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Abstract

Consider a simple, finite, undirected, connected graph G on g vertices. De-
pending on the context, various matrix representations of GG are available in
literature. One such matrix representation is sum-connectivity matrix SC(G)
which is of order g x ¢ with G vertices indexing its rows and columns. The

.. . 1 . . . .
(i)™ entry of SC(G) is T if the corresponding vertex pair (v;,v;) € E;

otherwise it is 0. The summation of absolute eigenvalues of SC(G) is called
sum-connectivity energy and denoted as E[SC(G)]. In the article, we de-
termine sum-connectivity energy for some generalized graph operations other
than product graphs. Further, we establish the results in terms of the base
graphs.
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1. Introduction

Consider simple, undirected and connected graph G with |V| = ¢ and
|E| = s. Two vertices v; and v; are said to be adjacent if there is an edge
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connecting them and denoted as v; ~ v;. A vertex degree is termed as total
amount of edges attached in it, and written as d;. When an edge connects each
vertex to every other vertex, then the graph is said to be complete. Adjacency
matrix of graph G is a matrix of order ¢ denoted B(G) = [b;;] such that
b;; = 1 for each adjacent pair v;,v; and 0, otherwise. A p-regular graph is one
in which each of its vertex has same degree p. A bipartite graph is a graph
whose vertices are partitioned into two disjoint vertex sets such that no edges
connects vertices within the same set. Further in a bipartite graph, if every
vertex of one set is attached to every other vertex of the partitioned set, then
it becomes a complete bipartite graph.

Randic, in 1975, defined a molecular descriptor R(G) = \/_, called
Vi~V

the product-connectivity (also called as Randic) index. In analogous to this
product-connectivity index, another molecular descriptor sum-connectivity in-
dex is defined as follows:

v;} Vd; +d

Todeschini and Consonni [9] compiled the application of topological indices
in modelling the structural property relationships. Molecular descriptors is
highly applicable in the study of physical and chemical properties of molecular
compounds, biomedical fields, bio informatics etc. The prime factor for the
popularity of these indices is its intensive affability in solving problems in
connection to the theory of those disciplines. Some of the applications of
sum-connectivity indices in modelling few molecular properties are given in
[3].

The sum-connectivity matrix SC(G) = (s;;) of graph G is constructed as

1 .
— if (v;,v;) € FE
Jz{\/m (wi,vi) € B,

0, otherwise.

As the entries of the matrix SC(G) is symmetric and real values, its eigen-
values are also real values. Let ¢(SC(G),n) = det(nl — SC(G)) represent
characteristic polynomial of SC(G). If ny,m2,...,ns are distinct eigenvalues
of SC(G), then the sum-connectivity spectrum along with multiplicities is
represented by

nmoon2 ... s
Spec(SC(GQ)) = <m1 My m8> ,
where m; is the multiplicity of the eigenvalue ;.

The summation of absolute values of sum-connectivity matrix is called
sum-connectivity energy and denoted as

q
=> |nil.
=1
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DEFINITION 1.1. For every vertex u of GG, when a new vertex v is added
in such a way v is connected to each vertex which is connected to u, the
splitting graph S!(G) is formed. Similarly by adding ¢ additional vertices
u1, U2, Us, . .., U to each vertex u of GG, such that for 1 < ¢ < t, the t-splitting
graph S*(G) is formed by joining u; to all the vertices that is connected to u
in G. Take Gy, G5 as two copies of G and attach every vertex u of G to the
corresponding neighbouring vertices v of G3. This will result in the construc-
tion of the shadow graph D?(G). Similarly by making ¢ copies Gy, G, ..., Gy
of G, the shadow graph D!(G) is formed by connecting every node/vertex u
of G; to neighbours of adjacent node/vertex v of G; for 1 <1i,j5 <t.

DEFINITION 1.2. The Kronecker product of P, a matrix of order a X b
and (), a matrix of order ¢ x d is calculated by

dn@ ... dpQ
PeQ=1 + .
dalQ s dabQ

LEMMA 1.1. Let X, Y be the eigenvectors of the matrix P, ) of order a

and b with respect to the eigenvalues 1; and n;. Then, XY is the eigenvector
of the Kronecker product P ® () corresponding to the eigenvalue 1;;.

LEMMA 1.2. Let Ai1, A1o, A13, A14 be matrices of order q. If Ayy is

invertible and S = A Aw . Then, det S = detAy4-det[A1q —A12A1_41A13].
A1z A

B. Zhou and N. Trinajstic [II] have found lower and upper bounds for
sum-connectivity energy. K.N. Prakasha and S.K. Reddy [2] computed sum-
connectivity energy for some specific types of graphs. Puttaswamy et al. [4] [5]
computed Randic and sum-connectivity energies for certain graph families.
M.J. Sridevi et al. [§] obtained inverse sum-connectivity energy and its bounds
for certain graphs.

In this study, we first determine sum-connectivity energy for t-splitting and
t-shadow graphs. Also we investigate sum-connectivity energy for duplication,
subdivision for p-—regular graphs and establish a relation of sum-connectivity
spectrum in terms of adjacency matrix spectrum of the graphs taken into
consideration.

2. Sum-connectivity energy of t-splitting and t-shadow graphs

In this section, computations of sum-connectivity energy of t-splitting and
t-shadow graphs of regular graphs have been done.
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THEOREM 2.1. Let G be p-regular graph of order q. The sum-connectivity
energy of t-splitting graph of G is given by

Blsc(stey) = LRSI g,

Proof Let vy,va,...,v, be vertices of graph G. Let S*(G) be graph

obtained on adding vertices v{,vs, ..., vy, v%,v%,...,vé,..., vi,vh, ..., vl to
v1,V2,03,...,0g. For each vertex v; in G, v/, 1 < j < t, is adjacent to all

neighbours v; of G. Hence, sum-connectivity matrix for S*(G) denoted as
SC[S*(@Q)] can be expressed by block matrix of order (t+ 1) x (¢t + 1) as

A=SC(G) (\[75H5C(G) ... \[75SC(G)

V250G 0 0
= (@) | | | = A® SC(G),
25C(G) 0 0

where the matrix A is given by

1 2 [ 2 2
Vitt+1 t+2 t+2 te t+2
2 0

L |V 0 ... 0
2
20 0 ... 0

Therefore characteristic polynomial of A is given by the polynomial ¢(A —
pl) = pt=1 (,u2 _ ﬁ” —t (t%)) The corresponding spectrum is

2(t+1)(t12)

0 (t+2)VE+1+V/8¢2433t3 +45¢2+24¢+4
t—1 1

Spec(A) = (

Hence the spectrum of SC[S!(G)] is

2(+1)(1+2)

0 ( (t+2)Vt+14v8t1+33t3 +45t2+24¢+4 )
i i
t—1 1 ’

Spec(SC[SH(@)]) = (
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where 7); are eigenvalues of SC(G). The computation of the sum-connectivity
energy is then as follows:

B[SC(S'(G)]

zq: (t+2)VE+1+ VB +3363 + 45> + 24t +4)
2 2(t+ 1)(t +2) "
_|_

(t+2)Vt+1— VBT +333 + 4502 + 24t +4)
2(t+ 1)(t + 2) 1

(t +2)V/t+ 1+ /8t4 + 3363 + 4512 + 24t + 4
20t + 1)(t + 2)

—lel

\/8t4 +33t3 + 4562 4 24t +4 — (t +2)V/E + 1
2(t + 1)(t + 2)

zq: n |2\/8t4 + 3313 + 452 + 24t + 4

2(t+ 1)(t + 2)

_ \/8t4 + 3363 + 45¢% + 24t + 4
- (t+1)(t+2)

E[SC(G)).
O

The following corollaries are obtained by substituting the suitable regular-
ity parameters in the above result.

COROLLARY 2.1. The sum-connectivity energy of t-splitting graph of
cycle graph C, is given by

V8% 1 3313 1 4512 + 24t 1 4 §

BISC(S' (€l = t+ 1)t +2)

COS —
=0 q

COROLLARY 2.2. The sum-connectivity energy of the t-splitting graph of
complete graph K, is

V84 + 3313 + 4512 + 24t + 4
E[SC(SY(K,)] = \/2q — 2 )
[SC(5°(K,y)] 4 t+1)(t+2)

COROLLARY 2.3. The sum-connectivity energy of t-splitting graph of
complete bipartite graph K, , is given by

V/8t% + 3313 + 45¢2 + 24t + 4
)] =2

BSOS (Ky )] = (t+1)(t+2)
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THEOREM 2.2. The sum-connectivity energy of t-shadow graph of D'(G)
is

E[SC(DY(G)] = vVt E[SC(G)).

P r oo f. The sum-connectivity matrix SC[D*(G)] of D!(G) can be ex-

pressed as %J ®SC(G) where J is the all-ones (i.e., all the elements are exactly

t
- 0
one) matrix of order ¢ x t. The spectrum of %J = < \f b1 > There-

fore, sum-connectivity spectrum of D(G) is < \/im to—ml > where 7;, i =

1,2,...,q are eigenvalues of SC(G). Hence, E[SC[DY(G)]] = Y%, Vtni| =
VIE[SC(G)). 0

The following corollaries are obtained by substituting the suitable regular-
ity parameters in the above result.

COROLLARY 2.4. E[SC(D'(C,)] = vt Y-} ‘COS ok |

COROLLARY 2.5. E[SC(D'(K,)] = /t(2q — 2).
COROLLARY 2.6. E[SC(D'(K,,)] = v2qt.

3. Sum-connectivity energy for graph duplication

DEFINITION 3.1. Duplication of a vertex v by an edge is obtained when
we add a new pair of adjacent vertices v' and v” (the adjacent edge is labeled
as e, = (vv")) such that v is made adjacent to both v and v”. When this
duplication is done to all the vertices of GG, the result is a new graph G* with
3|V (G)| vertices and |E(G)| 4 3|V (G)| edges.

THEOREM 3.1. Consider a p-regular graph G of order q. Let B(G) be
the adjacency matrix with n1,12,...1, being its eigenvalues. Let G* be new
graph formed on duplicating each vertex of G by an edge. Then

q

w7 4 n? i p+36
BlSC(@)] = 1+ 3" |\t~ ey ¢ 8
i=1
Proof. Let vi,vg,...,v, be vertices of G. Let we duplicate vertices
v1,v2,...,74 all together by edges eq,e,..., e, respectively such that e; =
V)Y, e = vyvy, ..., e = vy, to obtain new graph G*. Then SC(G*) can be
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written in block matrix as

—L_B(G) C
= ( VEora
soi@) = (s Iq®%B<K2>>’

where

1 1
Vp+d  VpFi 0 0 0 ’
0 0 25 0 0
O pt4  Vp+d
1 1
0 0 0 0 Vprl  Vprd
The characteristic polynomial for SC(G*) is
puly — ;B(G) c
$(SC(G* : =‘ o
( ( )) CT Iq ® (ILLIQ — %B(KQ))
= (-1 (ufq ~ 75 B(G) = C (ul — 3 B(K) ' @ 1) CT‘
/2 1\4 1 1 T
= (W* = 1)"|nls ~ S5 B(G) - C <Mz_% (ul + B(Kz) © Iq)) ¢

= |(1? = }) (uly = B(G)) = C((ulz + B(K2)) @ I,)CT| .

1 1
== B 0 0 0
0 0 L L 0 0
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—

p+4 0 0
19 0 0 0 s 0 0
Ho5 p+4 .

s w00 0 0 0 i 0
. . . 0 1 0
. . Vp+4
0000 p 3 : :
000 1 1

5 M 0 0 o
00 VTl
2u+1
20 0 0
pid 2u+1 2u+1
— 0 0 R .0 =2t g,
: ‘ : K 2:+1
0 0 0 .. 25

Therefore, ¢(SC(G* : pn)) = ‘(,u — 1) (uly, — B(G)) — Zﬁ (n+3) Iq‘ .
We know that the product of eigenvalues is equal to the determinant of a
matrix. Hence we can derive the following:

oSO ) =[] (n=4) (n+3) (n— o) — 2 (0 + )

<O DT [ o i) 21

i=1
q

_ 1\4 2 213 2

= (u+3)'[] _(” - \/_2p+_4) 5+ 5T p+4]
=1

= (n+3)"

.,:]Q

.
Il
—

(o= 8) + (e =)

Therefore the spectrum of SC(G*) is given as

_1 1 i 1 n? p+36
2 3 [<\ﬁ2p+4 + 2) + \/ 2pH4 \/2p+4 + 4(p+4):| 7
q 1

where 1n;,4 = 1,2, ... q are eigenvalues of G. Adding the absolute values from
the spectrum we get

q
* q
ESC(GM)] =5 g

+ p+36
2p+4 \/2p+4 4(p+4) |
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DEFINITION 3.2. The process duplication of an edge e = u ~ v by a
vertez w is such that N(w) = {u,v}. When this procedure is done for all the
edges in a graph G, the resulting graph G* has |V (G)| + 2|E(G) vertices and
3|E(G)| edges.

THEOREM 3.2. Let G be the graph obtained on duplicating every edge
of p-regular graph G by new vertex. Then the sum-connectivity energy of G*
given by

q
i 777,-'1-17)
plscich] = 3 |\ + 2.
P roof. Let the vertices of G be labeled as vi,v9,...,v, and edges as

€1,€2,...,es where s = |E(G)|. Let B(G) be its adjacency matrix with eigen-
values 71,72,...,m4 and let F'(G) be the incidence matrix of G. Let us du-
plicate edges e, e, ...,es by vertices €}, ¢h,..., €. to obtain new graph G*.
Then sum-connectivity matrix SC[G] is expressed as

SC(Gi):< w20 i) >

el 0
Therefore,
1 1
S50(GH - ) = | M1 L VD) )
\/WF(G) pls

(1ly = 5B(@) = Flul;HE|
=p’ (qu - ﬁB(G)) - iFFT‘

— ( (;ﬁfq - \/L4_pB(G)) s (B + pI, )(

Since n;, i = 1,2,. .. q are eigenvalues of B(G) and by applying the property
of eigenvalues, we get

n
o1SC(G : )] = = T (2 = nk — s i + 1))
i=1
Therefore the sum-connectivity spectrum of G¥ is given as

1 i n; . 2(nit+p)
o 4[(F VB TE)

s—q 1
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Hence,
q
7 2(mit
BISC(GH] =37 |y 5 + 25

1=1

O
4. Sum-connectivity energy for graph subdivision

THEOREM 4.1. Let G be p-regular graph on q vertices vi,v2,...,v, and

s edges e1,€2,...,es. Let G* be subdivision graph of G. Then E[SC(G?®)] =
2 Z 777,+P

Tpr2

Proof. Let B(G) and F(G) respectively represent the adjacency and
incidence matrices of G. Then sum-connectivity matrix of G° can be written
as

0 LF(G
so@) = | oy B
Vp+2 ( ) s
The characteristic polynomial of sum-connectivity matrix of (G*®) is
\ wl L_P(G)
SSCE) ) =| 1 pyr
Vpr2 His

(ufq - (p—iz)F(uf;l)FT) ‘

:/f S(qu - <p+2) FFT)‘
= 17| (421, — 5B+ p1)|.

Since 71,12, .. .14 are eigenvalues of B(G), we have

q
o(SC(G) s ) = = T (w2 = 7 n:+7))
=1
Hence
m+p n2+p Ng+p
spec(sc(@) = O Tz T o FYom |
s—q 1 1 1
Therefore,
S 1+)
EISC(GY) g
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5. Conclusion

In this article, we have investigated sum-connectivity energy of ¢-splitting
graph and t-shadow graph that can be obtained from sum-connectivity energy
of G itself. Also we have obtained sum-connectivity spectrum and energy
parameters for duplication, subdivision in relation of spectrum of adjacency
matrix of graph taken under consideration.
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