysis of chaotic, stochastic, and dynamical systems, fractional differential equations,
and statistical distributions. Moreover, the geometric properties of these functions, such as
convexity, close-to-convexity, and starlikeness, have been extensively investigated by several
researchers. Their applications are also closely related to various tools and techniques of
fractional calculus; see, for example, [1, 2, 4, 5, 21, 29, 28].

The Mittag-Leffler function occurs naturally in the solutions of fractional-order differential
and integral equations. In particular, it has significant applications in the study of fractional
generalizations of kinetic equations, random walks, Lévy flights, super-diffusive transport,
and complex systems. Various properties of the Mittag-Leffler function and its generalized
forms have been investigated extensively in the literature; see, for example, [6, 23, 3, 2, 7, 8,
13, 14].

Let A signify the class of all functions u(z) of the type
u(z) =z+Yppanz" (1.1)

in the open unit disc U = {z € C: |z| < 1}. Let S be the subclass of A consisting of univalent
functions and satisfy the following usual normalization condition u(0) = u'(0) — 1 = 0. We
denote by S the subclass of A consisting of functions u(z) which are all univalent in U. A
function u € A is a starlike function of the order ¢,0 < ¢ < 1, if it satisfy

zul(z)
iR{u(Z)}>g,zE[U. (12)

We denote this class with $*(¢) .

A function u € A is a convex function of the order ¢, 0 < ¢ < 1, if it fulfil
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R{1+22) > ¢ e (1.3)

ur(z)
We denote this class with K(c).

Note that $*(0) = S* and K(0) = K are the usual classes of starlike and convex functions in
U respectively.

Let T denote the class of functions analytic in U that are of the form
uiz)=z-Yy,a,2"% a,=>0z€lU (1.4)

and let T*(¢) =T NS*(g), C(c) =T NK(g). The class T*(g) and allied classes possess
some interesting properties and have been extensively studied by Silverman [24].

Many basically equivalent definitions of fractional computation have been given in literature
((cf)e.g.,[22] and ([26], p. 45) ). We state the following definitions due to Owa and
Srivastava [20] which have been used rather frequently in the theory of analytic functions
(seealso [11, 12]).

Pochhammer symbol («),, can be defined as
@p=ala+1)(a+n—-1) if n+0
and
(@), =1 if n=0.
The (@),, can be expressed in terms of the Gamma function as:

I'(a +n)
(@) =W'

In [17], Mittag-Leffler introduced Mittag-Leffler functions

(n € N).

o1
j‘[a(Z) = nzzomZn, (Of e C, Re(a)) >0,

and its generalization }, g(z) introduced by Wiman [31] as

Hop(z) = X2o——2", (a,8 €C, Re(a), Re(B)) > 0. (1.5)

r(an+p) z

Observe that the function E;, contains many well-known functions as its special case, for
example,
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. ez -1
E1,1(Z) =€, E1,2(Z) = Z
sinhz
EZ,l(ZZ) = COShZ, Ez'l(_Zz) = C0Ssz, EZ’Z(ZZ) = 7 )
sinz 1 1 V3
Eyp(—2z%) = — C E;(z) = 5 e2* 4 2¢727" cos (721/3>l

1
and E,(z) = > [cosz!/* + coshz!/4].

Now we define the normalization of Mittag-Leftler function My g(z) as follows:

Mop(z) = zI'(B)Hap(2)
AR L

where, z€ U, (Rea >0, € C\{0,—1,—2,--}). In [27], Srivastava and Owa gave
definitions for fractional derivative operator and fractional integral operator in the complex z-
plane C as follows: The fractional integral of order & is defined for a function u(z), by

1

IEU(Z) = Iz‘5u(z) = m

jz(z — )% 1u()d(), (6> 0).
0

The fractional derivative operator D, of order ¢ is defined by

1 2 u()
1-6) %), (z—1)°

Diu(z) = DI} %u(z) = = dt, (0<6<1).

where, the function u(z) is analytic in the simply-connected region of the complex z-plane C
containg the origin, and the multiplicity of (z — t)~% is removed by requiring log(z — t) to
be real when (z —t) > 0.

Let 6 > 0 and m be the smallest integer, and the extended fractional derivative of u(z) of
order § is defined as:

Diu(z) = DM %u(z), 6=0,n>-—1 (1.7)
provided that it exists. We find from (1.7) that is
rn+1)
Dzt = ————7"% (0<6<1, n>-1
A ey s LA O n )
and
'nm+1
8z = ( ) s (0<8, n>-1).

z F(n+1—6)z

Owa and Srivastava [20], defined the differential Integral operator 22: A — A in the term of
series:
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Qu(z) = MZ‘SDfu(z)

re)
— Zoo (F(Z—é‘)]‘(n+1)) n (18)
- n=2\r@)r(n+1-6)) "

where, § < 2, and z € U.)

Here D2u(z) represents the fractional of u(z) of order § when —co < § < 0 and a fractional
derivative of u(z) of order § when 0 < § < 2. Now, by using the definition of convolution

of (1.6) and (1.8), we define fractional differential integral operator Df @Bp o A, associated
with normalized Mittag-Leffler function M g(z)as follows:

D2 u(z) =2+ 32,0 (0,8, a, Banz" (1.9)

_ (r@-8)r(n+1) reg) N
where 0(n, 6, @, ) = (r(z)r(n+1—5)) (F(a(n—1)+ﬁ)) anz

and (6 <2, Rea >0, B€C\{0,—-1,-2,-1}),z€ U.

It is noted that
D0%u(2) = u(2).

Again,by using fractional differential integral operator Dj‘”” ,we also define a linear

multiflier fractional differential integral operator Agj’m as follows:
285 u(z) = 455 (4557 u(z)) (1.10)
where,
28:90u(z) = u(2),
and
285 u(z) = (1= DD P f(2) + 22D (D “Pu(2)).

It is seen from u(z) given by (1.1) and from (1.10), we have

A5Mu(2) = 2+ B, 0 (n, A, @, B, m)anz™, (1.11)
Where,
_ [(r@2=-86)rn+1) rip) _ m
0(n 4, B, m) = [(r(z)r(n+1—6)) (F(a(n—1)+ﬁ)) (1-2+ n/l)] (1.12)
and

(<2, meN, 1>20, Ra>0,p €C\{0,1,2,...}).

(i) For § =0,a =0, and f =1, in (1.11) then it is reduced to the operator given by Al-
Oboudi .

Received: Nov 20, 2023 941



International Journal of Applied Mathematics

Volume 36 No. 6, 2023, 937-953
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

(i) For§ =0,A=1,a =0and f =1 in (1.11) then it is reduced to the operator given by
Salagean .

Now, by making use of the linear operator @ﬁ'“'ﬁ u(z), we define a new subclass of functions
belonging to the class A.

Definition 1.1. For 0 < y<1,0<0<10<¢<1,and 0 <9 <1, welet TS(y,0,c) be
the subclass of u consisting of functions of the form (1.4) and its geometrical condition

| 290\ |
X (:Df’“’ﬁu(z))r—iz Z“(z)

s,a,pB
a’a'ﬁu(z))l+(1—x)®Z - u(z)

satisfy <g z€U

z

ofo

where fD‘ZS’a’ﬁ u(z), is given by (1.9).
2. Coefficient Inequality

In the following theorem, we obtain a necessary and sufficient condition for function to be in
the class TS(y, o,¢).

Theorem 2.1. Let the function u be defined by (1.4). Then u € TS(y, o,¢) if and only if

Z?{;Z[X(n - 1) + g(no- +1- X)] @(TL, 61 a, ﬂ)an =< g(O' + (1 - X))I (21)
where 0 <¢<1,0<y <1, and 0 <0 <1, Theresult(2.1) is sharp for the function
o+ (1—-
u(z) =z — g( ( X)) non=2.

K- D +smo+1- 0 sap) " "=
Proof. Suppose that the inequality (2.1) holds true and |z| = 1. Then we obtain

b&a,ﬁ

é,a,B
Do ) a(foﬁ'“"”u<z>>'+(1—x>—z zu(z))

x| (P2 u@) - =——=| -5

= —)(Z(n —-1)0Mm,68,a,p)a,z" 1
n=2

)

o= = ) (0 +1-1)0(n8,apayz""
n=2

< Z[)((n —1D+g¢no+1-y)10(n,8,a Ba, — g(a +(1 —)())

< 0.

Hence, by maximum modulus principle,u € TS(y, 0, ). Now assume that u € TS(y, g,¢) so
that
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é,a,p

o| (@) -

5ap 2 <g, z€U
, D, u(z
o (@j’a’ﬁu(z)) +(1—y) 44— ~

Hence

s,a,B
, D u(z)
X (@ja,ﬁu(z)) - ZT

s,a,B
5o (@S‘“‘ﬁ u@)’ + (1= DT”(Z)>

Therefore, we get

- z x(n—1)00n,6,a,p)a,z"?
n=2

< S

co+(1—-y - Z(na +1-—x)0(n,6,a B)a,z" 1.

n=2

Thus

Z[)((n —1D+gnoc+1-xp)]0(n,6,a,p)a, < g(a +( —)())
n=2

and this completes the proof. O

Corollary 2.2. Let the function u € TS(y, g,¢).Then

s(le+@-p) .
n = [x(n—1) + ¢(no + 1—)()]9(n,6,a,ﬁ)z 22

3. Distortion and Covering Theorem

We introduce the growth and distortion theorems for the functions in the class TS(y, g, c)
Theorem 3.1. Let the function u € TS(y, 0,¢). Then

s(e+(1-p)

0(2,8,a,B)x+¢20+1- )] I21* < lu(2)]

|z| -

slo+1—-x)
012,8,a,B)x+c2a+1—y)]

<zl + |z|2.

The result is sharp and attained

slo+1—-x) P
0R2,6,a,8)[x +cRo+1—- )]

u(z) =z -
Proof.
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(o]
zZ— E a, z"

u@)| = <lzl+ ) anlal”
n=2 n=2
< |zl + IZIZZan.
n=2
By Theorem 2.1, we get
o s(o+(1-x))
Ln=20n < x+s(2o+1-)]0(n,6,a,8)
Thus
slo+(1—x)
lu(2)| < |z| + ( ) |z|2.
0(2,6,a,B)[x+¢(20+1—x)]
Also
@l =zl = ) ayll”
n=2
> Izl = 1212 ) ay
n=2
> 2] — s(o+ 1 -x) 212
- 02,8,a,f)x+co+1-x]
O

Theorem 3.2. Letu € TS(y,0,¢6). Then

Zg(a +(1- )())

0+ +1=2)]

|z] < [u'(2)]

Zg(a +( —)())

(3.1)

<1+

- 012,8,a,B)x+c2a+1—y)]

with equality for

ZQ(G +(1- )()) 2
0R2,6,a,8)x +cRo+1— )]

u(z) =z -

Proof. Notice that

@(2, 6: a;ﬁ)[}( + Q(ZO' +1 _X)] Z%o:Znan
Z?lo=2n [X(n - 1) + Q(nU +1- X)]Q(n' 5’ Q, ﬁ)an
s(c+1-p)

from Theorem 2.1. Thus

<
<
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lu'(2)] =11-Xr,naz"1
<1435, na,lzl"!
<1+|z|¥% ,na, (3.3)

2¢(o+(1-x))
<
=1+l 02,6,a.p)[x+s(20+1-x)]"
On the other hand

W) =I1-Xp,na,z"?|
>1- Y, naylzl*™?
>1-|z| ¥p-2nay (3.4

2¢(a+(1-x))
02,8,a.p)[x+s(20+1-x)]"

>1—|z|

Combining (3.3) and (3.4), we get the result. O
4. Radii of Starlikeness, Convexity and Close-to-Convexity

In the following theorems, we obtain the radii of starlikeness, convexity and close-to-
convexity for the class TS(y, g, c).

Theorem 4.1. Let u € TS(x,0,¢). Then u is starlike in |z| < R; of order p, 0 < p < 1,
where

1
. (1—p)(x(n—1)+g(na+1—)())9(n,6,a,[3)}ﬁ -
R, = 1nf{ (et (-) , n=2. (4.1)

n

Proof- u 1s starlike of order p,0 < p < 1if

zu'(2)
ER{ w2 } > p.

Thus it is enough to show that

zu'(2) | = Ere(n =D a2t Xa,(n = 1) aglz|t !
u(z) 1-Y7 a,z"1 |7 1-Y",a,|z|*
Thus
2 1| s1-p if Bp, a2t < 1. (4.2)
u(z) (1-p)

Hence by Theorem 2.1, (4.2) will be true if

n—p 21 < ()((n —1)+gno+1 —)())@(n, §,a,B)
1-p - s+ (1—-x)
or if
1
(1-p)(x(n-1)+¢s(no+1-x))o(n,6,a,p) |n-1
2] < [ o) ] n > 2. (4.3)
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The theorem follows easily from (4.3). O

Theorem 4.2. Let u € TS(y,0,6). Then u is convex in |z| < R, of order p,0 < p < 1,

where
1
(1-p)(x(n-D)+5(no+1- x))@(néaﬁ)}n 1 >
R, =in f{ oo (o) , =2, (4.4)
Proof. u is convex of order p,0 < p < 11if
zu"(z)
RI1+
i)
Thus it is enough to show that
' (z)|  |=Zpean(n—Da,z" | _ Ei,n(n—Daglz|"™
u'(z) 1-Yr ,na,z"1 1-Y2 naylz|*t -~
Thus
zun(z) <1-— lf Zoo n(n-p) |Z|n_1 <1 (4 5)
w@) |~ n=2"(1p) n - ‘

Hence by Theorem 2.1, (4.5) will be true if

nn=p) (0= D +so +1-0)0(m 6 a,p)
1= h o+ (1 —y)
orif
1
(1-p)(x(n-D)+s(o+1-x))o(n8,ap)|n-1
|Z| < [ n(n-p)g(o+(1-yx)) ] ,n = 2. (4.6)

The theorem follows easily from (4.6). O

Theorem 4.3. Let u € TS(y,0,6). Then u is close-to-convex in |z| < R3 of order p, 0 <
p < 1, where

1
R; = inf{““’)(X(”‘”*“”"“"X))@(”’&“'ﬁ )}”_1, n>2. 4.7)
n ng(o+(1-x))

Proof. u is close-to-convex of order p,0 < p < 1if

R{u'(2)} > p.
Thus it is enough to show that
W' (z) —1| = |- Z na,z" 1 < Z na,|z|™?!
n=2 n=2

Thus
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lu'(z) —1|<1-p if Z,‘fzz(l%manlzln_l <1. (4.8)

Hence by Theorem 2.1, (4.8) will be true if

- ()((n —1)+gno+1 —)())O(n, 6,a,B)

- |Z|n—1 <
1- o+ (1 —-x)
or if
1
(1-p)(x(n-1D+¢s(no+1-y))o(n,8,a,p) |n-1
2| < [ oyt ] n> 2. 4.9)

The theorem follows easily from (4.9). O
5. Extreme Points
In the following theorem, we obtain extreme points for the class TS(y, o, ).
Theorem 5.1. Let u;(z) = z and

s(o+(1~-1)
x(n—1)+¢ne+1—-x)]0(n,6,a,pB)
Then u € TS(y, g, ¢) if and only if it can be expressed in the form

z" for n = 2,3, .

u,(z) =z —

u(z) = Z 0, u,(z), where 6, >0 and z 6, = 1.
n=1 n=1

Proof. Assume that u(z) = Yo 6, u,(z), hence we get

B > Q(O' + (1 _X))Hn n
u(z) = Z‘;[X(n— D+ o+ 1-010m6,a,8)

Now, u € TS(y, g, ), since

S [x(n—1) +c(no+1— 1100, 8, ap)
s(a+1—-)x)
% Q(O’ + (1 _X))Hn

[x(n—1) +c¢(no+1-x)]0n,6, ap)

Zen=1—9131.

n=2

n=2

Conversely, suppose u € TS(y,0,6). Then we show that u can be written in the form
Yin=10n un(2).
Now u € TS(y, g, ¢) implies from Theorem 2.1
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s(e+1-p)
tn = [x(n—1) +c(noc+1—-x)]0(n,6,a,B)

[X(n 1D+¢(no+1-y)le(n,é,a,p)
s(o+(1-1))

and 6; =1 — Y-, 6, weobtain u(z) = }o-; 0, u,(z). O

Setting 6,,

n,n = 2'3'...

6. Hadamard product

In the following theorem, we obtain the convolution result for functions belongs to the class
TS(x,0,9).
Theorem 6.1. Letu,g € TS(x,0,6,9). Thenu * g € TS(y, g,{,9) for

oo [ee]

u(z)—z—zan ,g(z)—z—sz and(u*g)(z)—z—Zanbnz
where
‘> o+ -x))x(n-1)

[x(n—1)+c¢(nc+1-x)]?0(n,6,a,B) —¢ (a + (- )())(na +1—y)
Proof. u € TS(x, 0,¢) and so

w x(m-1+c(no+1-x)]o(n,6,a,8)
Y (or(-) a, <1, (6.1)
and
o x(m-1D+c(no+1-xy)]o(n,6,a,8)
Lin=2 s(o+(1-x)) by < 1. (6.2)

We have to find the smallest number ¢ such that

w x(m-1)+{(no+1-y)]e(né,a,p)
Zn—z ((0'+(1—)()) anbn <1 (63)

By Cauchy-Schwarz inequality

w x(n-1+c(no+1-y)]o(né,a,p) /—
Z‘l’l=2 §(0.+(1 X)) < 1 (64)

Therefore it is enough to show that

x(n—1)+I(noc+1-x)]0(n,6,a,pB)

a,b
e+ =) e
[x(n—1) +¢(no+1-x)]0n,5,ap)
< a,by,.
s(c+(1-p)
That is
a.b, < [x(n-1)+s(no+1-x)1{ (6.5)

[x(n-1)+{(no+1-x)I¢’
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From (6.4)

\/ﬁ Q(O' + (1 _X))

SThn—D + o+ 1=-]0m o, ap)

Thus it is enough to show that

s(c+(1-x) -1 +sno+1-0K

[X(n - 1) + C(no' +1 —)()]Q(n, 6’ C(,B) - [X(n - 1) + ((TLO' +1 _X)]g'

which simplifies to

¢ Zlo+(1-0)x(n—1)

O

7. Closure Theorems

We shall prove the following closure theorems for the class TS(y, g, ¢).

Theorem 7.1. Letu; € TS(x,0,6),j =1,2,...,s. Then

N

9@ =) G €TS(0,9)

j=1
For u;(z) = z — Yy, an j 2", where X5, ¢; = 1.

Proof.

N

9@ =) Gu)

j=1
oo S

— _ 3 7N

=2z Z Cj An,jZ
n=2 j=1
(o]

=z- Z e, z",

where e,, = }j=1 ¢j ap,j. Thus g(z) € TS(y,0,¢) if

= [x(n—1)+c¢(noc+1-x)]?0(n,6 apB)— g2(0 +(1 —)())(na +1—y)

i (= 1) +5no+1- 010 8,08)

s(c+1-p)

that is, if
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i z (n—1) +s(no + 1 - 1)10(n,8,a, )
Cjan,j
n=2j=1 9(0' +(1 —X))
_ ici [x(n—1) +5no+1-]10M,8,ap8)
j=1 ! n=2 Q(O’ +(1 - X)) ™
< ci=1.
JZ :

O

Theorem 7.2. Letu,g € TS(x,0,¢). Then

h(z) =z — Z(a,zl + b2) z" € TS(x,0,6), where

n=2

2x(n— Do+ (1 - )
x(n—1) +¢(no+1—- 120, 8,a,B) —2¢2(c+ (1 — x))(no + 1 —x)

Proof. Since u, g € TS(x,0,¢), so Theorem 2.1 yields

i (x(n—=D +g(no+1-x)0n,8,ap)
& s(e+1-n)

¢=

2
anl <1

and

i l()((n —1D+gno+1-yx))0(n,d,ap) r
b| <1.
s(e+(1-p)

We obtain from the last two inequalities

n=2

2
w 1|(x(n-D+¢(no+1-x))o(n,6,a,8)
2n=25[(” "‘g(’;‘iu_i)ﬁ sl ] (a? + b2) < 1. (7.1)

But h(z) € TS(x, 0,{,q, m), if and only if

w xm-1+{(no+1-x)]o(né,a,p)
Yo 2ot iD) (a2 +b2) <1, (7.2)

where 0 < { < 1, however (7.1) implies (7.2) if
x(n -1 +{(no+1-)]0(n,8,a,p)

((e+1=-1)
l ()((n -1 +gno+1 —)())@(n, §,a,B) ?
-2 s(o+1-x) '

Simplifying, we get
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¢=

O

2x(n—1)¢*(o + (1 - 1))
[x(n—1) +c(nc+1—-x)]?0(n,6,apB)— Zgz(o +(1-— )())(na +1—y)

Acknowledgments: The authors would like to thank the editor and referees for their
constructive comments and valuable suggestions that improved the quality of our paper.

References

[1]

2]

[9]

[10]

[11]

A.A. Attiya, Some applications of Mittag-Leffler function in the unit disk, Filomat,
30(7),(2016), 2075-2081.

D. Bansal, J.K. Prajapat, Certain geometric properties of the Mittag-Leffler functions,
Complex Var. Elliptic Equ., 61(3), (2016), 338-350.

S. Elhaddad, H. Aldweby, M. Darus, Majorization properties for subclass of analytic
p-valent functions associated with generalized differential operator involving Mittag-
Leffler function, Nonlinear Functional Analysis and Applications, 23(4),(2018), 743-
753.

S. Elhaddad, M. Darus, On Meromorphic Functions Defined by a New Operator
Containing the MittagLeffler Function, Symmetry, 11(2), (2019):210

B.Elizabeth Rani, V.Srinivas, P.Thirupathi Reddy and B.Venkateshwarlu,
Applications of analytic functions related to Mittag-Leffler type Borel distribution
series, Journal of Fractional Calculus and Applications, 13(1), (2022), 189-197.

Frasin, B.A., An application of an operator associated with generalized Mittag-Leffler
function, Konuralp Journal of Mathematics, 7(1), (2019), 199-202.

M.Garg, P. Manohar, S.L. Kalla, A Mittag-Leffler-type function of two variables,
Integral Transforms Spec. Funct., 24(11), (2013), 934-944.

R.Gorenflo, A.A. Kilbas, F. Mainardi, Rogosin, S. Mittag-Leffler Functions. Related
Topics and Applications, 2nd ed.; Springer: Berlin, Germany, 2020.

H.J. Haubold, A.M. Mathai, RK. Saxena, Mittag-Leffler functions and their
applications. J. Appl. Math. 2011, 2011, 298628

M.F.Khan, S.Khan, S.Hussain, M.Darus and K.Matarnesh, Certain new class of
analytic functions defined by using a fractional derivative and Mittag-Leffler
functions, Axioms, 2022,11, 655.

Y.C.Kim, and H.M. Srivastava, Fractional integral and other linear operators asso
ciated with the Gaussian hypergeometric function, Complex Variables Theory Appl.
34, (1997) 293-312.

Received: Nov 20, 2023 951



International Journal of Applied Mathematics

Volume 36 No. 6, 2023, 937-953

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

[12]

[13]

[14]

[15]

[16]

[17]
[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

V. Kiryakova, Generalized Fractional Calculus and Applications, Pitman Research
Notes in Mathematics Series, 301. Longman Scientific and Technical, Harlow;
copublished in the United States with John Wiley and Sons, Inc., New York, 1994.

V Kiryakova, Multiple (multiindex) Mittag-Leffler functions and relations to
generalized fractional calculus. Higher transcendental functions and their applications,
J. Comput. Appl. Math., 118 (1-2)(2000), 241-259.

V. Kiryakova, V., The multi-index Mittag-Leffler functions as an important class of
special functions of fractional calculus, Comput. Math. Appl., 59(5),(2010),1885-
1895.

F. Mainardi, R. Gorenflo, Time-Fractional Derivatives in Relaxation Processes: A
Tutorial Survey. Fract. Calc. Appl. Anal. 10, (2007), 269-308.

G. M. Mittag-Leffler, Sur la nouvelle fonction E (x), CR Acad. Sci. Paris, 137(1903),
554-558.

S. Owa, On the distortion theorem. I, Kyungpook Math. J. 18 (1978), 53-59.

S. Owa and H. M. Srivastava, Univalent and starlike generalized hypergeometric
functions, Canad. J. Math. 39 (1987), 1057-1077.

S. Owa and H.M. Srivastava, Univalent and starlike generalized hypergeometric
functions, Can. J. Math. 39,(1987), 1057-1077.

D. Raducanu, Third-Order differential subordinations for analytic functions associated
with generalized Mittag-Leffler functions, Mediterr. J. Math., 14, (2017), 18 pages.

S.G. Samko, A.A. Kilbas, and O.I. Marichev, Fractional Integral and Derivatives,
Theory and Applications, Gordon and Breach, New York, Philadelphia, London,
Paris, Montreux, Toronto and Melbourne, 1993.

A.S.Shinde, R.N.Ingle,P.Thirupathi Reddy and B.Venkateshwarlu, Subclass of
uniformly convex functions with negative coefficients defined by linear fractional
differential operator, Journal of Fractional Calculus and Applications, 13(1), (2022),
9-20.

H.Silverman, Univalent functions with negative coefficients, Proc. Amer. Math. Soc.,
51, (1975), 109-116.

H. M. Srivastava and S. Owa, An application of the fractional derivative, Math.
Japon. 29 (1984), 383-3809.

H.M. Srivastava and R.G. Buschman, Theory and Applications of Convolution
Integral Equations, Kluwer Academic Publishers, dordrecht, Boston and London,
1992.

Received: Nov 20, 2023 952



International Journal of Applied Mathematics

Volume 36 No. 6, 2023, 937-953
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)
[26] H.M.Srivastava and S.Owa, Univalent functions,fractional calculus, and associated

generalized hypergeometric functions in Univalent functions, Fractional Calculus and
their applications; John Willey and Sons: New York,NY,USA, 1989.

[27] H. M. Srivastava, Z. Tomovski, Fractional calculus with an integral operator
containing a generalized Mittag-Leffler function in the kernel, Appl. Math. Comput.,
211, (2009), 198-210.

[28] H. M. Srivastava, B. A. Frasin, V. Pescar, Univalence of integral operators involving
Mittag- Leffler functions, Appl. Math. Inf. Sci., 11(3), (2017), 635-641.

[29] P. Van Mieghem, The Mittag-Leffler funcytion. arXiv 2005, arXiv:2005.13330.
Wiman, Uber die Nullstellen der Funktionen Ea(x), Acta Math., 29 (1905), 191-201.

Received: Nov 20, 2023 953



