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Abstract

Let G be a finite group and K and H be two subgroups of G. Then K
permutes with H if and only if KH = HK. The Perm-graph of a finite
group G is the graph ' whose vertices set is the set of all subgroups of
G, and two distinct vertices H; and Hy are adjacent if and only if they
are permute. In this article we will introduce the Perm-graph of finite
groups, which is a new graph representation of finite groups. Then we
discuss some properties of such graph in order to show how it detect the
properties of the group itself.
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1. Introduction

The first graph representation of finite groups was introduced by A.
Cayley in 1878. In this representation, the vertices correspond to the
elements of the group, and two vertices x and y are adjacent if there
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exists an element z € G such that x = zy. Another well-known graph
associated with finite groups is the power graph. In the power graph of
a group G, all its elements serve as vertices, and two distinct vertices are
connected if one of them is a power of the other [I]. According to [2],
some properties of the power graph have been investigated. Additionally,
the commuting graph is another graph representation of a finite group
G. In this graph, a non-empty subset H of GG acts as the set of vertices,
and two distinct vertices are adjacent if and only if they commute [3] 4].
The order graph is yet another representation of finite groups, which is
constructed according to the order classes of the given group [5].

In this paper, we introduce a new graph representation of finite
groups, referred to as the Perm-graph. This graph is developed us-
ing a familiar concept in group theory, namely permutable subgroups
[6]. First, we define the notion of a Perm-graph, and then we explore
some of its properties to demonstrate how this representation reveals
characteristics of the group itself.

2. Preliminaries and notations

The considered groups in this research are finite groups. For a group
G, the identity element is e and the order of G is |G|. Recall that a
subgroup H of G permutes with a subgroup K of G if HK = KH,
where HK = {xy |z € H , y € K}. In particular, a subgroup H of G is
called permutable subgroup if HK = KH for all K < G. A group G is
called an Iwasawa group when every subgroup of G is permutable in G
[7. A subgroup H of G is normal subgroup if and only if xtH = Hzx for
all x € G. A non-Abelian group G all subgroups of which are normal is
called Hamiltonian group [8]. The normality of a subgroup H of a group
(G, supports the commutativity of H in GG, that is every normal subgroup
is permutable.

Recall that, a connected graph I' is a graph for which there is at
least one path between any two distinct vertices, and I' is simple if it
doesn’t have any loops or parallel edges. All of the considered graphs
in this research are connected simple graphs. The order of a graph I is
the number of its vertices and denoted by O (I'), and the size of I is the
number of its edges and denoted by S (I'). The trivial graph is the graph
Fof O(')=1and S(I') =0.

A graph representation of a finite group is the graph associated from
the given group (G, ), for which the set of vertices is chosen by a selective
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rule on G, as well as the adjacency on the indicated set of vertices is
established from the group operation .

DEFINITION 2.1. The Perm-graph of a finite group G is the graph
I'¢ whose vertices set is the set of all subgroups of G, and two distinct
vertices H, and H, are adjacent if and only if they are permute.

ExAMPLE 2.1. Consider the dihedral group G = Dg, which has 10
subgroups. Moreover, 6 subgroups are normal subgroups:

H, ={e}, Hy = {6,7’2}, Hs = {e,r, r2,r3},

Hy = {e,r? s,1%s}, Hs = {e, 7 rs,r’s} and Hg = G.
Note that, every normal subgroup is permutable, which indicates that,

these subgroups permute with all other subgroups. The other 4 sub-
groups are:

H; ={e,s}, Hy={e,rs} , Hy = {6,7‘28} , Hiyp = {6,7“35}.

None of these subgroups is permute with each others. Now, set I'¢ be
the graph of vertices set V = {H; | i = 1,2,---,10} and H,, adjacent
with H,, if and only if H,,H,, = H,H,,. Therefore, the Perm-graph of G
can be presented in Figure [1}

FIGURE 1. Perm-graph of G = Dy

EXAMPLE 2.2. Let G = Dyy = Dy be the dihedral group of 5-
polygon. The group G is none-Abelian and it is easy to show that G has
8 subgroups, for which only 3 subgroups are normal; H; = {e} Hy =
(ry = Zs and Hy = G, indeed the normal subgroups are permutable.
Moreover, M'N # N M for all other subgroups M and N of G. Therefore,
the Perm-graph of G can be shown in Figure
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FIGURE 2. Perm-graph of G = Dy

Note that, Hy = {e, s}, Hs = {e,rs}, Hs = {e,r?s}, H; = {e, s}
and Hg = {e,r's}.

ExamMpPLE 2.3. Consider the quaternion group
G:Q8:<a,b\a4:e, (12:[)27 aba:b>.

The group G has 6 subgroups: H, = {e}, Hy = G, Hy = {(a*), Hy =
(a), Hs = (b) and Hg = (a,b). Moreover, H;H; = H;H; for all i,j =
1,2,...,6. Therefore, the Perm-graph of GG is kg the complete graph of
order 6.

3. Perm~-graph properties deduced from that of the group’s

Clearly, for every Abelian group G, all subgroups are normal, so every
subgroup is permutable, that is HK = KH for every K, H < G. This
can be formulated graphically on the Perm-graph as every two distinct
vertices are adjacent. This shows the next theorem.

THEOREM 3.1. The Perm-graph of an Abelian group of n subgroups
is the complete graph I,,.

Proof. Let G be a finite Abelian group of n subgroups. Then,
every subgroup of G is normal, and hence is permutable. Thus, if ['g is
the Perm-graph of GG, then the set of vertices is the subgroups of G, and
any two distinct vertices are adjacent. That is, every vertex is of degree
n — 1. Implies that ' is the complete graph of n vertices. O
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The converse of the previous theorem is not always true. See Example
2.3] which showed that the Perm-graph of G = Qg is a complete graph,
even though G is none-Abelian group.

ProrosiTION 3.1. If G is a Hamiltonian group which has n sub-
groups, then the Perm-graph of G is K.

P roof. Since every subgroup of a Hamiltonian group is normal,
then every subgroup of G permutes the others. Hence, the Perm-graph
of the Hamiltonian group is complete graph. O

EXAMPLE 3.1. The smallest Hamiltonian group is the quaternion
group G = (g. The group G has 6 subgroups all are normal, then
these subgroups are permutable. Thus, every two distinct vertices of the
Perm-graph I'g are adjacent. Implies that ' = K.

On another point of view, any group G has at least two subgroups,
the trivial subgroup Hy = {e} and the improper subgroup G and they
are permutable. Therefore, the Perm-graph of G has at least 2 vertices
and at least one edge. This shows the next remark.

REMARK 3.1. The Perm-graph I'¢ of a finite group G is of order
O(l'¢) > 2 and size S(I'¢) > 1.

REMARK 3.2. The Perm-graph of a finite group of k subgroups
k > 3 is not acyclic connected graph, i.e is not a tree.

Proof Let G be a finite group which has k subgroups. Let I'¢ be
the Perm-graph of G of vertices set V. Then, the order of I'; is k, and
a = {e}, b =G are two vertices in I'¢ which joint all other vertices. In
particular, deg(a) = deg(b) = k — 1. Therefore, given any two vertices ¢
and d in ', then ¢, a,d is a path in I'¢ that joint ¢ and d. Thus, ['g is
connected. Moreover, if k > 3, then {a,b,c} C V, and so I'¢ contains at
least one cycle which is a, ¢, b, a, implies that ['g is acyclic graph. O

THEOREM 3.2. [9] An edge e in a graph T is a bridge if and only if
e is not in any cycle of I.
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COROLLARY 3.1. The Perm-graph of a finite group of k subgroups
k > 3 has no bridges.

P roof. Let I'g be the Perm-graph of a group G which has k > 3
subgroups, then |V| > 3 where V' is the set of vertices of I'. Let a = {e}
and b= G in V and let e be an edge in I'¢. Then, we have the following
cases:

Case 1: If e = ab, consider ¢ € V for which ac and cb are two edges in I'¢.
Therefore, a, ac, ¢, cb, b, e, a is a cycle in I'¢ containing e.

Case 2: If e = ac for some ¢ € V, then a,e,c,cb,b,ba,a is a cycle in I'g
containing e.

Case 3: If e = bc for some ¢ € V, it’s the same as the previous case.

Case 4: If e = cd for ¢,d € V, then a,ac,c,e,d,da,a is a cycle in I'g
containing e.

From the previous description, every edge in ['g is in at least one cycle
of I'¢. Using Theorem [3.2] implies that e is not a bridge. O

REMARK 3.3. Let I'g be the Perm-graph of a finite group G of k
subgroups k£ > 3. Then 2 < deg(v) < k — 1 for all v € T'¢.

P r o o f. The proof is easy, since the Perm-graph I of a finite group
G is simple, then deg(v) < k — 1 for all v € I'¢. Moreover, a = {e} and
b = G are two permutable subgroups of any finite group G, and so any
vertex v in I'¢ will be adjacent to a and b. Hence, deg(v) > 2. O

4. The group properties deduced from that of its Perm-graph

In this section, we show the group properties that can be deduced
from its Perm-graph.

Certainly, the trivial group G = {e} has only one subgroup. There-
fore, the Perm-graph corresponding to the trivial group is a graph of
order 1 and size 0, which is the trivial graph.

LEMMA 4.1. A trivial graph is the Perm-graph of the trivial group.

Combining both Theorem [3.1] and Proposition 3.1} one can show the
following property.
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THEOREM 4.1. Let I'¢ = K,, be the Perm-graph of a finite group
G. Then G is one of the following groups:

(1) G is Abelian group of n subgroups.
(2) G is Hamiltonian group of n subgroups.
(3) G is a none-Abelian Iwasawa group of n subgroups.

P r oo f. Certainly, every vertex in I'¢c = K, is adjacent with all
other vertices, and so all of the corresponding subgroups of the group
G are permutable. Therefore, every subgroup of GG is permutable. In
particular, this can be satisfies only for all Abelian groups, Hamiltonian
groups or finite none-Abelian Iwasawa groups. a

To keep this paper self-contained and for the next construction, we
will list the following theorems.

THEOREM 4.2. [10] Any none-Abelian group G of order 2p (p > 3
is prime) is isomorphic to Dy,,.

THEOREM 4.3. [I0] Consider the dihedral group G = Ds,, p is
prime. Then:

(1) G has p + 3 subgroups.
(2) G has 3 normal subgroups.
(3) G has 3 permutable subgroups.
(4) G is an A-group.

Consider the Perm-graph I'¢ in Example [ For which the group
G = Dyo = Dy5) has been represented. One can see that: O (I'g) = 8 =
5+ 3 and there are five vertices in [' of degree 3 and three vertices of
degree 7. This will present the next result.

PrOPOSITION 4.1. A graph T of order k = n+3 for n is an odd prime
and of degree sequence 3, 3, ..., 3, n+2, n+2, n+2 is the Perm-graph
———

n

of G = Dgn.

Proof Let n be an odd prime and I' be a graph of order k£ =
n + 3, with degree sequence 3,3, ...,3, n+2, n+ 2, n+ 2. Then I
—_———

can be considered as the Perm-graph of a finite group G, for which G



54 B.N. Al-Hasanat, I.A. Jawarneh

has O (I') = n + 3 subgroups, three of these subgroups are permutable
(represented in I' as 3 vertices each of degree n + 2) and none of the
other n subgroups are permuted with each other (represented in I" as n
vertices each of degree 3). The permutable subgroups of G are the trivial
subgroup, the group itself and a subgroup H of index 2. Thus, |H| =n
(n is prime) and so H is cyclic, say H = (x). Therefore, G is a finite
group of order 2n, n is prime. Using Theorem and Theorem we
conclude that G = D,,,. O

One of the special cases of graphs is the cycle graph for which every
vertex is of degree 2. In particular, a cycle of 3 vertices and 3 edges which
denoted by C3. Corresponding to this case, the following theorem sets
the structure of the group G for which the Perm-graph of G is Cj.

THEOREM 4.4. The Perm-graph of a finite group G is Cj if and
only if G = Z,» for p is prime.

Proof. Let I'¢ = C3 be the Perm-graph of a finite group GG. Then,
O((T¢) = 3 = S(I'¢). Thus the group G has only 3 subgroups, say
H, = {e}, Hy, = G and Hj;. Indeed, the subgroups H; and H, are
normal in G. The subgroup Hjz should not has any subgroup, and so
it should be of prime order and prime index too. Set |H;| = p and
(G : H3) = q, then p = g, if else, then G has a subgroup of order ¢, but
G has only 3 subgroups. Thus, G is of order pp = p? and every group of
order p?, p is prime is isomorphic to Z,:.

Conversely, suppose that G = Z, for p is prime. Then G has only
3 subgroups, which are {e}, G and Z,. Therefore, the Perm-graph I'g
is of order 3 and size 3 (because all the subgroups of G are permutable).
Then, I'g is the cycle graph Cj. O
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