International Journal of Applied Mathematics

Volume 36 No. 6 2023, 793-799

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)
doi: http://dx.doi.org/10.12732/ijam.v36i6.4

ON THE STABILYTY OF A MAGNETOELASTIC
SYSTEM IN THE PRESENCE OF SMALL FRICTION

Aleksandr M. Kholkin §, Tariel A. Sanikidze

Department of Higher and Applied Mathematics
Pryazovskyi State Technical University
Dnipro 49044, UKRAINE

Abstract: The paper considers the influence of small nonlinear friction on
the occurrence of instability in a dynamic system consisting of two conductive
thin plates in a magnetic field.

AMS Subject Classification: 35M99
Key Words: nonlinear friction, oscillations with a small parameter, vacuum
magnetic gap

1. Introduction

In papers [1] — [5], we investigated some problems of the stability of oscillations
of magnetoelastic objects - conducting plates and shells in the presence of a
magnetic field. Particular attention was paid to the study of the oscillation
regime in the area of instability. It was shown that in such dynamic systems
with a diamagnetic gap, at certain speeds of motion of the interfaces, an area of
instability arises, as a result of which the amplitude of the oscillations increases.

In this paper, we study the effect of small nonlinear friction on the result of
oscillations in such a system. Friction is given by a small parameter, and thus
we have a problem with a small parameter. For its study, we use techniques
and methods dating back to the works of Poincaré, Van Der — Pol [6], N. M.
Krylov, N. N. Bogolyubov and Yu. A. Mitropolsky [7] — [9]. First of all, here
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we are talking about the asymptotic method [8] and the method of averaging
(7], [9].

2. Preliminary Notes

Let us consider a system formed by two thin ideally conducting plates of thick-
ness h, with bending D rigidity and material density p, separated by a vacuum
diamagnetic gap filled with a constant and uniform magnetic field directed along
the axis x. Let the plate z = 0 move along the axis x with the speed vy, and
the plate z = [ is stationary.

The system of equations describing oscillations in the plates has the follow-
ing form [4]

0 0 34
’Oh<8t +vog ) G=-Dg- 541 Pip, (1)
9% &
Phw =-D——- 9rl + Pom,

where £ (x,t) - small vertical displacements of the points of the plate surface
are proportional to exp (i (wt — kz)), Pip, and Ps,,- magnetic pressures on the
surface of the plates.

With transverse deformations in the plates, friction occurs equal to

Fp,=cf <g§>, e< 1. (2)

To take this force into account, we will add the friction force (2) to the right
side of each equation of system (1). Then we get

0 0 8451 061
<8t+vo )51 8 - Py + f<8t> (3)
%¢ 0% 082
Phge = ~Dgpr TP+ f<8t>

For convenience, we express the magnetic pressures on the surface of the
plates in terms of the potential W :

Hy o0V
Pim="2-% at 2=0,
! 4 Ox at z=0

H v
Pgm:—o-a— at z=1.

4 Ox
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Then system (3) takes the form
Ph<§t+voa> &= —D(?;gl-i- f<%§tl> Z(r) 88%» (4)
pha;gz = D8452 +ef (852) ZS ?91;]'
The potential ¥ in this case satisfies the equation
with boundary conditions
(Z—f = HO% at z=0,
g—f = HO% at z=1.

If there is no friction, that is € = 0, then the system of equations (4), (5)
admits a solution in the form

§1 =aycosty, & =ascosby,

o6 _

—= = —qajwsin by,
ot 1 1

(6)

2 asw sin 6
-, = —a2 2
ot ’
where

O =wt—kx+¢1, hb=wt—kx+ . (7)
Natural frequencies of oscillations in the absence of friction are determined
by the expression [4]

]{ZU()

k 2
w= ;)Oj:\/QQ—i— (2> + 1/ Q8 + k20202,

The condition under which one of the roots becomes complex is determined
by the inequalities [4]

2010 < vy < 209p. (8)
In doing so

1
= *kivo.

w=woxid, wy 2
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3. Oscillation of plates in the presence of small non-linear friction

Let now in the system of equations (4) € # 0. Since we have € > 0, ¢ < 1, we
can consider € it a small parameter. Consequently, our problem becomes a
dynamic problem of studying oscillations with a small parameter. We use the
methodology proposed by N. N. Bogolyubov and N. M. Krylov [7]. We will
assume that ai, az from (6) and ¢1, @2 from (7) are new functions that are to
be determined. Performing the change of variables in the form (6), we obtain
the following system of equations for these new unknowns

cos 0y - % — a1 sin6y - % =0,

ph (—w sinf - % —way cos b - d;?) =cf <C§;) ;
cos 0y - % — agsin Oy - % =0,

ph (—w sin 6y - % — wag cos by - d(;a;2> =cf <C§:) .

We slightly transform this system of equations by introducing a function

: . 1 : AN
f(—wa;sinb;) = phf(—wazsmez) = phf<6t>’ 1=1,2.

We get

d
cos 0y - % —aysinfy - — =0,

d d .
—w sin@l-%—walcosﬁl-%:esf(—walsinel), (9)

dpa

=0
dt ’

d
cos Oy - % — ag sin By -

: das des ¢ .
—w sin g - o — wag cos by - I =cf (—wagsinby).

d

Solving this system of equations, we find < and d

Pi .
dt *

da; P
a% = —gf (—wa;sin 6;) sin 0,

dp; € :
i _waif (—wa;siné;) cos b;,
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where i = 1, 2.

To study the effect of friction on the oscillations of our system, it is necessary
to specify the friction.

Let the friction in the plates be given as [6], [§]

e\ o¢ e\ ?
f(m)—‘”m(?+“ﬁﬁ>)'

Using the averaging procedure [9], we obtain, in the first approximation, the
following system of equations for the functions.
Using the averaging procedure [9], we obtain, in the first approximation,
the following system of equations for the functions a and ¢:
da 1 v 3 5 9
—=ze—a|l+ uwa
at 2" ph ( G :
de
dt
The solution to this system of equations has the form

0.

1+t
agp exp (—56;’7)

\/1 + 3 pw?al (1 — exp (—e%))

p = const.

a =

; (10)

Thus, in the first approximation, the perturbation of the plates has the form
of a traveling wave, so that

ap exp (—%53—;) - cos (wt — kx + )

\/1 + 3 pw?al <1 — exp (—53—2))

The frequency of oscillations in a wave in this approximation is equal to
the natural frequency of oscillations of the plate in the absence of friction, and
the amplitude decreases with time according to the law (10). If the speed of
the relative motion of the plates is in the interval determined by inequality (8),
then the frequency becomes complex. Let § = Imw, § < wy = £, Taking

2
this condition into account, solution (11) can be written in the form

& =Re

(11)

ap exp (—%s%) - chét - cos (wot — kx + )

1+ dniad (1 - e (—<34))

£E=




798 A.M. Kholkin, T.A. Sanikidze

After analyzing this expression, we see that the regime of oscillation of
the plates depends on the relationship between the parameters § and Q%Yh. If
d < %, then the oscillations of the plates will be damped. If § > %, then
the oscillations will be increasing. If 6 = %, then there will be a stationary
periodic regime of oscillations

agp - cos (wot — kx + )
24/1+ 2 pwdad

The power dissipated in the system due to friction is determined in the form

) 06\ 2 06\ 2
e () (1))

In the case of stationary periodic oscillations (12), the power in the system
is equal to In the case of stationary periodic oscillations (12), the power in the

¢ = = Acos (wot — kx + ) . (12)

system is equal to
P = yA%w2sin? (wot + ¢) (1+ pA%wisin® (wot + ©)) -

Averaging this expression over time, we obtain that the power dissipated in
the system, averaged over the period of oscillations, is equal to

1 3
P = §7A2wg <1 + 4MA2wg> . (13)

Thus, the vacuum diamagnetic gap does not eliminate the dissipation of
the energy of the system and, consequently, friction during sliding, since the
calculated average power (13) can be considered as the power corresponding to
some effective friction force acting when the surfaces move.

4. Conclusion

The influence of small nonlinear friction in thin plates on the stability of a
rupture formed by a vacuum diamagnetic gap has been studied. It is shown that
the presence of small friction leads, under certain conditions, to the existence
of a stationary regime of oscillations in the area of instability. The average
power dissipating in the plates is determined, which corresponds to the effective
friction force acting when the plates are sliding, separated by a vacuum gap.
Thus, the presence of a diamagnetic gap leads to a specific instability, the
onset of which has the same form for all dynamic models considered by us.
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