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1. Introduction

Eigenvectors and eigenvalues inherently feature in almost all spheres of
the sciences. In mathematics there are many consequences of the fact that the
eigenvectors form a canonical basis for the representation of a linear operator.
The ratio of the dominant to least dominant eigenvalues of a symmetric linear
system, determines the conditioning of that system [9]. The diagonalizabil-
ity of symmetric matrices provides a means of solving a coupled system of
linear differential equations. The nature of the eigenvalues of the Jacobian
matrix determines the stability of the latter system. As there are numerous
applications of eigenvalue theory, we shall focus on some recent ones only.
Eigenmodes are used in data representation, operations on data as well as in
the training of machine learning models [12]. They are indispensable in the de-
velopment of algorithms for robotics [16], facial recognition [17] and language
processing [18]. For example in principal component analysis, the dominant
mode of the covariance matrix of a data set, is used to reduce the dimension
of the problem [13]. Image compression using only few dominant eigenmodes
retains most of the information pertaining to the image [14]. Google serves up
web pages according to the PageRank score, which depends on the principal
eigenvector of the Google matrix [2]. Recently the eigenvalues of a matrix
was used to analyse peak viral load of the SARS-Cov2 virus [1]. The spread
sp(A) of the adjacency matrix is useful in graph theory and its applications
[3]. When most of the eigenvalues of the cryptocurrency correlation matrix lie
outside the interval (λmin, λmax), where λmin, λmax represent the minimum
and maximum eigenvalues of a random symmetric matrix of the same order,
then there is good correlation between the respective cryptocurrencies. In
quantum mechanics, the eigenvalues of the Fock matrix represent molecular
orbital energies [15]. Iterative methods like the QR algorithm [19] is efficient
and stable to compute all the eigenvalues. For sparse Hermitian matrices the
Lanczos algorithm is preferred [8]. For large matrices, when few of the dom-
inant modes are required, it is not feasible to use these methods. Bounding
the spectrum σ(A) of symmetric matrices is important in first attempting to
locate the eigenvalues. These have been discussed extensively, using both the
trace tr(A) and projections [4, 5, 6, 7]. We shall show in this article how it
is possible to determine the first three dominant modes of a real symmetric
matrix, without using deflation [10]. We use Julia Version 1.10.0 with nlsove
for our computations.

2. Theory

Let A ∈ Rn×n have N ≤ n distinct eigenvalues λi, i = 1, 2, . . . N , arranged
such that

|λ1| > |λ2| > |λ3| > · · · |λN−1| > |λN |. (1)
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We shall denote the algebraic multiplicity of λi by mi. Since Rn = ⊕N
i=1N(A−

λiI), where N(A − λiI) denotes the nullspace of A − λiI, it follows that
arbitrary x0 ∈ Rn, ∥x0∥ = 1, may be expressed uniquely by

x0 =

3∑
i=1

ciui + e, (2)

where {ui}Ni=1, ∥ui∥ = 1 denotes a set of normalized mutually orthogonal eigen-
vectors corresponding to {λi}Ni=1 and

e =
N∑
i=4

ciui. (3)

Then

Akx0 =
3∑

i=1

ciλ
k
i ui +Ake (4)

⟨Akx0,x0⟩ =
3∑

i=1

c2iλ
k
i ui + ⟨Ake, e⟩. (5)

Let αk = ⟨Akx0,x0⟩,di = c2i and ek = ⟨Ake, e⟩, then we may write

αk =
3∑

i=1

diλ
k
i + ek, (6)

αk+1 =
3∑

i=1

diλ
k+1
i + ek+1. (7)

(8)

Let S = {1, 2, 3} and choose p ∈ S. Multiply (6) by λp and subtract from (7)
to obtain

αk+1 − λpαk =
3∑

i=1
i ̸=p

di(λi − λp)λ
k
i + ek+1 − λpek. (9)

Replacing k by k + 1 in (9) results in

αk+2 − λpαk+1 =
3∑

i=1
i ̸=p

di(λi − λp)λ
k+1
i + ek+2 − λpek+1. (10)

Choose q ∈ S, q ̸= p, multiply (9) by λq and subtract from (10) to obtain

αk+2 − (λp + λq)αk+1 + λpλqαk (11)

= dr(λr − λp)(λr − λq)λ
k
r + ek+2 − (λp + λq)ek+1 + λpλqek, (12)
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where r ∈ S, r ̸= p, q. Thus (12) simplifies to

αk+2 − (λp + λq)(αk+1 − ek+1) + λpλq(αk − ek)

= dr(λr − λp)(λr − λq)λ
k
r . (13)

Replacing k by k + 1 in (13), we have

αk+3 − (λp + λq)(αk+2 − ek+2) + λpλq(αk+1 − ek+1)

= dr(λr − λp)(λr − λq)λ
k+1
r . (14)

Taking the ratio of (14) and (13) yields

λr =
αk+3 − (λp + λq)(αk+2 − ek+2) + λpλq(αk+1 − ek+1)

αk+2 − (λp + λq)(αk+1 − ek+1) + λpλq(αk − ek)
. (15)

Now ek = ⟨Ake, e⟩ = O(λk
4), and αk = O(λk

1), thus
|ek|
|αk| = O(|λ4

λ1
|k) << 1 for

k large, thus we shall ignore all ek+i, i = 0, 1, 2, 3 terms in (15). Also replacing
k by k + 1 in the resulting equation yields

λr =
αk+3 − (λp + λq)αk+2 + λpλqαk+1

αk+2 − (λp + λq)αk+1 + λpλqαk
(16)

=
αk+4 − (λp + λq)αk+3 + λpλqαk+2

αk+3 − (λp + λq)αk+2 + λpλqαk+1
. (17)

Equation (17) is written as

[αk+3 − (λp + λq)αk+2 + λpλqαk+1]
2

= [αk+2 − (λp + λq)αk+1 + λpλqαk]

× [αk+4 − (λp + λq)αk+3 + λpλqαk+2] . (18)

Equation (18) may be simplified to yield

a
(0)
k + a

(1)
k (λp + λq)

2 + a
(2)
k λ2

pλ
2
q + a

(3)
k (λp + λq)

+ a
(4)
k λpλq + a

(5)
k λpλq(λp + λq) = 0, (19)

where

a
(0)
k = α2

k+3 − αk+2αk+4 (20)

a
(1)
k = α2

k+2 − αk+1αk+3 (21)

a
(2)
k = α2

k+1 − αkαk+2 (22)

a
(3)
k = αk+1αk+4 − αk+2αk+3 (23)

a
(4)
k = 2αk+1αk+3 − α2

k+2 − αkαk+4 (24)

a
(5)
k = αkαk+3 − αk+1αk+2. (25)
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Let λp = x and λq = y and define functions f(x, y) and g(x, y) from (19) by

f(x, y) = a
(0)
k + a

(1)
k (x+ y)2 + a

(2)
k x2y2 + a

(3)
k (x+ y)

+ a
(4)
k xy + a

(5)
k xy(x+ y), (26)

g(x, y) = a
(0)
k+1 + a

(1)
k+1(x+ y)2 + a

(2)
k+1x

2y2 + a
(3)
k+1(x+ y)

+ a
(4)
k+1xy + a

(5)
k+1xy(x+ y). (27)

The solution of the non-linear system f(x, y) = 0 , g(x, y) = 0 will yield
approximations to λp and λq. Thereafter an approximation to λr may be
obtained from (16) It is obvious that we could solve for one of (λ1, λ2), (λ2, λ3)
or (λ1, λ3), from the non-linear system.

Lemma 2.1. The only possibility for r in (16) is r = 1.

P r o o f. Since αk = O(λk
1) we let αk = Kλk

1 for some constant K. Thus
(16) becomes

λr =
Kλk+3

1 −K(λp + λq)λ
k+2
1 +Kλpλqλ

k+1
1

Kλk+2
1 −K(λp + λq)λ

k+1
1 +Kλpλqλk

1

= λ1.

2

Thus while it is possible to solve for λ1 from the non-linear system, this
is not advocated. Rather we choose to determine the second and third modes
from (26)-(27) and then use (16) to determine the first mode. For this we

require starting values λ
(0)
2 and λ

(0)
3 . We label the solutions of the non-linear

system by λ
(1)
2 and λ

(1)
3 . Substituting λp = λ

(1)
2 and λq = λ

(1)
3 into (16) shall

yield λr = λ
(1)
1 . Further refinements of λ

(1)
i shall be labelled λ

(2)
i , λ

(3)
i , for

i = 1, 2, 3. The Algorithm below summarizes our technique.

Algorithm.

1: choose x0 ∈ Rn randomly, ∥x0∥2 = 1.
2: for i = 1 to k do
3: x1 = Ax0

4: x0 = x1

5: end for
6: for i = 0 to 5 do
7: αk+i = ⟨Ak+ix0,x0⟩
8: end for
9: for i = 0 to 5 do

10: code a
(i)
k and a

(i)
k+1 from (20)-(25)

11: end for
12: code functions f(x, y) and g(x, y)
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13: choose λ
(0)
2 and λ

(0)
3

14: call non-linear solver nlsolve to obtain λ
(1)
2 and λ

(1)
3

15: evaluate λ
(1)
1 from (17)

16: for i = 1 to 3 do
17: use x0 from 1
18: for j = 2 to 3 do

19: solve
(
A− λ

(1)
i I

)
x1 = x0 for x1

20: x1=
x1

∥x1∥

21: λ
(j)
i = ⟨Ax1,x1⟩

22: x0 = x1

23: end for
24: end for

Theorem 2.1. For a symmetric matrix A ∈ Rn×n with distinct eigen-
values λN−i ≤ λN+1−i, i = 0, 1, · · ·N , N ≤ n and x ∈ Rn with ∥x∥2 = 1, we
have

λN ≤ ⟨Ax,x⟩ ≤ λ1. (28)

P r o o f. We prove the right hand side of (28), as the left hand side is
proved in a similar manner.

⟨Ax,x⟩ =

〈
N∑
i=1

ciλiui,
N∑
j=1

cjuj

〉

=

N∑
i=1

c2iλi

≤ λ1

N∑
i=1

c2i

≤ λ1⟨x,x⟩
≤ λ1.

2

We note that the arrangement of eigenvalues in (1) and Theorem 2.1 agree
for positive definite matrices, while for symmetric matrices they may differ.
Consider for example the case when λN may be negative and the dominant
mode. Let ei be the standard basis vectors in Rn and e = 1√

n

∑n
i=1 ei. With

ei and e in theorem 2.1 we have

λN ≤ aii ≤ λ1, (29)
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Table 1. Iterates for Example 2.1, k = 4, ⋆ - Julia solution

i λ
(i)
3 λ

(i)
2 λ

(i)
1

0 8.0 16.0
1 8.487650857031687 10.944130708600321 38.150151999102306
2 8.891929083181118 10.955165340452973 38.150151999442870
3 8.737124078747227 10.955119263606380 38.150151999442876
⋆ 8.736398057639342 10.955119264010982 38.150151999442855

and

λN ≤ 1

n

n∑
i,j=1

aij ≤ λ1, (30)

respectively. We shall use these two relations to infer weak approximations to

λ
(0)
2 and λ

(0)
3 .

Example 2.1. The positive definite matrix A given by

A =


8 6 4 8 6
6 16 6 9 9
4 6 14 4 4
8 9 4 10 5
6 9 4 5 16

 ,

has mi = 1 for i = 1, 2, · · · 5. From (29) we have λ5 ≤ 8, 16 ≤ λ1 and from

(30) we have 37.2 ≤ λ1. We thus choose λ
(0)
2 = 16 and λ

(0)
3 = 8. Our results

are presented in Table 1.

Example 2.2. The positive definite matrix A given by [11]

A =



7 6 5 4 3 2 1
6 6 5 4 3 2 1
5 5 5 4 3 2 1
4 4 4 4 3 2 1
3 3 3 3 3 2 1
2 2 2 2 2 2 1
1 1 1 1 1 1 1


has mi = 1 for i = 1, 2, · · · 7. Since (30) yields λ1 ≥ 20, we safely choose

λ
(0)
2 = 7 and λ

(0)
3 = 1. Results are presented in Table 2.
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Table 2. Iterates for Example 2.2,K = 4, ⋆ - Julia solution

i λ
(i)
3 λ

(i)
2 λ

(i)
1

0 1.0 7.0
1 0.9793886240731051 2.6178634072214764 22.880782741943560
2 0.9991918942033494 2.6180338192233180 22.880782741943563
3 0.9999973965603144 2.6180339887498910 22.880782741943555
⋆ 1.0 2.6180339887498905 22.880782741943566

Example 2.3. The symmetric matrix A given by [11]

A =


1 2 3 0 1 2
2 4 5 −1 0 3
3 5 5 −2 −3 0
0 −1 −2 1 2 3
1 0 −3 2 4 5
2 3 0 3 5 6

 ,

has m1 = m2 = m3 = 2. With λ
(0)
3 = 1.0 and λ

(0)
2 = 6.0, the non-linear

solver gives the results −1.6963154266448344 and 12.427957511551377, while
(16) gives 12.411336410744177. We thus realize that the non-linear solver has
converged to an approximation to λ1. Therefore we adjust the starting values

to λ
(0)
3 = 1.0 and λ

(0)
2 = 5.0 and present the results in Table 3. We note that

(30) gives λ1 ≥ 10.33.

Table 3. Iterates for Example 2.3, k = 3, ⋆ - Julia solution

i λ
(i)
3 λ

(i)
2 λ

(i)
1

0 1.0 5.0
1 0.29806558556995827 −1.6963227701119097 12.411336411721404
2 0.28540359025218100 −1.6963228483959059 12.411336411721406
3 0.28498642551671400 −1.6963228483959134 12.411336411721406
⋆ 0.28498643667451135 −1.6963228483959136 12.411336411721406

Example 2.4. Here we consider a symmetric pentadiagonal matrix A of
order 10 [11], with the elements defined by ai,i+1 = ai+1,i = 1, i = 1, 2, · · · 9,
ai,i+2 = ai+2,i = 1, i = 1, 2, · · · 8, a11 = a99 = −1 and aij = 0 otherwise.

The eigenvalues are given by

λi =

[
1

2
− 2 cos

(
kπ

11

)]2
− 9

4
,
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Table 4. Iterates for Example 2.4, k = 7, ⋆ - Julia solution

i λ
(i)
3 λ

(i)
2 λ

(i)
1

0 -1.0 0
1 −2.1846834806288060 2.5120004078949414 3.6014922696845706
2 −2.1945327394890652 2.5133454218165980 3.6014930128912184
3 −2.2034648048291210 2.5133370916803606 3.6014930128913570
⋆ −2.2036156237755650 2.5133370916661337 3.6014930128913583

Table 5.

Ex |αk| |ek|
1 3.9× 1012 28.9
2 6.5× 1010 2.3
3 3.4× 106 991.3
4 4.0× 107 1.4

and are clearly distinct. We choose λ
(0)
3 = 0 and λ

(0)
2 = −1 and present the

results in Table 4. We note that (30) gives λ1 ≥ 3.2.
Table 5 summarizes the absolute values of αk and ek for our examples.

3. Discussion

Table 1 exhibits very accurate results for λ1 and λ2 and slightly less so
for λ3. Table 2 gives excellent results for all three dominant modes. From
Example 2.3 we realize that in order to determine all three modes, we require

λ
(0)
3 and λ

(0)
2 to be not close to the value of λ1, otherwise we encounter the

risk of converging to λ1 from nlsolve, a situation we would like to avoid. Our
algorithm also succeeds when the eigenvalues are close together or clustered.
In this case it is necessary to choose larger values for k. Also if a negative
mode is dominant, it is also computed as per Example 2.4. It is obvious that

better approximations to λ
(0)
3 and λ

(0)
2 , will accelerate the convergence of the

non-linear solver. Table 5 shows that | ekαk
| << 1, justifying out omission of ek

in our computation.

4. Conclusion

We have provided a robust algorithm for determining the first three domi-
nant eigenmodes of a real symmetric matrix. Our method succeeds even if the
dominant modes have algebraic multiplicities greater than one. It is also pos-
sible to determine the second and third mode independent of the first mode.
Our examples justify the effectiveness of the technique.
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