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Abstract

In this paper, we focus on studying the radical of bi-interior ideals of
semigroups. We characterize when the radical of every bi-interior ideal
is a subsemigroup, a right ideal, a left ideal, a quasi-ideal, an ideal, a bi-
ideal, an interior ideal and a bi-interior ideal. Also, the radical of every
subsemigroup, right ideal, left ideal, quasi-ideal, ideal, bi-ideal, interior
ideal and bi-interior ideal is a bi-interior ideal.

Math. Subject Classification: 20M11, 20M12

Key Words and Phrases: semigroup, radical, subsemigroup, bi-
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1. Introduction and preliminaries

A semigroup is one of the algebraic structures which was widely stud-
ied. Ideal theory of semigroups plays an important role in studying. In
[1], Bogdanovic and Ciric characterized semigroups in which the radical
of every ideal is a subsemigroup and the radical of every bi-ideal is a
subsemigroup. Later, Sanborisoot and Changphas characterized semi-
groups and ordered semigroups in which the radical of every quasi-ideal
is a subsemigroup in [5] and [6], respectively. The notion of bi-interior
ideals was introduced by Rao in [8] which is a generalization of several
standard ideals, for example, left ideals, ring ideals, ideals, quasi-ideals,
bi-ideals and interior ideals of semigroups. We characterize when the rad-
ical of every bi-interior ideal is a subsemigroup, a right ideal, a left ideal,
a quasi-ideal, an ideal, a bi-ideal, an interior ideal and a bi-interior ideal.
Also, the radical of every subsemigroup, right ideal, left ideal, quasi-ideal,
ideal, bi-ideal, interior ideal and bi-interior ideal is a bi-interior ideal.

We give some definitions and results which will be used throughout
this paper. Those can be found in [1, 2, 4, 5, 7, 8].

Definition 1.1. A semigroup is a set S together with a binary
operation · : S × S → S that satisfies the associative property:

for all x, y, z ∈ S, (xy)z = x(yz).
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Let S be a semigroup and A,B non-empty subsets of S. The set
product AB of A and B is defined to be the set of all elements ab with
a in A and b in B. That is,

AB = {ab | a ∈ A, b ∈ B}.

For a ∈ S, we write Ba for B{a}, and similarly for aB.

Definition 1.2. A non-empty subset T of a semigroup S is called
a subsemigroup of S if for all x, y ∈ T, xy ∈ T.

For a, b ∈ S, the subsemigroup of a semigroup S generated by {a, b}
is denoted by ⟨a, b⟩.

Definition 1.3. A non-empty subset T of a semigroup S is called
a left (right) ideal of S if ST ⊆ T (TS ⊆ T ).

Definition 1.4. A non-empty subset T of a semigroup S is called
a two-sided ideal (or an ideal) of S if it is both a left ideal and a right
ideal of S.

Definition 1.5. A non-empty subset Q of a semigroup S is called
a quasi-ideal of S if QS ∩ SQ ⊆ Q.

Definition 1.6. A subsemigroup B of a semigroup S is called a
bi-ideal of S if BSB ⊆ B.

Definition 1.7. A subsemigroup I of a semigroup S is called an
interior ideal of S if SIS ⊆ I.

Definition 1.8. A non-empty subset B of a semigroup S is called a
bi-interior ideal of S if B is a subsemigroup of S and SBS ∩BSB ⊆ B.

For a non-empty subset A of a semigroup S,
√
A denotes the radical

of S, that is

√
A = {a ∈ S | an ∈ A for some positive integer n}.
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Let N = {1, 2, 3, ...} denote the set of all positive integers. Let a, b, c
be any elements of a semigroup S with identity. Define

a | b ⇐⇒ b = xay for some x, y ∈ S;

a |r b ⇐⇒ b = ax for some x ∈ S;

a |l b ⇐⇒ b = ya for some y ∈ S;

ab |b c ⇐⇒ c = axb for some x ∈ S;

a |t b ⇐⇒ a |r b ∧ a |l b;
a → b ⇐⇒ a | bn for some n ∈ N; and

a
h−→ b ⇐⇒ a |h bn for some n ∈ N where h is r, l, b or t.

2. Main results

We begin this section with the following theorem characterizes when
the radical of every bi-interior ideal of a semigroup is a subsemigroup.

Theorem 2.1. Let S be a semigroup with identity. Then the radical
of every bi-interior ideal of S is a subsemigroup of S if and only if

∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [(ab)n ∈ S{ai, bj}S ∩ {ai, bj}S{ai, bj}].

P r o o f. Assume first that the radical of every bi-interior ideal of
S is a subsemigroup of S. Let a, b ∈ S, and let i, j ∈ N. We set B =
S{ai, bj}S ∩ {ai, bj}S{ai, bj}. Then B is a bi-interior ideal of S because

BB = (S{ai, bj}S ∩ {ai, bj}S{ai, bj})(S{ai, bj}S ∩ {ai, bj}S{ai, bj})
⊆ S{ai, bj}S ∩ {ai, bj}S{ai, bj} = B

and

SBS ∩BSB = S(S{ai, bj}S ∩ {ai, bj}S{ai, bj})S ∩ (S{ai, bj}S
∩ {ai, bj}S{ai, bj})S(S{ai, bj}S ∩ {ai, bj}S{ai, bj})

⊆ S{ai, bj}S ∩ {ai, bj}S{ai, bj} = B.

Since ai, bj ∈ B, we have that a, b ∈
√
B. By assumption,

√
B is a

subsemigroup of S, and so ab ∈
√
B. Thus,

(ab)n ∈ B = S{ai, bj}S ∩ {ai, bj}S{ai, bj} for some n ∈ N.

Conversely, assume that for all a, b ∈ S and i, j ∈ N, there exists
n ∈ N such that (ab)n ∈ S{ai, bj}S ∩ {ai, bj}S{ai, bj}. Let B be a bi-

interior ideal of S. To show that
√
B is a subsemigroup of S, let a, b ∈

√
B.
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Then ai, bj ∈
√
B for some i, j ∈ N. By assumption, there exists n ∈ N

such that

(ab)n ∈ S{ai, bj}S ∩ {ai, bj}S{ai, bj} ⊆ SBS ∩BSB ⊆ B.

Thus, (ab)n ∈ B for some n ∈ N. Hence, ab ∈
√
B. This shows that

√
B

is a submigroup of S. 2

Example 2.1. Let S = {a, b, c, d, e} be a semigroup ([3]) with the
multipication:

· a b c d e
a e b a d e
b b b b b b
c a b c d e
d d b d d d
e e b e d e

The bi-interior ideal of S is {{b}, {b, d}, {b, d, e}, {a, b, d, e}, S}. Observe

that
√

{b} = {b},
√

{b, d} = {b, d},
√
{b, d, e} = {a, b, d, e},

√
{a, b, d, e}

= {a, b, d, e} and
√
S = S. Then the radical of every bi-interior ideal of

S is a subsemigroup of S.

In general, the radical of bi-interior ideals of a semigroup with identity
need not be a subsemigroup, as the following example:

Example 2.2. Let S = {a, b, c, d, f, 1} be a semigroup ([5]) with the
multipication:

· a b c d f 1
a a a a a a a
b a b a d a b
c a f c c f c
d a b d d b d
f a f a c a f
1 a b c d f 1

The bi-interior ideal of S is {{a}, {a, b}, {a, c}, {a, d}, {a, f}, {a, b, d},
{a, c, d}, {a, b, f}, {a, c, f}, {a, b, c, d, f}, S}. We have that the radical√

{a, c, d} = {a, c, d, f}. But {a, c, d, f} is not a subsemigroup of S. This
shows that the radical of bi-interior ideals of a semigroup S with identity
need not be a subsemigroup.
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Theorem 2.2. Let S be a semigroup with identity. The radical of
every bi-interior ideal of S is a right ideal of S if and only if

∀a, b ∈ S [a |r b ⇒ ∀k ∈ N ∃n ∈ N [bn ∈ SakS ∩ akSak]].

P r o o f. Assume that the radical of every bi-interior ideal of S is a
right ideal of S. Let a, b ∈ S and k ∈ N such that a |r b. Then b = ax
for some x ∈ S. Setting B = SakS ∩ akSak. Then B is a bi-interior
ideal of S and a ∈

√
B. By assumption,

√
B is a right ideal of S. From

b = ax, it follows that b = ax ∈
√
BS ⊆

√
B. Thus, b ∈

√
B and so

bn ∈ B = SakS ∩ akSak for some n ∈ N.
Conversely, assume that for all a, b ∈ S,

a |r b ⇒ ∀k ∈ N ∃n ∈ N [bn ∈ SakS ∩ akSak].

Let B be a bi-interior ideal of S. To show that
√
BS ⊆

√
B, let x ∈

√
BS.

Then x = ay for some a ∈
√
B and y ∈ S. Since a ∈

√
B, then there

exists k ∈ N such that ak ∈ B. By assumption, there exists n ∈ N such
that xn ∈ SakS ∩ akSak. Thus,

xn ∈ SakS ∩ akSak ⊆ SBS ∩BSB ⊆ B

for some n ∈ N. Hence, xn ∈ B for some n ∈ N, and so x ∈
√
B.

Therefore,
√
B is a right ideal of S. 2

Dually, we have the following theorem.

Theorem 2.3. Let S be a semigroup with identity. The radical of
every bi-interior of S is a left ideal of S if and only if

∀a, b ∈ S [a |l b ⇒ ∀k ∈ N ∃n ∈ N [bn ∈ SakS ∩ akSak]].

Theorem 2.4. Let S be a semigroup with identity. The following
conditions are equivalent:

(1) The radical of every bi-interior ideal of S is a quasi-ideal of S.
(2) ∀a, b, c ∈ S [a |r c ∧ b |l c ⇒ ∀i, j ∈ N ∃n ∈ N [cn ∈ S{ai, bj}S ∩

{ai, bj}S{ai, bj}]].

P r o o f. (1) ⇒ (2) : Assume that (1) holds. Let a, b, c ∈ S such that
a |r c and b |l c. Then c = ay and c = zb for some y, z ∈ S. Let i, j ∈ N.
We set B = S{ai, bj}S ∩{ai, bj}S{ai, bj}. Then B is a bi-interior ideal of

S and a, b ∈
√
B. By assumption,

√
B is a quasi-ideal of S. Since c = ay
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and c = zb, it follows that

c ∈
√
BS ∩ S

√
B ⊆

√
B.

Thus, c ∈
√
B. Hence, there exists n ∈ N such that

cn ∈ B = S{ai, bj}S ∩ {ai, bj}S{ai, bj}.
(2) ⇒ (1) : Assume that (2) holds. Let B be a bi-interior ideal of

S. To show that
√
BS ∩ S

√
B ⊆

√
B., we let x ∈

√
BS ∩ S

√
B. Then

x = ay and x = zb for some y, z ∈ S and a, b ∈
√
B. Since a, b ∈

√
B,

then ai, bj ∈ B for some i, j ∈ N. By assumption, there exists n ∈ N such
that

xn ∈ S{ai, bj}S ∩ {ai, bj}S{ai, bj} ⊆ SBS ∩BSB ⊆ B.

Thus, x ∈
√
B. Hence,

√
B is a quasi-ideal of S. 2

Theorem 2.5. Let S be a semigroup with identity. The following
conditions are equivalent:

(1) The radical of every bi-interior ideal of S is an ideal of S.
(2) ∀a, b ∈ S ∀k ∈ N ∃m,n ∈ N [(ab)m, (ba)n ∈ SakS ∩ akSak].

P r o o f. (1) ⇒ (2) : Assume that (1) holds. Let a, b ∈ S and let
k ∈ N. We set B = SakS ∩ akSak. Then B is a bi-interior ideal of S
and a ∈

√
B. By assumption,

√
B is an ideal of S. So, we have that

ab ∈
√
BS ⊆

√
B and ba ∈ S

√
B ⊆

√
B. Thus, ab, ba ∈

√
B. Hence,

there exist m,n ∈ N such that

(ab)m, (ba)n ∈ B = SakS ∩ akSak.

Conversely, assume that for all a, b ∈ S and k ∈ N, there exist m,n ∈
N such that (ab)m, (ba)n ∈ SakS ∩ akSak. Let B be a bi-interior ideal

of S. To show that
√
B is an ideal of S, let a ∈

√
B and b ∈ S. Since

a ∈
√
B, then there exist k ∈ N such that ak ∈ B. By assumption, there

exist m,n ∈ N such that

(ab)m, (ba)n ∈ SakS ∩ akSak ⊆ SBS ∩BSB ⊆ B.

Hence, (ab)m, (ba)n ∈ B for some m,n ∈ N, and so ab, ba ∈
√
B. There-

fore,
√
B is an ideal of S. 2

Theorem 2.6. Let S be a semigroup with identity. The radical of
every bi-interior ideal of S is a bi-ideal of S if and only if

(1) ∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [(ab)n ∈ S{ai, bj}S∩{ai, bj}S{ai, bj}];
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(2) ∀a, b, c ∈ S [ab |b c ⇒ ∀i, j ∈ N ∃n ∈ N [cn ∈ S{ai, bj}S ∩
{ai, bj}S{ai, bj}]].

P r o o f. Assume that the radical of every bi-interior ideal of S is a
bi-ideal of S. To show that (1) holds, we let a, b ∈ S, and i, j ∈ N. We
set B = S{ai, bj}S ∩ {ai, bj}S{ai, bj}. Then B is a bi-interior ideal of

S such that a, b ∈
√
B. By assumption,

√
B is a bi-ideal of S. So, we

obtain that ab ∈
√
B
√
B ⊆

√
B. Hence, there exists n ∈ N such that

(ab)n ∈ B = S{ai, bj}S ∩ {ai, bj}S{ai, bj}. Next, to show that (2) holds,
we will let a, b, c ∈ S such that ab |b c. Then c = axb for some x ∈ S. Let
i, j ∈ N. We set B = S{ai, bj}S∩{ai, bj}S{ai, bj}. Then B is a bi-interior

ideal of S and a, b ∈
√
B. By assumption,

√
B is a bi-ideal of S. From

c = axb, it follows that

c = axb ∈
√
BS

√
B ⊆

√
B.

Thus, c ∈
√
B. Hence, cn ∈ B = S{ai, bj}S ∩ {ai, bj}S{ai, bj} for some

n ∈ N.
Conversely, assume that (1) and (2) hold. Let B be a bi-interior

ideal of S. To show that
√
B is a bi-ideal of S, we let a, b ∈

√
B. Then

ai ∈ B and bj ∈ B for some i, j ∈ N. By (1), there exists n ∈ N
such that (ab)n ∈ S{ai, bj}S ∩ {ai, bj}S{ai, bj} ⊆ SBS ∩ BSB ⊆ B.

Hence, ab ∈
√
B, and so

√
B is a subsemigroup of S. Next, to show that√

BS
√
B ⊆

√
B, let x ∈

√
BS

√
B. Then x = ayb for some a, b ∈

√
B

and y ∈ S. Since a, b ∈
√
B, then ai ∈ B and bj ∈ B for some i, j ∈ N.

By (2), there exists n ∈ N such that

xn ∈ S{ai, bj}S ∩ {ai, bj}S{ai, bj} ⊆ SBS ∩BSB ⊆ B.

Thus, x ∈
√
B. This shows that

√
B is a bi-ideal of S. 2

Theorem 2.7. Let S be a semigroup with identity. The radical of
every bi-interior ideal of S is an interior ideal of S if and only if

(1) ∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [(ab)n ∈ S{ai, bj}S∩{ai, bj}S{ai, bj}];

(2) ∀a, b ∈ S [a | b ⇒ ∀k ∈ N ∃n ∈ N [bn ∈ SakS ∩ akSak]].

P r o o f. Assume that the radical of every bi-interior of S is an in-
terior ideal of S. To show that (1) holds, we let a, b ∈ S, and i, j ∈ N.
We set B = S{ai, bj}S ∩ {ai, bj}S{ai, bj}. Then B is a bi-interior ideal
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of S and a, b ∈
√
B. By assumption,

√
B is an interior ideal of S. Thus,

ab ∈
√
B
√
B ⊆

√
B. Hence, there exists n ∈ N such that (ab)n ∈ B =

S{ai, bj}S∩{ai, bj}S{ai, bj}. Next to show that (2) holds, we let a, b ∈ S
such that a | b. Then b = xay for some x, y ∈ S. Let k ∈ N. We set
B = SakS ∩ akSak. Then B is a bi-interior ideal of S. By assumption,√
B is an interior ideal of S and a ∈

√
B. Since b = xay, we obtain

that b = xay ∈ S
√
BS ⊆

√
B. Hence, there exists n ∈ N such that

bn ∈ B = SakS ∩ akSak.

Conversely, assume that (1) and (2) hold. Let B be a bi-interior ideal

of S. We will show that
√
B is an interior ideal of S. First, let a, b ∈

√
B.

Then ai ∈ B and bj ∈ B for some i, j ∈ N. By (1), there exists n ∈ N
such that

(ab)n ∈ S{ai, bj}S ∩ {ai, bj}S{ai, bj} ⊆ SBS ∩BSB ⊆ B.

Thus, (ab)n ∈ B for some n ∈ N. Hence, ab ∈
√
B and so

√
B is a

subsemigroup of S. Next, let x ∈ S
√
BS. Then x = yaz for some y, z ∈ S

and a ∈
√
B. Since a ∈

√
B, then ak ∈ B for some k ∈ N. By (2), there

exists n ∈ N such that

xn ∈ SakS ∩ akSak ⊆ SBS ∩BSB ⊆ B.

Thus, x ∈
√
B. This shows that

√
B is an interior ideal of S. 2

Theorem 2.8. Let S be a semigroup with identity. The radical of
every bi-interior ideal of S is a bi-interior ideal of S if and only if

(1) ∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [(ab)n ∈ S{ai, bj}S ∩ {ai, bj}S{ai.bj}];

(2) ∀a, b, c, d ∈ S [a | d ∧ bc |b d ⇒ ∀i, j, k ∈ N ∃n ∈ N [dn ∈
S{ai, bj, ck}S ∩ {ai, bj, ck}S{ai, bj, ck}]].

P r o o f. Assume that the radical of every bi-interior ideal of S is
a bi-interior ideal of S. To show that (1) holds, we let a, b ∈ S and
i, j ∈ N. We set B = S{ai, bj}S ∩ {ai, bj}S{ai, bj}. Then B is a bi-

interior ideal of S and a, b ∈
√
B. By assumption,

√
B is a bi-interior

ideal of S. Thus, ab ∈
√
B
√
B ⊆

√
B. Hence, there exists n ∈ N such

that (ab)n ∈ B = S{ai, bj}S ∩ {ai, bj}S{ai, bj}. Next, to show that (2)
holds. Let a, b, c, d ∈ S such that a | d and bc |b d. Then d = xay and
d = bzc for some x, y, z ∈ S. Let i, j, k ∈ N. We set B = S{ai, bj, ck}S ∩
{ai, bj, ck}S{ai, bj, ck}. Then B is a bi-interior ideal of S and a, b, c ∈

√
B.
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By assumption,
√
B is a bi-interior ideal of S. Since d = xay and d = bzc,

it follow that
d ∈ S

√
BS ∩

√
BS

√
B ⊆

√
B.

This implies that dn ∈ B = S{ai, bj, ck}S ∩ {ai, bj, ck}S{ai, bj, ck} for
some n ∈ N.

Conversely, assume that (1) and (2) hold. Let B be a bi-interior ideal

of S.We will show that
√
B is a bi-interior ideal of S. First, let a, b ∈

√
B.

Then ai, bj ∈ B for some i, j ∈ N. By (1), there exists n ∈ N such that

(ab)n ∈ S{ai, bj}S ∩ {ai, bj}S{ai, bj} ⊆ SBS ∩BSB ⊆ B.

Thus, ab ∈
√
B. Hence,

√
B is subsemigroup of S. Next, to show that

S
√
BS ∩

√
BS

√
B ⊆

√
B. Let x ∈ S

√
BS ∩

√
BS

√
B. Then x = way

and x = bzc for some w, y, z ∈ S and a, b, c ∈
√
B. Since a, b, c ∈

√
B,

then there exist i, j, k ∈ N such that ai, bj, ck ∈ B. By (2), there exists
n ∈ N such that

xn ∈ S{ai, bj, ck}S ∩ {ai, bj, ck}S{ai, bj, ck} ⊆ SBS ∩BSB ⊆ B.

Thus, x ∈
√
B. This shows that

√
B is a bi-interior ideal of S. 2

Theorem 2.9. Let S be a semigroup with identity. The radical of
every right ideal of S is a bi-interior ideal of S if and only if

(1) ∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [(ab)n ∈ {ai, bj}S];
(2) ∀a, b, c, d ∈ S [a | d ∧ bc |b d ⇒ ∀i, j, k ∈ N ∃n ∈ N [dn ∈

{ai, bj, ck}S]].

P r o o f. Assume that the radical of every right ideal of S is a bi-
interior ideal of S. To show that (1) holds, we let a, b ∈ S and i, j ∈ N.
We set B = {ai, bj}S. Then B is a right ideal of S and a, b ∈

√
B. By

assumption,
√
B is a bi-interior ideal of S. Thus, ab ∈

√
B
√
B ⊆

√
B.

Hence, there exists n ∈ N such that (ab)n ∈ B = {ai, bj}S. Next, to
show that (2) holds. Let a, b, c, d ∈ S such that a | d and bc |b d.
Then d = xay and d = bzc for some x, y, z ∈ S. Let i, j, k ∈ N. We
set B = {ai, bj, ck}S. Then B is a right ideal of S and a, b, c ∈

√
B. By

assumption,
√
B is a bi-interior ideal of S. Since d = xay and d = bzc, it

follows that d ∈ S
√
BS ∩

√
BS

√
B. Hence, there exists n ∈ N such that

dn ∈ B = {ai, bj}S.
Conversely, assume that (1) and (2) hold. Let B be a right ideal of

S. We will show that
√
B is a bi-interior ideal of S. First, let a, b ∈

√
B.
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Then ai, bj ∈ B for some i, j ∈ N. By (1), there exists n ∈ N such

that (ab)n ∈ {ai, bj}S ⊆ BS ⊆ B. Thus, ab ∈
√
B. Hence,

√
B is a

subsemigroup of S. Next, to show that S
√
BS ∩

√
BS

√
B ⊆

√
B, we let

x ∈ S
√
BS ∩

√
BS

√
B. Then x = way and x = bzc for some w, y, z ∈ S

and a, b, c ∈
√
B. Since a, b, c ∈

√
B, then there exist i, j, k ∈ N such that

ai, bj, ck ∈ B. By (2), there exists n ∈ N such that xn ∈ {ai, bj, ck}S ⊆
BS ⊆ B. Thus, x ∈

√
B. Hence,

√
B is a bi-interior ideal of S. 2

Dually, we have the following theorem.

Theorem 2.10. Let S be a semigroup with identity. The radical of
every left ideal of S is a bi-interior ideal of S if and only if

(1) ∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [(ab)n ∈ S{ai, bj}];
(2) ∀a, b, c, d ∈ S [a | d ∧ bc |b d ⇒ ∀i, j, k ∈ N ∃n ∈ N [dn ∈

S{ai, bj, ck}]].

Theorem 2.11. Let S be a semigroup with identity. The radical of
every quasi-ideal of S is a bi-interior ideal of S if and only if

(1) ∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [(ab)n ∈ {ai, bj}S ∩ S{ai, bj}];
(2) ∀a, b, c, d ∈ S [a | d ∧ bc |b d ⇒ ∀i, j, k ∈ N ∃n ∈ N [dn ∈

{ai, bj, ck}S ∩ S{ai, bj, ck}]].

P r o o f. Assume that that radical of every quasi-ideal of S is a bi-
interior of S. To show that (1) holds, let a, b ∈ S and i, j ∈ N. We set

B = {ai, bj}S ∩ S{ai, bj}. Then B is a quasi-ideal of S and a, b ∈
√
B.

By assumption,
√
B is a bi-interior ideal of S. Thus, ab ∈

√
B
√
B ⊆ B.

Hence, (ab)n ∈ B = {ai, bj}S ∩ S{ai, bj} for some n ∈ N. Next, to
show that (2) holds, let a, b, c, d ∈ S such that a | d and bc |b d. Then
d = xay and d = bzc for some x, y, z ∈ S. Let i, j, k ∈ N. Put B =
{ai, bj, ck}S∩S{ai, bj, ck}. Then B is a quasi-ideal of S and a, b, c ∈

√
B.

By assumption,
√
B is a bi-interior ideal of S. Since d = xay and d = bzc,

it follows that d ∈ S
√
BS ∩

√
BS

√
B ⊆

√
B. Hence, there exists n ∈ N

such that dn ∈ B = {ai, bj, ck}S ∩ S{ai, bj, ck} for some n ∈ N.
Conversely, assume that (1) and (2) hold. Let B be a quasi-ideal of

S. We will show that
√
B is a bi-interior ideal of S. First, let a, b ∈

√
B.

Then ai, bj ∈ B for some i, j ∈ N. By (1), there exists n ∈ N such that

(ab)n ∈ {ai, bj}S∩S{ai, bj} ⊆ BS∩SB ⊆ B. Thus, ab ∈
√
B, and so

√
B

is a subsemigroup of S. Next, to show that S
√
BS ∩

√
BS

√
B ⊆

√
B,
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we consider x ∈ S
√
BS ∩

√
BS

√
B. Then x = way and x = bzc for

some w, y, z ∈ S and a, b, c ∈
√
B. Since a, b, c ∈

√
B, then there exist

i, j, k ∈ N such that ai, bj, ck ∈ B. By (2), there exists n ∈ N such that

xn ∈ {ai, bj, ck}S ∩ S{ai, bj, ck} ⊆ BS ∩ SB ⊆ B.

This shows that
√
B is a bi-interior ideal of S. 2

Theorem 2.12. Let S be a semigroup with identity. The radical of
every ideal of S is a bi-interior ideal of S if and only if

(1) ∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [(ab)n ∈ S{ai, bj}S];
(2) ∀a, b, c, d ∈ S [a | d ∧ bc |b d ⇒ ∀i, j, k ∈ N ∃n ∈ N [dn ∈

S{ai, bj}S]].

P r o o f. Assume that the radical of every ideal of S is a bi-interior
ideal of S. To show that (1) holds, let a, b ∈ S and i, j ∈ N. We set

B = S{ai, bj}S. Then B is an ideal of S and a, b ∈
√
B. By assumption,√

B is a bi-interior ideal of S. Thus, ab ∈
√
B
√
B ⊆

√
B. Hence, (ab)n ∈

B = S{ai, bj}S for some n ∈ N. Next, to show that (2) holds, we let
a, b, c, d ∈ S such that a | d and bc |b d. Then d = xay and d = bzc for
some x, y, z ∈ S. Let i, j, k ∈ N. We set B = S{ai, bj, ck}S. Then B is an

ideal of S and a, b, c ∈
√
B. By assumption,

√
B is a bi-interior ideal of S.

Since d = xay and d = bzc, it follows that d ∈ S
√
BS ∩

√
BS

√
B ⊆

√
B.

Hence, dn ∈ B = S{ai, bj, ck}S for some n ∈ N.
Conversely, assume that (1) and (2) hold. Let B be an ideal of S.

We will show that
√
B is a bi-interior ideal of S. First, let a, b ∈

√
B.

Then ai, bj ∈ B for some i, j ∈ N. By (1), there exists n ∈ N such that

(ab)n ∈ S{ai, bj}S ⊆ SBS ⊆ BS ⊆ B. Thus, ab ∈
√
B. Hence,

√
B

is a subsemigroup of S. Next, to show that S
√
BS ∩

√
BS

√
B ⊆

√
B,

we will let x ∈ S
√
BS ∩

√
BS

√
B. Then x = way and x = bzc for

some w, y, z ∈ S and a, b, c ∈
√
B. Since a, b, c ∈

√
B, then there exist

i, j, k ∈ N such that ai, bj, ck ∈ B. By (2), there exists n ∈ N such that

xn ∈ S{ai, bj, ck}S ⊆ SBS ⊆ BS ⊆ B. Thus, x ∈
√
B. Hence,

√
B is a

bi-interior ideal of S. 2

Theorem 2.13. Let S be a semigroup with identity. The radical of
every bi-ideal of S is a bi-interior ideal of S if and only if

(1) ∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [ab)n ∈ {ai, bj}S{ai, bj}];
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(2) ∀a, b, c, d ∈ S [a | d ∧ bc |b d ⇒ ∀i, j, k ∈ N ∃n ∈ N [dn ∈
{ai, bj}S{ai, bj}]].

P r o o f. Assume that the radical of every bi-ideal of S is a bi-interior
ideal of S. To show that (1) holds, we let a, b ∈ S and let i, j ∈ N. We

set B = {ai, bj}S{ai, bj}. Then B is a bi-ideal of S and a, b ∈
√
B. By

assumption,
√
B is a bi-interior ideal of S. Thus, ab ∈

√
B
√
B ⊆

√
B.

Hence, (ab)n ∈ B = {ai, bj}S{ai, bj} for some n ∈ N. Next, to show
that (2) holds, we consider a, b, c, d ∈ S such that a | d and bc |b d.
Then d = xay and d = bzc for some x, y, z ∈ S. Let i, j, k ∈ N. We
set B = {ai, bj, ck}S{ai, bj, ck}. Then B is a bi-ideal of S and a, b, c ∈√
B. By assumption,

√
B is a bi-interior ideal of S. Since d = xay and

d = bzc, we obtain d ∈ S
√
BS ∩

√
BS

√
B ⊆

√
B. Hence, dn ∈ B =

{ai, bj, ck}S{ai, bj, ck} for some n ∈ N.
Conversely, assume that (1) and (2) hold. Let B be a bi-ideal of S.

We will show that
√
B is a bi-interior ideal of S. First, let a, b ∈

√
B.

Then ai, bj ∈ B for some i, j ∈ N. By (1), there exists n ∈ N such that

(ab)n ∈ {ai, bj}S{ai, bj} ⊆ BSB ⊆ B. Thus, ab ∈
√
B, and so

√
B is

a subsemigroup of S. Next, to show that S
√
BS ∩

√
BS

√
B ⊆

√
B, we

let x ∈ S
√
BS ∩

√
BS

√
B. We have x = way and x = bzc for some

w, y, z ∈ S and a, b, c
√
B. Since a, b, c ∈

√
B, then there exist i, j, k ∈ N

such that ai, bj, ck ∈ B. By (2), there exists n ∈ N such that

xn ∈ {ai, bj, ck}S{ai, bj, ck} ⊆ BSB ⊆ B.

Thus, x ∈
√
B. Hence,

√
B is a bi-interior ideal of S. 2

Theorem 2.14. Let S be a semigroup with identity. The radical of
every interior ideal of S is a bi-interior ideal of S if and only if

(1) ∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [(ab)n ∈ S{ai, bj}S];
(2) ∀a, b, c, d ∈ S [a | d ∧ bc |b d ⇒ ∀i, j, k ∈ N ∃n ∈ N [dn ∈

S{ai, bj, ck}S]].

P r o o f. Assume that the radical of every interior ideal of S is a
bi-interior ideal of S. To show that (1) holds, we let a, b ∈ S and i, j ∈ N.
We set B = S{ai, bj}S. Then B is an interior ideal of S and a, b ∈

√
B.

By assumption,
√
B is a bi-interior ideal of S. Thus, ab ∈

√
B
√
B ⊆

√
B.

Hence, (ab)n ∈ B = S{ai, bj}S for some n ∈ N. Next, to show that (2)
holds, let a, b, c, d ∈ S such that a | d and bc |b d. Then d = xay and
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d = bzc for some x, y, z ∈ S. Let i, j, k ∈ N. We set B = S{ai, bj, ck}S.
Then B is an interior ideal of S and a, b, c ∈

√
B. By assumption,

√
B

is a bi-interior ideal of S. Since d = xay and d = bzc, thus d ∈ S
√
BS ∩√

BS
√
B ⊆

√
B. Hence, dn ∈ B = S{ai, bj, ck}S for some n ∈ N.

Conversely, assume that (1) and (2) hold. Let B be an interior ideal

of S.We will show that
√
B is a bi-interior ideal of S. First, let a, b ∈

√
B.

Then ai, bj ∈
√
B for some i, j, k ∈ N. By (1), there exists n ∈ N such

that (ab)n ∈ S{ai, bj}S ⊆ SBS ⊆ B. Thus, ab ∈
√
B, and so

√
B is

a subsemigroup of S. Next, to show that S
√
BS ∩

√
BS

√
B ⊆

√
B, we

will consider x ∈ S
√
BS ∩

√
BS

√
B. Then x = way and x = bzc for

some w, y, z ∈ S and a, b, c ∈
√
B. Since a, b, c ∈

√
B, then there exist

i, j, k ∈ N such that ai, bj, ck ∈ B. By (2), there exists n ∈ N such

that xn ∈ S{ai, bj, ck}S ⊆ SBS ⊆ B. Thus, x ∈
√
B. Hence,

√
B is a

bi-interior ideal of S. 2

Theorem 2.15. Let S be a semigroup with identity. The radical of
every subsemigroup of S is a bi-interior ideal of S if and only if

(1) ∀a, b ∈ S ∀i, j ∈ N ∃n ∈ N [(ab)n ∈ ⟨ai, bj⟩];
(2) ∀a, b, c, d ∈ S [a | d ∧ bc |b d ⇒ ∀i, j, k ∈ N ∃n ∈ N [dn ∈

⟨ai, bj, ck⟩]].

P r o o f. Assume that the radical of every subsemigroup of S is a
bi-interior ideal of S. To show that (1) holds, let a, b ∈ S and i, j ∈ N.
We set B = ⟨ai, bj⟩. Then B is a subsemigroup of S and a, b ∈

√
B. By

assumption,
√
B is a bi-interior ideal of S. Thus, ab ∈

√
B
√
B ⊆

√
B.

Hence, (ab)n ∈ B = ⟨ai, bj⟩ for some n ∈ N. Next, to show that (2) holds,
we let a, b, c, d ∈ S such that a | d and bc |b d. Then d = xay and d = bzc
for some x, y, z ∈ S. Let i, j, k ∈ N. We set B = ⟨ai, bj, ck⟩. Then B is a

subsemigroup of S and a, b, c ∈
√
B. By assumption,

√
B is a bi-interior

ideal of S. Since d = xay and d = bzc, thus d ∈ S
√
BS∩

√
BS

√
B ⊆

√
B.

Hence, there exists n ∈ N such that dn ∈ B = ⟨ai, bj, ck⟩.
Conversely, assume that (1) and (2) hold. Let B be a subsemigroup

of S.We will show that
√
B is a bi-interior ideal of S. First, let a, b ∈

√
B.

Then ai, bj ∈ B for some i, j ∈ N. By (1), there exists n ∈ N such that
(ab)n ∈ ⟨ai, bj⟩. Since ⟨ai, bj⟩ ⊆ B, it follows that (ab)n ∈ ⟨ai, bj⟩ ⊆ B

for some n ∈ N. Thus, ab ∈
√
B and so

√
B is a subsemigroup of S.

Next, to show that S
√
BS ∩

√
BS

√
B ⊆

√
B let x ∈ S

√
BS ∩

√
BS

√
B.
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Then x = way and x = bzc for some w, y, z ∈ S and a, b, c ∈
√
B. Since

a, b, c ∈
√
B, then there exist i, j, k ∈ N such that ai, bj, ck ∈ B. By (2),

there exists n ∈ N such that xn ∈ ⟨ai, bj, ck⟩. Since ⟨ai, bj, ck⟩ ⊆ B, it

follows that xn ∈ B for some n ∈ N. Thus, x ∈
√
B. This show that

√
B

is a bi-interior ideal of S. 2

Finally, we have the following result.

Theorem 2.16. Let S be a semigroup with identity. The following
conditions are equivalent:

(1) The radical of every bi-interior ideal of S is a bi-interior ideal of
S.

(2) For any a, b, c ∈ S,
√
S{a, b}S ∩ {a, b}S{a, b} and√

S{a, b, c}S ∩ {a, b, c}S{a, b, c} are bi-interior ideals of S.

(3) For any a, b, c, d ∈ S,

(3.1) there exists n ∈ N such that

(ab)n ∈ S{a2, b2}S ∩ {a2, b2}S{a2, b2};

(3.2) if a | d and bc |b d, then there exists n ∈ N such that

dn ∈ S{a2, b2, c2}S ∩ {a2, b2, c2}S{a2, b2, c2}.

(4) For any a, b, c, d ∈ S and k ∈ N,
(4.1) there exists n ∈ N such that

(ab)n ∈ S{ak, bk}S ∩ {ak, bk}S{ak, bk};

(4.2) if a | d and bc |b d, then there exists n ∈ N such that

dn ∈ S{ak, bk, ck}S ∩ {ak, bk, ck}S{ak, bk, ck}.

P r o o f. (1) ⇒ (2) : Assume that the radical of every bi-interior
ideal of S is a bi-interior ideal of S and let a, b, c ∈ S. Since S{a, b}S ∩
{a, b}S{a, b} is a bi-interior of S and by assumption,

√
S{a, b}S ∩ {a, b}S{a, b}

is a bi-interior ideal of S. Similarly, we have S{a, b, c}S∩{a, b, c}S{a, b, c}
is a bi-interior ideal of S, and so

√
S{a, b, c}S ∩ {a, b, c}S{a, b, c} is a bi-

interior ideal of S.

(2) ⇒ (3) : First, to show that (3.1) holds, we let a, b ∈ S. Clearly,

a, b ∈
√

S{a2, b2}S ∩ {a2, b2}S{a2, b2}. By (2),
√

S{a2, b2}S ∩ {a2, b2}S{a2, b2}
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is a bi-interior ideal of S. Thus,

ab ∈ (
√

S{a2, b2}S ∩ {a2, b2}S{a2, b2})(
√

S{a2, b2}S ∩ {a2, b2}S{a2, b2})

⊆
√

S{a2, b2}S ∩ {a2, b2}S{a2, b2}.

Hence, dn ∈ S{a2, b2}S ∩ {a2, b2}S{a2, b2} for some n ∈ N. Thus, (3.1)
holds. Next, to show that (3.2) holds, we consider a, b, c, d ∈ S such
that a | d and bc |b d. Then d = xay and d = bzc for some x, y, z ∈
S. Clearly, a, b, c ∈

√
S{a2, b2, c2}S ∩ {a2, b2, c2}S{a2, b2, c2}. By (2),√

S{a2, b2, c2}S ∩ {a2, b2, c2}S{a2, b2, c2} is a bi-interior ideal of S. Since
d = xay and d = bzc, it follows that

d ∈ S(
√

S{a2, b2, c2}S ∩ {a2, b2, c2}S{a2, b2, c2})S

∩ (
√

S{a2, b2, c2}S ∩ {a2, b2, c2}S{a2, b2, c2})S

(
√

S{a2, b2, c2}S ∩ {a2, b2, c2}S{a2, b2, c2})

⊆
√

S{a2, b2, c2}S ∩ {a2, b2, c2}S{a2, b2, c2}.

Hence, dn ∈ S{a2, b2, c2}S ∩{a2, b2, c2}S{a2, b2, c2} for some n ∈ N. This
show that (3.2) holds.

(3) ⇒ (4) : First, to show that (4.1) holds, let a, b ∈ S. By (3.1),
(ab)n ∈ S{a2, b2}S ∩ {a2, b2}S{a2, b2} for some n ∈ N. It follows that

(ab)n ∈ S{a2, b2}S ∩ {a2, b2}S{a2, b2}
⊆ S{a, b}S ∩ {a, b}S{a, b}.

Hence, there exists n ∈ N such that (ab)n ∈ S{a, b}S∩{a, b}S{a, b}. Sup-
pose that there exists m ∈ N where k ∈ N such that (ab)m ∈ S{ak, bk}S∩
{ak, bk}S{ak, bk}. By (3.1), there exists l ∈ N such that ((ab)m)l ∈
S{a2k, b2k}
S ∩ {a2k, b2k}S{a2k, b2k}. Consider

((ab)m)l ∈ S{a2k, b2k}S ∩ {a2k, b2k}S{a2k, b2k}
= S{ak+1ak−1, bk+1bk−1}S
∩ {ak+1ak−1, bk+1bk−1}S{ak−1ak+1, bk−1bk+1}

⊆ S{ak+1, bk+1}S ∩ {ak+1, bk+1}S{ak+1, bk+1}.

Hence,

(ab)ml = ((ab)m)l ∈ S{ak+1, bk+1}S ∩ {ak+1, bk+1}S{ak+1, bk+1}.
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Thus, (4.1) holds. Next, to show that (4.2) holds. Let a, b, c, d ∈ S such
that a | d and bc |b d. Then d = xay and d = bzc for some x, y, z ∈ S. By
(3.2), there exists n ∈ N such that

dn ∈ S{a2, b2, c2}S ∩ {a2, b2, c2}S{a2, b2, c2}
⊆ S{a, b, c}S ∩ {a, b, c}S{a, b, c}.

Hence, there exists n ∈ N such that dn ∈ S{a, b, c}S ∩ {a, b, c}S{a, b, c}.
Suppose that there existsm ∈ N where k ∈ N such that dm ∈ S{ak, bk, ck}

S∩{ak, bk, ck}S{ak, bk, ck}. By (3.2), there exists l ∈ N such that (dm)l ∈
S{a2k, b2k, c2k}S ∩ {a2k, b2k, c2k}S{a2k, b2k, c2k}. Consider
(dm)l ∈ S{a2k, b2k, c2k}S ∩ {a2k, b2k, c2k}S{a2k, b2k, c2k}

= S{ak+1ak−1, bk+1bk−1, ck+1ck−1}S
∩ {ak+1ak−1, bk+1bk−1, ck+1ck−1}S{ak−1ak+1, bk−1bk+1, ck−1ck+1}

⊆ S{ak+1, bk+1, ck+1}S ∩ {ak+1, bk+1, ck+1}S{ak+1, bk+1, ck+1}.
Hence,

dml = (dm)l ∈ S{ak+1, bk+1, ck+1}S∩{ak+1, bk+1, ck+1}S{ak+1, bk+1, ck+1}.
Thus, (4.2) holds.

(4)⇒(1): Let B be a bi-interior ideal of S. First, let a, b ∈
√
B. Then

there exists i, j ∈ N such that ai, bj ∈ B. By (4.1), there exists n ∈ N
such that

(ab)n ∈ S{ai+j, bi+j}S ∩ {ai+j, bi+j}S{ai+j, bi+j}
= S{aiaj, bibj}S ∩ {aiaj, bjbi}S{ajai, bibj}
⊆ S{ai, bj}S ∩ {ai, bj}S{ai, bj}
⊆ SBS ∩BSB ⊆ B.

Thus, ab ∈
√
B, and hence

√
B is a subsemigroup of S. Next, to show that

S
√
BS∩

√
BS

√
B ⊆

√
B. Let x ∈ S

√
BS∩

√
BS

√
B. Then x = way and

x = bzc for some w, y, z ∈ S and a, b, c ∈
√
B, then there exist i, j, k ∈ N

such that ai, bj, ck ∈ B. By (4.2), there exists n ∈ N such that xn ∈
S{ai+j+k, bi+j+k, ci+j+k}S∩{ai+j+k, bi+j+k, ci+j+k}S{ai+j+k, bi+j+k, ci+j+k}.
Consider

xn ∈ S{ai+j+k, bi+j+k, ci+j+k}S
∩ {ai+j+k, bi+j+k, ci+j+k}S{ai+j+k, bi+j+k, ci+j+k}

⊆ S{ai, bj, ck}S ∩ {ai, bj, ck}S{ai, bj, ck} ⊆ SBS ∩BSB ⊆ B.
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Hence, x ∈
√
B. Therefore,

√
B is a bi-interior ideal of S. 2
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