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Abstract
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1. Introduction

As a generalization of a fuzzy set [22], Torra and Narukawa [2I], 20] in-
troduced the concept of a hesitant fuzzy set, which is a mapping from a ref-
erence set to a power set of the unit interval. After that, hesitant fuzzy sets
are applied to algebraic structures; for examples, UP-algebras [10, 12, [11],
BCK/BClI-algebras [13], [14],15], semigroups [0}, 18], I'-semigroups [1, §], ternary
semigroups [7, 19], BE-algebras [16], groups [2, 9].

In 2018, Mosrijai et al. [10] introduced concepts of sup-hesitant fuzzy
UP-subalgebras, sup-hesitant fuzzy UP-filters, sup-hesitant fuzzy UP-ideals,
and sup-hesitant fuzzy strong UP-ideals of UP-algebras and investigated some
properties and generalizations of these concepts. They considered the relations
between the concepts and their level subsets.

As previously stated, it motivated us to study hesitant fuzzy set theory on
UP-algebras. We introduce concepts of sup*-hesitant fuzzy UP-subalgebras,
supf-hesitant fuzzy UP-filters, supf'-hesitant fuzzy UP-ideals and supf‘-hesitant
fuzzy strong UP-ideals of UP-algebras when o € {—,+} and ¢ € [0,1]. These
concepts are general forms of the paper by Mosrijai et al. ([10]). Some prop-
erties and generalizations of these hesitant fuzzy sets are discussed. Moreover,
we investigate the relations between the supg-hesitant fuzzy UP-subalgebras
(resp., UP-filters, UP-ideals, strong UP-ideals) and their level subsets. In par-
ticular, it is shown that if we take ¢ = 0, then the paper’s main results [10]
hold.

2. Preliminaries

Before we start our study, we recall some definitions and facts about UP-
algebras.

An algebra A = (A, *,0) of type (2,0) is called a UP-algebra [4] where A
is a nonempty set, x is a binary operation on A, and 0 is a fixed element of A
if it satisfies the following assertions:

(UP-1): (Vp,q,7 € A)((g*7) * ((p*q) * (p*7)) =0),
(UP-2): (Vp € A)(0*p=p),

(UP-3): (Vpe A)(px0=0), and

(UP-4): (Vp,qe A)(pxq=0,gxp=0=p=q).

In a UP-algebra A = (A, x,0), the following assertions are valid (see [4],[5]):
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(Vp € A)(pxp=0), (2.1)
(Vp,q,r € A)(pxq=0,gxr=0=px*xr=0), (2.2)
(Vp,q,r € A)(pxqg=0= (r=*p)*(r*q)=0), (2.3)
(Vp,q,r € A)(pxq=0= (g*r)*(pxr)=0), (2.4)
(Vp.q € A)(p* (g *p) = 0), (2.5)
(Vg € A)((g*p)xp=0cp=qxp), (2.6)
(Vp.qg € A)(p*(q*q) =0), (2.7)
(Vp.g;rya € A)((p* (g 7)) * (p* ((axq) *(axr))) =0), (2.8)
(Vp,q,r,a € A)((((axp) * (axq))*7)* ((p*q) xr) = 0), (2.9)
(Vp. g, € A)(((pxq) x7) * (g+7) = 0), (2.10)
(Vp,q,r € A)(pxq=0=p=x* (r=q)=0), (2.11)
(Vp,g,m € A)(((p*q) xr) * (p* (¢ 7)) =0), and (2.12)
(Vp,q,r,a € A)(((p*q) *7) * (g (axr)) =0). (2.13)

We assume from now on that A will always denote a UP-algebra (A, ,0).

DEFINITION 2.1. [4] A subset S of A is called a UP-subalgebra of A if the
constant 0 of A is in S, and (.5, *,0) itself forms a UP-algebra.

Iampan [4] proved the useful criteria that a nonempty subset S of A is a
UP-subalgebra of A if and only if S is closed under the * multiplication on A.

DEFINITION 2.2. ([I7, 4, [B]) A subset S of A is called:
(1) a UP-filter of Aif 0 € S, and
(Vp,ge A)(pxqe S,pe S=qell),
(2) a UP-ideal of Aif 0 € S, and
(Vp,q,r € A)(px(qg*r) € S,q€ S=pxrebl),
(3) a strong UP-ideal of A if 0 € S, and
(Vp,q,r € A)((r*xq)*(r*p)eS,qeS=pebs).

Guntasow et al. [3] showed that the concept of a UP-subalgebra is a
general concept of a UP-filter, the concept of a UP-filter is a general concept
of a UP-ideal, and the concept of a UP-ideal is a general concept of a strong
UP-ideal. Furthermore, they also proved that a UP-algebra A is the only one
strong UP-ideal of itself.
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A fuzzy subset (FS) [22] of A is a function from the set A into the unit
interval [0,1]. A hesitant fuzzy set (HFS) [20] 21] on A is defined in term of
a function E that when applied to A return a subset of [0, 1], that is, E A —
p([0,1]) where p([0,1]) is the power set of [0,1]. Note that the concept of
HFSs is a generalization of the concept of FSs. For a HFS E on A and an

~

element p of A, define SUP¢(p) by
Sy = [supé(p) it &(p) # 0,
SUP¢(p) = { 0

otherwise.

DEFINITION 2.3. ([10]) A HFS € on A is called:
(1) a sup-hesitant fuzzy UP-subalgebra (sup-HFUPs) of A if

~ ~ ~

(Vp,q € A)(SUPE(p * q) > min{SUPE(p), SUPE(q)}),

(2) a sup-hesitant fuzzy UP-filter (sup-HFUPT) of A if

(i) (vp € A)(SUPE(0) > SUPE(p)), and ~

(ii) (vp,q € A)(SUPS(q) > min{SUPE(p * ), SUPE(p)}),
(3) a sup-hesitant fuzzy UP-ideal (sup-HFUPI) of A if

(i) (vp € A)(SUPE(0) > SUPE(p)), and

(i) (Vp,q,r € A)(SUPE(p*r) > min{SUPE(p * (¢ * 7)), SUPE(q)}),
(4) a sup-hesitant fuzzy strong UP-ideal (sup-HFSUPI) of A if

() (Yp € A)(SUPE(0) > SUPE(p)), and N
(i) (¥p.q. € A)YSUPE(p) > min{SUPE((r + q) * (r + p)), SUPE(@)}).

Mosrijai et al. [10] showed that the concept of a sup-HFUPs is a general
concept of a sup-HFUP{, the concept of a sup-HFUPf is a general concept
of a sup-HFUPIi, and the concept of a sup-HFUPI is a general concept of a
sup-HFSUPi. Moreover, they also proved that a HFS on a UP-algebra is a
sup-HFSUPI if and only if it is a constant function.

3. supf-hesitant fuzzy UP-substructures

In this section, we will introduce concepts of supf‘-hesitant fuzzy UP-
subalgebras, supf-hesitant fuzzy UP-filters, supf'-hesitant fuzzy UP-ideals and
supg-hesitant fuzzy strong UP-ideals of UP-algebras when « is an element of
{—,+} and ¢ is an element of [0, 1], prove their generalizations and investigate
some of their important properties.

Let Ebe aHFS on A, x € A and t € [0,1]. We define

SUP; ¢(z) = max{SUP¢{(x) —¢,0},
and R R
SUP¢(z) = min{SUPE(x) + ¢, 1}.
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Clearly, we have SUPEE(ZL‘) = SUP(J{EA(QJ) = SUPEA(QJ). From now on through-
out this paper, « is an element of {—,+} and ¢ is an element of [0, 1] unless
otherwise. In the following definition, we introduce sup; -hesitant fuzzy UP-
subalgebras, sup; -hesitant fuzzy UP-filters, sup; -hesitant fuzzy UP-ideals,
and sup,-hesitant fuzzy strong UP-ideals of UP-algebras.

DerINITION 3.1. A HFS gon A is called:

1) a sup, -hesitant fuzzy -subalgebra (sup, -HFUPs) o i
Foh fuzzy UP-subalgeb F_HFUPs) of A if
SUP €(p + g) > min{SUP} &(p), SUP} €(q)} for all p,q € A,
2) a sup;, -hesitant fuzzy -filter (sup, -HF o i
Foh fuzzy UP-fil F_HFUPE) of A if
(i) SUP;£(0) > SUPFE(p) for all p € A, and
(ii) SUP/&(q) > min{SUP/¢(p  q), SUP&(p)} for all p,q € A,
(3) a sup; -hesitant fuzzy UP-ideal (sup; -HFUPi) of A if
(i) SUP;€(0) > SUPE(p) for all p € A, and
(i) SUP;&(p*r) > min{SUP;&(p * (g * 7)), SUPS£(q)} for all
p,q,7 € A,
(4) a sup; -hesitant fuzzy strong UP-ideal (sup; -HFSUPi) of A if
(i) SUP;€(0) > SUPE(p) for all p € A, and
(ii) SUP;€(p) > min{SUPSE((r + q) * (r + p)), SUP{E(q)} for all
p,q, T € A.

If £ is a sup;-HFUPs of A, then it follows from (2], we have that
SUP;£(0) > SUP;&(p) for all p € A.

ExaMPLE 3.1. Let A= {0,p,q,r} be a UP-algebra with a binary opera-
tion * defined by the following Cayley table:

IR O *
o oo oo
_BR o
QO 3R
oo 33

(1) Define a HFS & on A as follows: & (0) = [0,0.7], & (p) = {0.2,0.3},
&1 (q) = {0.1,0.2,0.4}, & (r) = (0,0.8), we get that & is a sup; -HFUPs
of A for all t € [0.3,1].

(2) Define a HFS & on A as follows: 52(0) = {0.6,0.7,0.8}, Eg(p) =
0.3,0.9], &(q) = 0, &(r) = {0}, we have that & is a sup; -HFUPf
of A for all t € [0.2,1].
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(3) Define a HFS & on A as follows: 23(0) = {0.8,0.9}, Eg(p) = 10,0.5],
&3(q) = {0.3,0.5,0.7}, &(r) = (0,0.8), we get that & is a sup; -HFUPi
of A for all t € [0,1].

(4) Define a HFS & on A as follows: £,(0) = (0,0.6), &(p) = [0.3,0.9],
£A4(q) = (0.1,0.8], £A4(7“) = {0.5,0.6,0.7}, we have that 5A4 is a supd -
HFSUPIi of A for all ¢t € [0.4,1].

PROPOSITION 3.1.  Every sup-HFUPs (resp., sup-HFUPY, sup-HFUPi,
sup-HFSUPi) of A is a sup, -HFUPs (resp., sup; -HFUPY, sup; -HFUPi, sup; -
HFSUPi) of A.

~

P r o o f. Assume that gis a sup-HFUPs of A and p, ¢ € A. Then SUP(px
or

~ ~ ~ o~

q) = min{SUP¢(p), SUP{(q)} which implies that SUP{(p * q) = SUP¢(p)

~

SUPE(p x q) > SUPE(q). Now, we consider the following two cases:

~ ~ o~

Case 1: Suppose that SUP{(p x q) > SUPE(p). Then SUPE(p x q) +t >

~

SUP¢(p) + t and so

SUP; €(p * ¢) = min{SUPE(p x q) +t,1}
> min{SUP&(p) + ¢, 1}
= SUP/€(p)
> min{SUP; €(p), SUP{ £(q)}.
Thus,
SUP/E(p * q) > min{SUP;¢(p), SUP/ £(q)}.

~ ~

Case 2:  Suppose that SUP{(p * q) > SUP{(q). By proving similarly as
Case 1, we have

SUP/&(p * q) > min{SUP;¢(p), SUP, £(q)}.

By the two cases, we obtain that 5 is a sup; -HFUPs of A.

Similarly, we can prove the other results. a
The following example shows the converse of Proposition [3.11

EXAMPLE 3.2. Let A = {0,p,q,r} be a UP-algebra defined in Example
Bl We define a HFS £ on A as follows:

~ ~ ~

£(0) = [0.5,0.6], &(p) = [0,1],£(q) = [0.4,0.5),&(r) = {0.1,0.2,0.3,0.4}.
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Then E is a sup; -HFUPs (also, sup; -HFUPf, sup,"-HFUP1, sup, -HFSUPi) of
A for all t € [0.6, 1] but, £ is not an sup-HFUPs (also, sup-HFUPf, sup-HFUP4,
sup-HFSUPI) of A because SUPE(0 ) # SUPE(p).

PROPOSITION 3.2. Let € be a HFS on A and s € (0,1]. If€isa sup; -
HFUPs (resp., sup, -HFUPf, sup, -HFUPi, sup, -HFSUPi) of A for all t €
(0, s], then & is a sup-HFUPs (resp., sup-HFUPY, sup-HF'UPi, sup-HFSUP1)
of A.

P r o o f. Suppose that there exist p,q € A such that

SUPE(p * ¢) < min{SUPE(p), SUPE()}.
Let R R R
= min{ ISUPE®D), SUP2£ (¢)} — SUPE(p * q)
Then ¢ € (0, s] and SUPE(p * ) + ¢ < 1. Thus,
min{SUPE(p) + t, SUPE(q) + t} = min{SUPE(p), SUPE(q)} + ¢
> SUPE(p*q) +t
= min{SUPE(p * q) + t,1}
= SUP/¢(p+ q).

78}'

Hence, SUPjg(p % q) < SUPZFE(p) and SUP;FE(p *q) < SUPng(q). Since £ is
a sup; -HFUPs of A, we get

SUP/€(p * ) > min{SUP/ &(p), SUP/ £(¢)} > SUP/€(p * ),
which is a contradiction. Therefore, E is a sup-HFUPs of A.

Similarly, we can prove the other results. O

Next, we introduce sup, -hesitant fuzzy UP-subalgebras, sup; -hesitant
fuzzy UP-filters, sup, -hesitant fuzzy UP-ideals and sup; -hesitant fuzzy strong
UP-ideals of UP-algebras.

DEFINITION 3.2. A HFS Eon A is called:
(1) a sup; -hesitant fuzzy UP-subalgebra (supt -HFUPs) of A if
SUP, E(pxq) > min{SUP; ¢ E(p), SUP; ¢ E(q)} for all p,q € A,
(2) a sup; -hesitant fuzzy UP-filter (sup, -HFUPT) of A if
(i) SUPt_E( 0) > SUP‘{A( ) for all p € A, and
(ii) SUP[E( ) > min{SUP, E(p*q), SUP, E(p)} for all p,q € A,
(3) a sup, -hesitant fuzzy UP-ideal (sup; HFUPl)of A if



140 P. Julatha, M. Songsaeng, A.lampan

o~ o~

(i) SUP,£(0) > SUP, £(p) for all p € A, and
(ii) SUP[E(p k1) > min{SUPt_g(p x (g x71)), SUP;E(q)} for all
p,q, T €A,
(4) a sup; -hesitant fuzzy strong UP-ideal (sup, -HFSUPI) of A if
(i) SUP;£(0) > SUP; £(p) for all p € A, and
(ii) SUPt_E(p) > min{SUPt_E((r xq) * (r*p)), SUP[E((])} for all
p,q,7 € A.

Ifis a sup; -HFUPs of A, then it follows from (2.I), we can obviously

~ o~

see that SUP,£(0) > SUP, £(p) for all p € A.

ExaMPLE 3.3. Let A= {0,p,q,r} be a UP-algebra with a binary opera-
tion * defined by the following Cayley table:

TR O %
oooog
cooRIT
QORI
oo 3|3

(1) Define a HFS & on A by: & (0) = [0.4,0.8], & (p) = (0.6,0.7), & (q) =
{0.5}, 21(7“) = (DA, we get that§1 is a sup, -HFUPs of A for all ¢ € [0, 1].

(2) Define a HFS & on A by: £(0) = (0,1), &(p) = (0.6,0.9], &2(q) =
[0,0.5], &(r) = {0,0.1}, we get that & is a sup, -HFUPf of A for all
t € 10.5,1].

(3) Define a HFS & on A by: &(0) = {0.4,0.7}, &(p) = [0.2,0.6], &3(q) =
(0.2,0.4), 23(7“) = (), we get that & is a sup; -HFUPi of A for all
t €10.4,1].

(4) Define a HFS & on A by: &(0) = {0.2,0.4,0.5}, &(p) = [0.1,0.6],
€i(q) = 0, &4(r) = 0, we get that & is a sup; -HFSUPi of A for all
t € [0.6,1].

PropoSITION 3.3. Every sup-HFUPs (resp., sup-HFUPY, sup-HFUPi,
sup-HFSUPI) of A is a sup; -HFUPs (resp., sup, -HF UP{, sup, -HFUPI, sup; -
HFSUPi) of A.

Proof Let EAbe a sup-HFUPs of A and p,q € A. Then SUPE(p *q) >

~ ~ ~ ~ ~

SUPE&(p) or SUPE(p * q) > SUPE(q). Suppose that SUPE(p % q) > SUPE(q),
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~ ~

then we have SUPE(p * q) — t > SUPE(q) — ¢ and so,

SUP; €(p  q) = max{SUP(p * q) — t,0}
> max{SUP¢(q) — t,0}

o~

= SUP; &(q)
> min{SUP; &(p), SUP; €(q)}.
Thus,

~ ~ ~

SUP, &(p x ¢) > min{SUP, £(p), SUP, £(q)}-

~ ~

On the other hand, if SUP¢(p * ¢) > SUP&(p), then we can prove that

~ ~ ~

SUP, £(p * q) > min{SUP, £(p), SUP; £(q)}-
Therefore, we have that E is a sup;, -HFUPs of A.

Similarly, we can prove the other results. O

The following example shows the converse of Proposition [3.3]

EXAMPLE 3.4. Let A = {0,p,q,r} be a UP-algebra defined in Example
B3l and define a HFS £ on A by

o~ o~ ~ ~

€(0) =0,¢(p) ={0.5},&(¢q) = [0.4,0.7),&(r) = {0.1,0.2,0.3}.

Then 5 is a sup, -HFUPs (also, sup, -HFUP{, sup, -HFUPI, sup, -HFSUPI) of
A for all t € [0.7,1] but, & is not a sup-HFUPs (also, sup-HFUP{, sup-HFUP1,
sup-HFSUPI) of A because SUPE(0) # SUPE(q).

By Proposition B.3] and Example [3.4] we have that the concepts of a sup; -
HFUPs (resp., sup; -HFUP1, sup, -HFUPi, sup, -HFSUPi) of a UP-algebra
is a generalization of the concept of a sup-HFUPs (resp., sup-HFUP{, sup-
HFUPi, sup-HFSUPiI).

PROPOSITION 3.4. Let E be a HFS on A and s € (0,1]. Ifgis a sup; -
HFUPs (resp., sup, -HFUPf, sup, -HFUPI, sup, -HFSUPi) of A for all t €
(0, s], then & is a sup-HFUPs (resp., sup-HFUPY, sup-HF'UPi, sup-HFSUP1)
of A.

~ ~ ~

P r oo f. Suppose that SUPE(p * ¢) < min{SUPE(p), SUPE(q)} for some

~ ~

p,q € A. Choose t € (0,s] such that min{SUP¢{(p), SUP&(q)} —t > 0. Then

~ ~ ~

SUP, &(p) = max{SUP¢(p) — t,0} = SUP{(p) — ¢
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and R R R
SUP, ¢(q) = max{SUP¢(q) —t,0} = SUP¢(q) —t.

Since gis a sup; -HFUPs of A, we get
SUP; £(p * g) > min{SUP; £(p), SUP; €(q)}
= min{SUP&(p) — ¢,SUP{(q) — t}
= min{SUPE(p), SUPE(q)} —
> 0.
Thus,
SUP; €(p * q) = max{SUP(p + q) — t,0}
= SUPE(p *q) — t
< min{SUPE(p), SUPE(q)} —
= min{SUP; ¢(p), SUP; £(q)},
this is a contradiction. Therefore, §A is a sup-HFUPs of A.

Similarly, we can prove the other results. O

THEOREM 3.1. Every supy-HFUPY of A is a supf'-HF UPs.

Proof Let&bea supf'-HFUPT of A. Then
SUPPE(p * q) > min{SUP{E(q * (p * ), SUPPE(q)}

= min{SUP?£(0), SUP2¢(q )} (@5)
= SUP{¢(q)
> min{SUP{(p), SUPPE(9)}

for all p,q € A. Therefore, £ is a supy'-HFUPs of A. -

The following example shows the converse of Theorem [B11

ExaMmPLE 3.5. Let A= {0,p,q,r} be a UP-algebra with a binary opera-
tion * defined by the following Cayley table:

*|0 p g r
0|0 p q 7
pl0 0O p r
q|0 0 0 r
r|0 0 0 O
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We define a HF'S E on A as follows:
£(0) = [0,1],€(p) = (0.1,0.3),€(g) = (0.3,0.5],(r) = {0.2,0.4,0.6,0.7}.

Then, the following statements hold:
(1) £is a supg o-HFUPs of A but not a sup, ,-HFUPf of A because

SUPy,E(p) = 0.1 # 0.3 = min{SUPy,&(q * p), SUPy,E(q) -
(2) is a supg ¢-HFUPs of A but not a sup s-HFUPf of A because
SUP{4E(p) = 0.9 # 1 = min{SUP{&(q * p), SUP4E(q)}-

By taking ¢ = 0 in Theorem B.Il we have next Corollary [3.11
COROLLARY 3.1. [I0] Every sup-HFUPf of A is a sup-HF UPs.

THEOREM 3.2. Every supy-HFUPi of A is a supy-HFUPf.

Proof. Let gbe a supy-HFUP1 of A and p,q € A. Then SUP?E(O) >
SUP{¢(p) and

SUPE(q) = SUPE(0 * q) (UP-2))
> min{SUP{¢(0 « (p * ¢)), SUPFE(p) }
= min{SUPE(p * q), SUPSE(p)}. (UP-2))
Hence, E is a supy-HFUPT of A. a

The following example shows the converse of Theorem

ExampPLE 3.6. Let A= {0,p,q,r} be a UP-algebra defined in Example
Bl We define a HFS £ on A by:

£(0) = (0.7,0.8], £(p) = [0.5,0.6], £(q) = {0.4,0.5},£(r) = (0.3,0.5).
Hence, the following statements are true:

(1) £is a sup,, 3—HFUPf of A and since SUP, 3§(T * q) =02 %03 =

min{SUP, 3§(r * (p*q)),SUP, 35( )}, we get that € is not a sup 5-
HFUPi of A R

(2) f is a supo2 -HFUPf of A and since SUPJ,&(r * q) = 0.7 # 0.8 =
min{SUP; .25(7“ x (pxq)), SUP&E{p)}, we have that £ is not a SUpQ o
HFUPi of A.

By taking ¢ = 0 in Theorem B.2] we have next Corollary
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COROLLARY 3.2. [I0] Every sup-HFUPi of A is a sup-HFUPY.

THEOREM 3.3. Every supy-HFSUPi of A is a supy-HFUPi.

Proof. Let gbe a supy-HFSUPi of A and p,q,r € A. Then SUP?E(O) >

SUP?g(q) and

SUPPE(p + ) = min{SUPZE((r + q) (1 * (p+1))), SUPFE(q)}
£ ~

= min{SUPYE((r * q) * 0), SUPYE(q)} (@5))
— min{SUPSE(0), SUP%£(q)} ((UP-3))
— SUP{¢(q)
> min{SUP{E(p * (¢ + 7)), SUPFE(q) }-

Thus, 5 is a supf'-HFUPI of A. O

The following example shows the converse of Theorem [3.31

ExXAMPLE 3.7. Let A = {0,p,q,r} be a UP-algebra defined in Example
B3l We define a HFS £ on A as follows:

~ ~ ~ ~

£(0) ={0.8,0.9},&(p) = 0.2,0.7],£(q) = {0}, &(r) = (0.4,0.7).
Then, the following statements hold:
(1) is a sup, .-HFUPi of A but not a sup,, ,-HFSUPi of A because

SUPy,£(p) = 0 # 0.2 = min{SUPy ,£((r % 0) * ( * p)), SUP; ,£(0)}.
(2) is a supg ;-HFUPi of A but not a supg;-HFSUPi of A because
SUP 1&(p) = 0.8 # 1 = min{SUP{ £((r + 0) = ( + p)), SUP{ 1£(0)}

By taking ¢ = 0 in Theorem B.3] we have next Corollary 3.3
COROLLARY 3.3. [10] Every sup-HFSUPi of A is a sup-HFUPI.

By Theorem Bl Theorem B2, Theorem [3.3] Example 3.5 Example 3.6
and Example[3.7] we have that the concept of a sup'-HFUPs is a generalization
of the concept of a supf'-HFUP{, the concept of a supf’-HFUPT is a general-
ization of the concept of a supf-HFUP1i, and the concept of a sup®*-HFUPI is
a generalization of the concept of a supf'-HFSUPI.

THEOREM 3.4. A HFS E on A is a supf’-HFSUPi of A if and only if

~ ~

SUPZ¢(p) = SUPZE(0) for all p € A.
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P r oo f. Assume that Eis a supf-HFSUPi of A. Then for all p,q,r € A,
we have

SUP?E( ) > SUPY¢ ( ) and

~

SUPYE(p) > min{SUPSE((r * ) = (r  p)), SUPSE(q) ).
Thus,

SUPPE(p) > min{SUPE((p  0) = (p * p)), SUPFE(0)}
= min{SUP#£(0  0), SUP#£(0)}
= min{SUP{¢(0), SUP{E(0)}
= SUP{¢(0)
> SUPPE(p)

for all p € A. Hence, SUP2£(0) = SUP2E(p) for all p € A.

Conversely, assume that SUP?E(O) = SUP?g(p) for all p € A. Then for
all p,q,r € A, we get SUPZ¢(0) > SUPZ¢(p) and

SUP{E(p) > min{SUPSE((r + q) * (r +p)), SUPFE(q)}.

Therefore, gis a supf'-HFSUPIi of A. O

THEOREM 3.5. A HFS gon A is a sup, -HFSUPi of A if and only if the
supremum of all images of £ is equal or sup{SUP&(p) | p € A} <*t.

Proof. (=) Assume that £is a sup, -HFSUPi of A. By Theorem [3.4]

we obtain that SUP, E (0) = SUP, E (p) for all p € A. Now, we consider the
following two cases:

Case 1: Suppose that SUP&A(O) < t. Then SUP&A(O) — ¢ < 0 and so
SUP, €(0) = max{SUP{(0) — ¢,0} = 0. Thus, for all p € A, we see that

max{SUP(p) — t,0} = SUP; &(p) = SUP; £(0) =

Hence, SUP&A(p) —t <0 for all p € A, which implies that SUP&A(p) < ¢ for all
p € A. Therefore, we get sup{SUP¢(p) | p € A} <.
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Case 2: Suppose that SUP&A(O) > t. Then SUP&A(O) —t > 0 and so for all
p € A, we get
max{SUPE(p) — t,0} = SUP; &(p)
— SUP; £(0)
= max{SUPZ(0) — ¢,0}
= SUPE(0) —
> 0.

Thus, SUP&A(O) —t= SUPEA(p) —t for all p € A, which signifies that SUP&A(O) =
SUPE(p) for all p € A. Therefore, the supremum of all images of ¢ is equal.

( ) Assume that sup{SUP&A (p)lp € A} < t or the supremum of all images
of { is equal. If the supremum of all images of f is equal, then it is clear that
£isa sup, -HFSUPI of A. On the other hand, suppose that sup{SUP&( p €
A} <t. Then SUP, 5( ) = max{SUPE( )—t,0} = 0 for all p € A. Thus, for all
p,q,7 € A, we have SUP;&A(O) > SUP[&A(p) and SUP;&A(p) > min{SUPt_gA((r*
q) * (r=p)), SUP[E(q)}. Therefore, £ is a sup, -HFSUPIi of A. O

THEOREM 3.6. A HFS §A on A is a sup, -HFSUPi of A if and only if the
supremum of all images of £ is equal or inf{SUP¢(p) | p € A} +t > 1.

Proof. (=) Assume that £is a sup, -HFSUPi of A. By Theorem [3.4]
we have SUP; £(0) = SUP;£(p) for all p € A. Now, we consider the following
two cases:

Case 1: Suppose that SUPE\(O) +t<1. Let pe S. Then

SUP/&(p) = SUP{€(0)
= min{SUPE(0) + ¢, 1}
= SUPE(0) + ¢
<1,

and so SUP/&(p) = SUPE(p) + t. Thus, SUPE(p) + t = SUPE(0) + ¢ which
signifies that SUP{(p) = SUP£(0). Hence, the supremum of all images of ¢ is
equal.
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o~

Case 2: Suppose that SUP£(0) +¢ > 1. Let p € A. Then
SUP/€(p) = SUP/£(0)

~

= min{SUP&(0) +¢,1}
=1

~ ~ ~

Thus, SUP¢(p) +t > 1 and so SUP{(p) > 1 — t. Hence, inf{SUP{(p) | p €

o~

A} > 1 —t. Therefore, inf{SUP{(p) | p € A} +t > 1.

By the two cases, we can conclude that the supremum of all images of EA

~

is equal or inf{SUP¢(p) |[pe A} +¢ > 1.

(«=) Assume that the supremum of all images of §A is equal or inf {SUPg (p) |
p € A} +t > 1. We have that gis a sup; -HFSUPi of A if the supremum
of all images of §A is equal. On the other hand, suppose that inf{SUPg (p) |
p € A} +t > 1. Then SUP;&(p) = min{SUPE(p) +¢,1} = 1 for all p € A.
Thus, for all p,q,r € A, we get SUP?&A(O) > SUPfﬁA(p) and SUPZFEA(p) >
min{SUPtJrg((r xq)* (rxp)), SUPfg(q)}. Hence, £ is a sup; -HFSUPi of A. O

By taking ¢ = 0 in Theorem (or Theorem [3.6]), we have next Corollary
B.4

COROLLARY 3.4. [I0] A HFS ¢ on A is a sup-HFSUPi of A if and only if
the supremum of all images of £ is equal.

4. Level Subsets

We divide this section into two parts. We study supf*-upper s-level subsets
in the first part and supy-lower s-level subsets in the second part.

DEFINITION 4.1. (10, B]) Let € be a HFS on A and s € [0, 1], the sets

Ul s] = {x € A| SUPE(w) > s}

and

L[§ s = {z € A| SUP¢(2) < s}
are called a sup-upper s-level subset and a sup-lower s-level subset of E, res-
pectively.

In 2018, Mosrijai et al. [10] gave characterizations of sup-type of HFSs in
terms of sup-upper and sup-lower s-level subsets. In this work, we introduce
general concepts of sup-upper and sup-lower s-level subsets (seen in Definition
[4.2)) and use the concepts to characterize supy~-HFUPss, supf{'-HFUPfs, supf'-
HFUPis and sup$~-HFSUPis of UP-algebras.
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DEFINITION 4.2. Let € be a HFS on A and s € [0, 1], the sets
UP(€:s] = {o € A| SUP{E(a) > 5}
and R R
L7[§; s] = {x € A[SUP{¢{(x) < s}
are called a supf-upper s-level subset and a sup{-lower s-level subset of 5,
respectively. In this case: ¢t = 0, we have U§'[¢;s] = Ul[;s] and L§[E;s] =
L& s

4.1. supf-Upper s-Level Subsets.

In this part, we discuss the relations between sup®-HFUPss (resp., supf'-
HFUPfs, sup®-HFUPis, supf~-HFSUPis) and their supf*-upper s-level subsets.

THEOREM 4.1. A HFSE on Aisa supf'-HF'UPs of A if and only if Uf* [é\, s]
of A is a UP-subalgebra of A for all s € [0,1] with UX[; s] # 0.

Proof. (=) Let s € [0,1] and p,q € U?[¢; s]. Then SUPY{(p) > s and

SUP?EA(q) > s. Since ¢ is a supf-HFUPs of A, we get

~ ~ ~

SUPEE(p * q) > min{SUPF{(p), SUPFE(a)} > s.
Hence, p * ¢ € UX[E; s]. Therefore, UR[E; s is a UP-subalgebra of A.

~ ~

(«) Let p,q € A. We choose s = min{SUP{¢{(p), SUP{*¢(q)} and so we

have SUP{¢(p) > s and SUP{¢(q) > s. Thus, p,q € UP[E; s]. By assumption,
Uf[€; s] is a UP-subalgebra of A and so p *x g € UP[E; s]. Hence,

~ ~ ~

SUPPE(p = q) = s = min{SUP{{(p), SUPFE(g)}-
Therefore, E is a sup®-HFUPs of A. O

The proofs of Theorem , Theorem 3] and Theorem 4] can be estab-
lished by a similar arguments to the proof of Theorem A.1]

THEOREM 4.2. A HFS € on A is a supy-HFUPf of A if and only if U®[£; s]
of A is a UP-filter of A for all s € [0,1] with UX[¢; s] # 0.

THEOREM 4.3. A HFS € on A is a sup®-HFUPi of A if and only if U®[£; s]
of A is a UP-ideal of A for all s € [0,1] with UX[¢; s] # 0.

THEOREM 4.4. A HFS € on A is a sup®-HFSUPi of A if and only if
UP[&; s] of A is a strong UP-ideal of A for all s € [0,1] with Uf[§; s] # 0.
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By taking t = 0 in Theorem [Tl (resp., Theorem 2] Theorem [L3] The-
orem [A4]), we have next Corollary 1] (resp., Corollary 2], Corollary A3]

Corollary [£.4)).

COROLLARY 4.1. [I0] A HFS ¢ on A is a sup-HFUPs of A if and only if
UlE; s] of A is a UP-subalgebra of A for all s € [0, 1] with U[; s] # 0.

COROLLARY 4.2. [10] A HFS € on A is a sup-HFUPf of A if and only if
Ul¢; s] of A is a UP-filter of A for all s € [0, 1] with U[§;s] # 0.

COROLLARY 4.3. [10] A HFS € on A is a sup-HFUPi of A if and only if
UlE; s] of A is a UP-ideal of A for all s € [0, 1] with U[§;s] # 0.

COROLLARY 4.4. [I0] A HFS & on A is a sup-HFSUPi of A if and only if
UlE; s] of A is a strong UP-ideal of A for all s € [0,1] with U[&; s] # 0.

4.2. supy-Lower s-Level Subsets.

In this part, we discuss the relations between supy~-HFUPss (resp., supf'-
HFUPfs, sup?-HFUPis, supf’~-HFSUPis) and their sup{-lower s-level subsets.

For a HFS ¢ on A, the HFS &7 defined by £0(p) = {1 — SUP{( )} for
all p € A is said to be the supremum complement of{ Then SUP{C( ) =
1 — SUPE(p) for all p € A. We observe that (€9)C(p) = {SUPE(p)} for all
p € A, and then SUP(EC)C(p) = SUPg(p) for all p € A.

THEOREM 4.5. Let E be a HFS on A. Then EAC is a supy-HFUPs of
A if and only if L{[¢;s] of A is a UP-subalgebra of A for all s € [0, 1] with

L[E;s] # 0.

Proof (=) Let s € [0,1] and p,q € La[g, s]. Then max{SUP?&A(p),
SUP{¢(q)} < s. Since ¢ isa supf'-HFUPs of A, we obtain that
1— SUP{¢(p * q) = SUPPEC (p % g)
min{SUPE” (p), SUPES (9)}

= min{l — SUP{¢(p),1 — SUP?&( )}
= 1 — max{SUPZE(p), SUPFE ()}

v

Thus, SUP?g(p*q) < max{SUPf‘&A(p), SUP?E(q)} < s. Hence, p*q € Lf‘[g7 s].
Therefore, LY[¢; s] is a UP-subalgebra of A.
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( Let p,q € A. Choose s = max{SUPto‘A(p), SUP?A(q)}, then we have

)
{(p) < s and SUP“{( ) < s. Thus, p,q € LY[¢;s]. By assumption, we
get L{g; s] is a UP- subalgebra of A and so pxq € L{[€; s]. Thus, SUPE(p *
q) < s = max{SUP2&(p), SUP%£(q)}. Hence,

SUPSEC (p# q) = 1 — SUPSE(p * q)
> 1 — max{SUPZE(p), SUPPE(q)}
= min{1 — SUP{&(p), 1 — SUPFE(q)}
= min{SUPEC (p), SUPSEC (¢)}.

Therefore, EAC is a sup®-HFUPs of A. a

The proofs of Theorem 6] Theorem .7 and Theorem [£.8] can be estab-
lished by a similar argument to the proof of Theorem

THEOREM 4.6. Let §A be a HFS on A. Then EC is a supy*-HF'UPf of A if
and only if L[¢; s] of A is a UP-filter of A for all s € [0,1] with L{[¢; s] # (.

THEOREM 4.7. Let 5 be a HFS on A. Then EC is a supy-HF'UPi of A if
and only if L{[&; s] of A is a UP-ideal of A for all s € [0,1] with LY[¢; s] # 0.

THEOREM 4.8. Let E be a HFS on A. Then EAC is a sup*~-HFSUPi of A
if and only if L$[&;s] of A is a strong UP-ideal of A for all s € [0,1] with

L[E;s] # 0.

By taking ¢ = 0 in Theorem (resp., Theorem [4.6] Theorem [4.7] The-
orem [L8), we have next Corollary (resp., Corollary [4.6] Corollary [4.7]

Corollary [4.8)).

COROLLARY 4.5. [I0] Let £ be a HFS on A. Then £° is a sup-HFUPs
of A if and only if L[¢; s] of A is a UP-subalgebra of A for all s € [0,1] with

L[g; 5] # 0.

COROLLARY 4.6. [I0] Let ¢ be a HFS on A. Then &€ is a sup-HFUPF of
A if and only if L[§; s] of A is a UP-filter of A for all s € [0,1] with L[¢; s] # 0.
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COROLLARY 4.7. [I0] Let € be a HFS on A. Then &° is a sup-HFUPi of
A if and only if L[§; s] of A is a UP-ideal of A for all s € [0,1] with L[¢; s] # 0.

COROLLARY 4.8. [10] Let € be a HFS on A. Then £ is a sup-HFSUPi
of A if and only if L[{; s] of A is a strong UP-ideal of A for all s € [0, 1] with

L[g; 5] # 0.
5. Conclusions and Future Works

In the present paper, we have introduced the concept of a supy-HFUPs
(resp., sup-HFUPf, supf-HFUP1, supf'-HFSUP1I), which is a generalization of
the concept of a sup-HFUPs (resp., sup-HFUP{, sup-HFUPi, sup-HFSUP1), of
UP-algebras, and investigated some of its essential properties. Then, we have
the generalization diagram of these HFSs below.

sup-HFUPs (" sup-HFUPf " sup-HFUPi " sup-HFSUPi

i M N 1

sup”-HFUPs < sup“HFUPf -~ sup“HFUPi ~* sup*HFSUPi

In our future study of UP-algebras, the following objectives are considered:

e to get more results of supf'-hesitant fuzzy substructures,

e to define anti-type of supf'-hesitant fuzzy substructures,

e to define neutrosophic sets by means of supf'-hesitant fuzzy substruc-
tures.
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