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Abstract: In this paper, we investigate the domain of the operator with
a point interaction, specifically the operator —% + Zdy. We demonstrate
the existence of a dense subset within this domain consisting of functions that
possess compact support and are smooth everywhere except, possibly, at z = 0.
Our findings shed light on the structural properties of the operator domain,
providing valuable insights into its mathematical characterization and potential
applications.
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1. Introduction

Point interactions appear in models used in quantum mechanics to represent
physical systems where the wavelength of the particle is greater than the range
of the potential. An example of this is the work of Kronig and Penney in
1931, where they studied, using a one-dimensional model, an issue involving the
reflection of electrons of a given velocity falling from a vacuum onto a lattice,
(see [5]). Furthermore, these operators are used to model the interaction of a
one-dimensional Bose condensate with an impurity (see [4]).
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In [7], they study existence and stability properties of ground-state standing
waves for a two-dimensional nonlinear Schrédinger equation with a point inter-
action and a focusing power nonlinearity. In [8], they consider one-dimensional
Schrodinger operators that involve a finite number of point interactions. The
eigenenergies related to the bound states and the complex energies related to
the resonance states of the operator are given by the zeros of certain charac-
teristic functions that share the same structure up to an algebraic sign. These
functions are obtained explicitly in the form of power series of the spectral
parameter, and the computation of the coefficients of the series is given by a
recursive integration procedure.

In [9], they construct the norm resolvent approximation for a wide class of
point interactions in one dimension.

To better understand the technique used to solve this problem, this paper
is divided into two sections. In the second section, we introduce the operator
with one-point interaction. In section three, the existence of a dense subspace
within the domain of the operator with one-point interaction is demonstrated.

2. Operator with one-point interaction

Formally, the operator with one-point interaction is written as:

d2
Ay =2 475 1
Z dx2 + 05 ( )

where Z € R and ¢y is the Dirac’s distribution centered at the origin x = 0.
Berezin provided a rigorous mathematical definition of this in three dimensions.
Faddeev [2] used the theory of self-adjoint extensions of symmetric operators
(see [3]), but in the one-dimensional case, it was extensively studied in [1],
using that same theory and explicitly describing its domain and its spectrum.
Another perspective to view this operator is as a Laplacian perturbed by a
potential supported on a single point set {0}.

To provide a mathematical description of (1) we consider the Laplacian
operator —A in L%(R),

D(-A) = H*(R),

and take the restriction operator A of —A to space D(A) = {f € H*(R) :
f(0) = 0}, which is closed, densely defined, and symmetric. In [1], it was
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shown that the adjoint of the operator A is given by

A= &
- dzx?
{ D(A*) = H'(R) N H*(R\ {0}).
The deficiency indices of A are equal to one because the equation A*¢ = k?¢,
where ¢ € D(A*), k? € C\ R and Im(k) > 0, has one unique solution ¢ (z) =

e’®17l - Then all self-adjoint extensions Ag of A are given by the one-parameter
family

{ Ap(g+ i+ ce®Py) = Ag+icy —ice®p_y, @)

D(Ag) = {g+ ctyi +ce®y_;: ge D(A), ceC},

where 6 € [0,27) is such that A = ¢ and 1;(2) = Q%/Eei‘/g‘x' Imv/+i > 0

(see [1]). If we choose

Z=270)= (;:(CQOS_(%T), for 0 € [0,27) \ {m/2} and setting
271
Z((7/2)7) = +o0, 3)

in (2) to obtain the following.

Theorem 1. All self-adjoint extensions of A are given by

Az =-L a0,
D(-Az) ={ge H'(R)NH*(R\{0}):¢'(0%) - 4'(07)
=229(0)},

where —oo < Z < oo. If Z = 0, the self-adjoint extension —Ay matches the
Laplacian operator in space L?(R),

_ d?
A -4,
D(=A) = H?(R).
In the case Z = oo, the real line is divided into two intervals (—oo,0) and

(0,00). It happens due to the appearance of the boundary condition of the
Dirichlet type at point 0, that is,

Ay = (*AD_) @ (*AD+)a
D(-Ax) ={g€ H'(R)NH*R\ {0}) : g(0) = 0}
= H{((—00,0)) N Hf((0, 00)),
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where (—Ap_ ) denotes the Dirichlet Laplacian over (—oo, 0) and (0, c0), respec-
tively (see [6]), with D(—Ap_) = HE((—00,0)) and D(—Ap,) = HZ((0,0)).

So, for every Z we have

d* f(z)

dx? '’

—Azf(x)=— x # 0.

3. Proof of the existence of the subspace dense into the operator
domain with one-point interaction

Now, we consider the subspace Y of D(—Ay), defined by
Y={geD(-Az): g€ CoR)UCFR\{0})}.

In the present paper, we prove that Y is dense in D(—Ay), and besides also
the following.

Theorem 2. Given a function ¥ € W™P(R), with ¥(0) = 0, there exists
a sequence of functions (¢ )n>1 in the space of smooth and compact support

functions, C§°(R), satisfying ¢, (0) = 0 for all n € N and converging to ¥ in
W™P(R) norm.

Proof. Suppose that ¥ € W™P(R) and we consider for every n € ZT, the
function ¢, € C§°(R) such that 0 < ¢, (x) <1 for all € R. Furthermore,

We define the functions &,(z) = ¢n(%), for every n € Z*. Thus, ({u)n>1 is a
sequence of test functions satisfying:

a) gnzlon{xER:%gm§2n},supp(£n)c{x€R:
and 0 < &, (z) <1,

< Ja| < 3n}

1
n

b) For every r € N, we have D"¢,(z) = L D", (£).

n

It is easy using the Dominated Convergence Theorem and the considerations (a)
and (b) above that the sequence (§,9),>1 converge to ¥ in the W"P(R)—norm.

We can observe that every function ¥, = £, has compact support con-
tained in set R\ (-2, 1).

n’n
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We now take a sequence (pg)r>1 of regularizing functions on R such that

11

supp(pk) C (—%, %)-

It follows that for every n € N, the terms of the sequence (pj * ¥, )5>1 are test
functions on R. Furthermore, for every r» < m, we have

D" (pr * On) = pg x D",
and since py *x v — v in LP(R) for all v € LP(R) we obtain
D" (pg x9y) = px * D"9, — D™,
in LP(R), as k — oo. Therefore
Pk * U — U
in W™P(R) N C°(R), as k — oo. Now, sub-sequence (¢, = pn * ¥y)n>1

satisfies ¢, — ¥ in W"*P(R)-norm and

n(0) = /R ()0 (—y) dy = / o) (—y) dy =0,

upp(pn)
because ¥, = 0 on the support of p,,. O

Theorem 3. Given a function ¥ € D(—Ay), there exists a sequence of
functions (Ur)n>1 in D(—Ag) of differentiable infinitely for all x € R, except
possibly at x = 0, with compact support such that

|9 = Inll 2 ®\{0}) — 0,

as n — o00.

Proof. We consider ¥ € D(—Ay). Then, there are a function g € H?(R), a
constant C' € C, and a real number 6 € [0, 27), such that, g(0) = 0 and

¥ =g+ O + Ce%%_,

where 14,(z) = %@ei*/ﬂm, with Im+/=£7 > 0, a relationship between Z and

0 is given by the relation (3). By Proposition 2, there is a sequence (kp)p>1 in
space C3°(R) satisfying k,(0) = 0 and

Ik — knl||lgz —> 00, when n — oo.
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On the other hand, for each n € Z*, we consider function 7,(z) = o(%£) where
0 € C§°(R) has an image contained in [0, 1], is the same 1 on set {x € R :
|z] < 1} and 0 on {x € R : |z| > 2}. Then, a sequence of functions (wp)n>1,
where w, = (cy; + cewz/)_i)v'n is continuous, has compact support in R, and is
of class C*° for all x # 0 and its derivative satisfies the same condition of jump
at = = 0 as the function ci; + ce®1p_;. Since the sequences (Wn)n>1s (Opwn)n>1
and (—Agzwy)p>1 converge the functions cy; + ce_;, Op(ch; + cerp_;) and
—Ag (e + cePy_;), respectively, the Dominated Convergence Theorem shows
that
chz + Cezew_i — wn||H2(R\{O}) — 0, when n — cc.

Now, for each n € Z*, we define 9,, = ky, + wy, = Ky + (c; + cewi/),i)Tn. We
observe that every function 9, has compact support, is infinitely differentiable
for all z € R except at  # 0 and (Vp,)n>1 C D(—Agz). Furthermore,

19 = Inll 2@ foy) < 16 — Enllarz + llews + ce™v_; — wall gy oy) — O,
as n — oo. It shows the proposition. ]
Corollary 4. Leta, b€ R andu € C([a,b] : D(—=Az))NCY([a,b] : L2(R)).

Then for n > 0, there exists a sequence of functions u, € C§°([a,b] : Y), such
that

[w(t) = un(t) | 2@ \f0}) — O,

b
[ 10 = w02 ot = 0

a

b
/ 19ku(t) — Bytun () 2 dt — 0,

as n — o00.

Proof. By uniform continuity of function
we C([4, B] : D(~Az)) NCY([4, B] : L3(R),

for each n € ZT, exists § > 0 such that
1
u(t) — w(s)l m2m\f0}) < ot whenever |t — s| < 4.

Now, choose m,, € Z* such that m,, > n , m, < mu+1 and (B — A)/m, < ¢
and we consider the partition of interval [A, B] with points:
B-A
ti=A+(—-1) , o J=1,....m,+ 1. (4)

mnp
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On the other hand, as Y is dense in D(—Ay), exist functions wy,, () defined
on [A, B] with the image in Y satisfying

1
o (8) = ) v 10p) <
Now, we defined the functions

mn+1

Om, (z,t) = Z ijl(xvt)x[tj_htj)(t)a

J=1

where the ¢;’s are as in (4) and

Wi, (T, 15) — Wi, (T, 651
erlayt) = S 2 L) () s ),
J J—

We have constructed the sequence of functions (O, )n>1, Om,, (t) € Y, verifying
the following:

(i) For each t € [A, B], [[u(t) — Om, (t)| m2(r\{0}) — 0, as n — oo. In fact, for
t € ltj-1,t)

[u(t) = Om,, () | 2 (m\ {0})

t—1;1

+ wm,, (tj-1) — u(@®) | g2 @\ {0})
< lwm, () = w®)[| z2@\foy) + 2lwm, (tj-1) — w() || z2R\{0})
< Jwm, (t5) — wti) | 2w\ foy) + lult;) — u(®)l m2®\fo1)
+ 2|wm,, (tj—1) — w(tj—1) | 2w\ o))
+ 2[|u(tj—1) — u(t) || g2 (r\{0})
6

< —.
n2

(ii) The dominated convergence theorem implies,

B
/A [u(t) = Om, (D)l 2\ fo3) dt — 0

when n — oo.
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Now, we consider an extension of function I';, defined on R x R, by

_ ®mn(xvt)7 if (.le,t) € R x [A’B]’
L, (1) = { 0, in another case.

Here, we continue with the regularization of each of the functions I',,, with
respect to the temporal variable ¢, choosing a test function 7 € C5°(R), which
has the property [ 7(t)dt = 1, and defined 7,.(¢) = r7(rt). Then, by Proposition
3, the sequence (I'y,, * Tr>r21 content in the space of the functions C°(R : Y)
that satisfy

(iii) For each t € [A, B], we have ||I'n,, * 77-(t) — I'im,, (1) g2(m\{0}) — 0, when
T — 00,

. B
(IV) fA ”an * Tr(t) — an(t)HHQ(]R\{O})dt — 0, as r — oQ.
Hence of (i)-(iv), we obtain the sequence, (I'y,,, * Tn)n>1

(v) Foreach t € [A, B, we have ||y, * 7 (t) — u(t)|| g2 (r\{0}) — 0, as n — oo,

(vi) [ [T, # 70 (t) — ()| 2@ foy)dt — 0, when n — oo.

Besides, since the support I, (¢) and u( ) is the interval [A, B], and the support
of u(t + BfA) is [A— 24 B - ] then, the support of 0,y * 7,(t) and

mMn

u(- + B> A) * T, () is contained in the interval [A — Bm‘éfl B+ mn] S0)

/ H / O (£ — )7 (5)ds

_/ u(t — s+ E=A) —u(t - s)

(B A)

n+1 w W (t' 1)
mn M, —

u(t—s—i—%)—

(B=A)

mn

Bran Al it leom (t5) = ult = s + S22
< Ty, (S E
S D Dl A O

_ B—A+1 tj —tj1
mn

T, (8)ds||dt

ult - 8))Tmn(s)d5||dt

J

_l’_

L e Ty

mn



A DENSE SUBSET OF THE OPERATOR DOMAIN 791

Mn__ 2 (B—A)+2y _(B—A)+2
“ (Bp_ < .
<(B—A)m%(B At M )_(B—A)mn
Therefore,
/ | /3t mn (t — 8)Tm,, (s)ds
u(t — S—i-(B A)) u(t —s)
_/ (B—A) Tm,, (s)ds||dt — 0, (5)
as n — oo.
On the other hand, for ¢ > 0, we obtain
)) —u(t —s)
/1 / 0= i (8)ds — Oy(uw 5 7, ) (1) | sl
+ ) —ult — )
/ T, (8 / [ =) — dyu(t — s)||dtds
< E/Tmn(s)dS =, 6)

from n € ZT big enough.
Since

/ 10T, * Ton, ) () — Bpu(t) |t < / 10T, * T ) (8)

u(t — s+ By oyt — s
_ / (t—s+ (TgnA)) =) o)ds| e
A) —u(t—s
w1 [ Af e (s)ds — Oy T )0

Mn

/||(9t w* T, ) (t) — Opu(t)||dt

and from (5) and (6) we obtain

/Hat my % T, ) (1) — Opu(t)||dt — 0, when n — oo.
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4. Conclusions

In this paper we show that in the domain of operator with point interaction
2

—%—i—Z do there exists a dense subset of compact support and smooth functions

except, possibly at x = 0.

1]
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