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Abstract

In this paper, we focus on studying the radical of bi-interior ideals of
semigroups. We characterize when the radical of every bi-interior ideal
is a subsemigroup, a right ideal, a left ideal, a quasi-ideal, an ideal, a bi-
ideal, an interior ideal and a bi-interior ideal. Also, the radical of every
subsemigroup, right ideal, left ideal, quasi-ideal, ideal, bi-ideal, interior
ideal and bi-interior ideal is a bi-interior ideal.
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1. Introduction and preliminaries

A semigroup is one of the algebraic structures which was widely stud-
ied. Ideal theory of semigroups plays an important role in studying. In
[1], Bogdanovic and Ciric characterized semigroups in which the radical
of every ideal is a subsemigroup and the radical of every bi-ideal is a
subsemigroup. Later, Sanborisoot and Changphas characterized semi-
groups and ordered semigroups in which the radical of every quasi-ideal
is a subsemigroup in [5] and [6], respectively. The notion of bi-interior
ideals was introduced by Rao in [§] which is a generalization of several
standard ideals, for example, left ideals, ring ideals, ideals, quasi-ideals,
bi-ideals and interior ideals of semigroups. We characterize when the rad-
ical of every bi-interior ideal is a subsemigroup, a right ideal, a left ideal,
a quasi-ideal, an ideal, a bi-ideal, an interior ideal and a bi-interior ideal.
Also, the radical of every subsemigroup, right ideal, left ideal, quasi-ideal,
ideal, bi-ideal, interior ideal and bi-interior ideal is a bi-interior ideal.

We give some definitions and results which will be used throughout
this paper. Those can be found in [T}, 2, 14, [5] [7], [§].

DEFINITION 1.1. A semigroup is a set S together with a binary
operation - : .S x S — S that satisfies the associative property:

for all z,y,z € S, (xy)z = x(yz).
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Let S be a semigroup and A, B non-empty subsets of S. The set
product AB of A and B is defined to be the set of all elements ab with
ain A and b in B. That is,

AB ={ab|a € A,be B}.

For a € S, we write Ba for B{a}, and similarly for aB.

DEFINITION 1.2. A non-empty subset T of a semigroup S is called
a subsemigroup of S if forall x,y € T, xy € T.

For a,b € S, the subsemigroup of a semigroup S generated by {a, b}
is denoted by (a, b).

DEFINITION 1.3. A non-empty subset T of a semigroup S is called
a left (right) ideal of S it ST CT (T'S CT).

DEFINITION 1.4. A non-empty subset 1" of a semigroup S is called
a two-sided ideal (or an ideal) of S if it is both a left ideal and a right
ideal of S.

DEFINITION 1.5. A non-empty subset Q) of a semigroup S is called
a quasi-ideal of S if QS N SQ C Q.

DEFINITION 1.6. A subsemigroup B of a semigroup S is called a
bi-ideal of S if BSB C B.

DEFINITION 1.7. A subsemigroup I of a semigroup S is called an
interior ideal of S if SIS C I.

DEFINITION 1.8. A non-empty subset B of a semigroup S is called a
bi-interior ideal of S if B is a subsemigroup of S and SBSNBSB C B.

For a non-empty subset A of a semigroup S, v/A denotes the radical
of S, that is

VA ={aeS|a" e A for some positive integer n}.
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Let N ={1,2,3,...} denote the set of all positive integers. Let a,b, ¢
be any elements of a semigroup S with identity. Define

a|b <= b=uzay for some z,y € S,
al.b <= b=ax for some z € S;
al b < b=uya for some y € S;
ab |, ¢ <= c¢=axb for some z € S;
alyb <= al,bNa|b;
a—b < al|b" for somen € N; and
alh = a|p 0" for some n € N where h is r,1,b or t.

2. Main results

We begin this section with the following theorem characterizes when
the radical of every bi-interior ideal of a semigroup is a subsemigroup.

THEOREM 2.1. Let S be a semigroup with identity. Then the radical
of every bi-interior ideal of S is a subsemigroup of S if and only if

Ya,b € SVi,j € N3neN|[(ab)" € S{a’",V}S N {a",b}S{a",b'}].

P r o o f. Assume first that the radical of every bi-interior ideal of
S is a subsemigroup of S. Let a,b € S, and let 7,7 € N. We set B =
S{a',b"}S N {a’,b"}S{a’,b"}. Then B is a bi-interior ideal of S because

BB = (S{a",t’}S N {a",b’}S{a", b’ })(S{a", ' }S N {a’, v’ }S{a’, ' })
C S{a",¥}SNn{a",t'}S{a", v’} = B
and
SBSNBSB = S(S{a",t'}S N {a",¥}S{a’, b’ })S N (S{a’, b’ }S
N{a",}5{a’,b’})S(S{a", '} N {a", 0"} S{a’, b'})
C S{a",¥}Sn{da", v’}S{a', b’} = B.
Since a’,b/ € B, we have that a,b € v/B. By assumption, VB is a
subsemigroup of S, and so ab € v/B. Thus,
(ab)" € B = S{a",b'}S N {a’,t’}S{a’, b’} for some n € N.
Conversely, assume that for all a,b € S and 7,5 € N, there exists
n € N such that (ab)” € S{a’,t/}S N {a’,b'}S{a’,’}. Let B be a bi-
interior ideal of S. To show that /B is a subsemigroup of S, let a, b € v/B.
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Then o', € VB for some i, j € N. By assumption, there exists n € N
such that
(ab)" € S{a",¥’}S N {a", ¥"}S{a", b’} C SBSN BSB C B.
Thus, (ab)” € B for some n € N. Hence, ab € v/B. This shows that /B

is a submigroup of S. O

EXAMPLE 2.1. Let S = {a,b,c,d,e} be a semigroup ([3]) with the
multipication:

a b ¢ d e
al e b a d e
bl b b b b b
cla b ¢ d e
did b d d d
el e b e d e

The bi-interior ideal of S is {{b}, {b,d}, {b,d,e},{a,b,d, e}, S}. Observe

that \/{b} = {b}, \/{b,d} = {b,d}, \/{b,d,e} ={a,b,d, e}, \/{a,b,d, e}
= {a,b,d,e} and v/S = S. Then the radical of every bi-interior ideal of
S is a subsemigroup of S.

In general, the radical of bi-interior ideals of a semigroup with identity
need not be a subsemigroup, as the following example:

EXAMPLE 2.2. Let S = {a,b,c,d, f, 1} be a semigroup ([5]) with the
multipication:

a b ¢ d f 1
ala a a a a a
bla b a d a b
cla f ¢ ¢ f ¢
dla b d d b d
fla f a ¢ a f
1la b ¢ d f 1

The bi-interior ideal of S is {{a},{a,b},{a,c},{a,d},{a, f},{a,b,d},
{a,c,d}, {a,b, f},{a,c, f},{a,b,c,d, f},S}. We have that the radical
Vdia,c,d} ={a,c,d, f}. But {a,c,d, f} is not a subsemigroup of S. This
shows that the radical of bi-interior ideals of a semigroup S with identity
need not be a subsemigroup.
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THEOREM 2.2. Let S be a semigroup with identity. The radical of
every bi-interior ideal of S is a right ideal of S if and only if

Ya,b€ S lal, b=VYkeN3IneN[" e Sa"Sna~Sa].

P r o o f. Assume that the radical of every bi-interior ideal of S is a
right ideal of S. Let a,b € S and k € N such that a |, b. Then b = ax
for some z € S. Setting B = Sa*S N a*Sa*. Then B is a bi-interior
ideal of S and a € v/B. By assumption, v/B is a right ideal of S. From
b = ax, it follows that b = az € vVBS C v/B. Thus, b € VB and so
b € B = Sa*S N a*Sa* for some n € N.

Conversely, assume that for all a,b € 5,

al,b=VkeN3neNI["e Sa"Sna"Sa".

Let B be a bi-interior ideal of S. To show that v/BS C \/E, let x € VBS.
Then = = ay for some a € VB and y € S. Since a € VB, then there
exists k € N such that a* € B. By assumption, there exists n € N such
that 2" € Sa¥S N a*Sa*. Thus,

2" e Sa*Sna*Sd* € SBSN BSB C B

for some n € N. Hence, 2" € B for some n € N, and so z € VB.
Therefore, v/B is a right ideal of S. O

Dually, we have the following theorem.

THEOREM 2.3. Let S be a semigroup with identity. The radical of
every bi-interior of S is a left ideal of S if and only if

VYa,bec S[a] b= VkeN3InecNI[" e Sa"sna"Sa"]].

THEOREM 2.4. Let S be a semigroup with identity. The following
conditions are equivalent:

(1) The radical of every bi-interior ideal of S is a quasi-ideal of S.
(2) Va,b,ce Slal, cAblic=Vi,j e NIneN[c" € S{a’,V}SN
{a", " }S{a", " }]].

Proof (1) = (2): Assume that (1) holds. Let a,b, c € S such that
al|, cand b |; c. Then ¢ = ay and ¢ = zb for some y,z € S. Let 4,j € N.
We set B = S{a’,tV}SN{a’, v/} S{a’,b’}. Then B is a bi-interior ideal of
S and a,b € v/B. By assumption, v/B is a quasi-ideal of S. Since ¢ = ay
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and ¢ = zb, it follows that

c€VBSNSVBCVB.
Thus, ¢ € v/ B. Hence, there exists n € N such that
e B=S{a,v}Sn{a t'}S{a' V'}.
(2) = (1) : Assume that (2) holds. Let B be a bi-interior ideal of
S. To show that vBS N SvVB C VvB., we let z € vBS N SvB. Then
¢ = ay and = zb for some y,z € S and a,b € V/B. Since a,b € VB,

then a’, v/ € B for some i, j € N. By assumption, there exists n € N such
that

2" € S{a", v Sn{a",¥}S{a’, b’} C SBSNBSB C B.
Thus, z € V/B. Hence, VB is a quasi-ideal of S. O

THEOREM 2.5. Let S be a semigroup with identity. The following
conditions are equivalent:

(1) The radical of every bi-interior ideal of S is an ideal of S.
(2) Va,b € SVk € N 3Im,n € N [(ab)™, (ba)" € Sa*S N a*SaF].

Proof (1) = (2) : Assume that (1) holds. Let a,b € S and let
k € N. We set B = Sa*S N a*Sa*. Then B is a bi-interior ideal of S
and a € vB. By assumption, v/B is an ideal of S. So, we have that
ab € vVBS C VB and ba € SvV'B C V/B. Thus, ab,ba € v/B. Hence,
there exist m,n € N such that

(ab)™, (ba)" € B = Sa*S N a*Sa".

Conversely, assume that for all a,b € S and k € N, there exist m,n €
N such that (ab)™, (ba)" € Sa*S N a*Sa*. Let B be a bi-interior ideal
of S. To show that v/B is an ideal of S, let « € VB and b € S. Since
a € VB, then there exist k € N such that a* € B. By assumption, there
exist m,n € N such that

(ab)™, (ba)™ € Sa*SNa*Sa* C SBSN BSB C B.

Hence, (ab)™, (ba)" € B for some m,n € N, and so ab, ba € v/B. There-
fore, v/B is an ideal of S. O

THEOREM 2.6. Let S be a semigroup with identity. The radical of
every bi-interior ideal of S is a bi-ideal of S if and only if

(1) Va,b € SVi,j € Ndn € N [(ab)" € S{a’, 0" }SN{a’, ¥V }S{a’, ¥ }];
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(2) Ya,b,c € Sfab |y ¢ = Vi,j € N3n € N [c" € S{a",t/}SN
{a*, b} S{at, V' }]].

P r o o f. Assume that the radical of every bi-interior ideal of .S is a
bi-ideal of S. To show that (1) holds, we let a,b € S, and i,j € N. We
set B = S{a',t"}S N {a*,v"}S{a’,’}. Then B is a bi-interior ideal of
S such that a,b € v/B. By assumption, v/B is a bi-ideal of S. So, we
obtain that ab € vVBVB - VB. Hence, there exists n € N such that
(ab)™ € B = S{a’,b"}S N {a’,b}S{a’,b}. Next, to show that (2) holds,
we will let a, b, ¢ € S such that ab |, c. Then ¢ = axb for some = € S. Let
i,7 € N. Weset B = S{a’,tV}SN{a’,»?}S{a’,»’}. Then B is a bi-interior
ideal of S and a,b € V/B. By assumption, v/B is a bi-ideal of S. From
¢ = axb, it follows that

c:axbe\/ES\/Eg\/E.

Thus, ¢ € v/B. Hence, ¢* € B = S{a’,v"}S N {a’, "} S{a’, 1’} for some
n € N.

Conversely, assume that (1) and (2) hold. Let B be a bi-interior
ideal of S. To show that v/B is a bi-ideal of S, we let a,b € v/B. Then
a’ € B and IV € B for some 4,7 € N. By (1), there exists n € N
such that (ab)" € S{a’,0"}S N {a’,b'}S{a’, ¥} C SBS N BSB C B.
Hence, ab € v/B, and so v/B is a subsemigroup of S. Next, to show that

VBSvVB C VB, let x € VBSVB. Then z = ayb for some a,b € VB
and y € S. Since a,b € VB, then ¢’ € B and ¥/ € B for some 7,j € N.
By (2), there exists n € N such that

" € S{a",v'}SNn{a",¥}S{a’, '} C SBSN BSB C B.
Thus, z € V/B. This shows that v/B is a bi-ideal of S. O

THEOREM 2.7. Let S be a semigroup with identity. The radical of
every bi-interior ideal of S is an interior ideal of S if and only if

(1) Va,b € SVi,j € Ndn € N [(ab)" € S{a’, 0" }SN{a’, ¥V }S{a’, ¥ }];
(2) Va,be S [a|b=VkeNIneN[p" e Sa*S N a~Sa"]].

P r o o f. Assume that the radical of every bi-interior of S is an in-
terior ideal of S. To show that (1) holds, we let a,b € S, and i,j € N.
We set B = S{a’,t"}S N {a’,b'}S{a’,’}. Then B is a bi-interior ideal
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of S and a,b € v B. By assumption, v/ B is an interior ideal of S. Thus,
ab € VBVB C v/B. Hence, there exists n € N such that (ab)” € B =
S{a', b’ }SN{a’, v’} S{a’,b’}. Next to show that (2) holds, we let a,b € S
such that a | b. Then b = zay for some z,y € S. Let k € N. We set
B = Sa*S N a*Sa*. Then B is a bi-interior ideal of S. By assumption,
VB is an interior ideal of S and ¢ € v/B. Since b = zay, we obtain
that b = zay € SvV/BS C v/B. Hence, there exists n € N such that
b" € B = Sa*Sna*Sa*.

Conversely, assume that (1) and (2) hold. Let B be a bi-interior ideal
of S. We will show that v/B is an interior ideal of S. First, let a,b € v/B.
Then @' € B and ¥ € B for some 4,5 € N. By (1), there exists n € N
such that

(ab)" € S{a",¥'}S N {a",b’}S{a’, '} C SBSN BSB C B.

Thus, (ab)” € B for some n € N. Hence, ab € v/B and so VB is a
subsemigroup of S. Next, let € Sv/BS. Then z = yaz for some y, z € S
and a € v/B. Since a € VB, then ¢ € B for some k € N. By (2), there
exists n € N such that

a" € Sa*SNna*Sa" C SBSNBSB C B.
Thus, x € v/B. This shows that v/B is an interior ideal of S. O

THEOREM 2.8. Let S be a semigroup with identity. The radical of
every bi-interior ideal of S is a bi-interior ideal of S if and only if

(1) Va,b€ SVi,j € NIn e N [(ab)" € S{a’, W }SN{a’, " }S{a". b7 }];

(2) Ya,b,c,d € S[a | dANbc |, d = Vi,j,k € NIn €¢ N [d" €
S{a', b7, ck}S N {al, v, F}S{at, b7, k1))

P r o o f. Assume that the radical of every bi-interior ideal of S is
a bi-interior ideal of S. To show that (1) holds, we let a,b € S and
i,j € N. We set B = S{a",t’}S N {a’,0"}S{a’,b’}. Then B is a bi-
interior ideal of S and a,b € v/B. By assumption, v/B is a bi-interior
ideal of S. Thus, ab € v/BVB C vV/B. Hence, there exists n € N such
that (ab)" € B = S{a’,v’}S N {a’,b"}S{a’,b"}. Next, to show that (2)
holds. Let a,b,¢,d € S such that a | d and bc |, d. Then d = xay and
d = bzc for some x,y,z € S. Let 1,7,k € N. We set B = S{a’,v’,cF}S N
{a®, b, *}S{a’, b/, c*}. Then B is a bi-interior ideal of S and a, b, ¢ € v/B.
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By assumption, v/B is a bi-interior ideal of S. Since d = zay and d = bz,

it follow that
d € SVBSNVBSVB C VB.
This implies that d® € B = S{a’, ¥/, c*}S N {a’, ¥/, cF}S{al, 7, c*} for
some n € N.
Conversely, assume that (1) and (2) hold. Let B be a bi-interior ideal

of S. We will show that v/B is a bi-interior ideal of S. First, let a,b € V/B.
Then a', b € B for some i, € N. By (1), there exists n € N such that

(ab)" € S{a",¥'}SN{a",b’}S{a’, b’} C SBSN BSB C B.

Thus, ab € v/ B. Hence, VB is subsemigroup of S. Next, to show that
Sv'BSNVBSVB C VB. Let x € SvV/BS N +vVBSVB. Then z = way
and z = bzc for some w,y,z € S and a,b,¢ € VB. Since a,b,c € VB,
then there exist 7,7,k € N such that a’, b/, c* € B. By (2), there exists
n € N such that

" € S{a', v, FySn{ad', v, F}S{a’, ¥, F} C SBSNBSB C B.
Thus, z € v/ B. This shows that v/B is a bi-interior ideal of S. O

THEOREM 2.9. Let S be a semigroup with identity. The radical of
every right ideal of S is a bi-interior ideal of S if and only if

(1) Ya,b € S Vi,j € Ndn € N [(ab)" € {a’,1"}5];

(2) Ya,b,c,d € S[a | dANbe |, d = Vi,j,k € Ndn € N [d" €
{a', b7, c*} S]]

P r o o f. Assume that the radical of every right ideal of S is a bi-
interior ideal of S. To show that (1) holds, we let a,b € S and i,7 € N.
We set B = {a’,"}S. Then B is a right ideal of S and a,b € v/B. By
assumption, v/B is a bi-interior ideal of S. Thus, ab € vVBvVB C v/B.
Hence, there exists n € N such that (ab)" € B = {a’,1’}S. Next, to
show that (2) holds. Let a,b,c,d € S such that a | d and be |, d.
Then d = zay and d = bzc for some x,y,z € S. Let 4,5,k € N. We
set B = {a’, b7, c*}S. Then B is a right ideal of S and a,b,c € v/B. By
assumption, v/B is a bi-interior ideal of S. Since d = zay and d = bzc, it
follows that d € Sv/BS N v BSvB. Hence, there exists n € N such that
d" € B = {a',1"}8S.

Conversely, assume that (1) and (2) hold. Let B be a right ideal of
S. We will show that v/B is a bi-interior ideal of S. First, let a,b € v/B.
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Then a',b’ € B for some 7,7 € N. By (1), there exists n € N such
that (ab)” € {a’,b/}S C BS C B. Thus, ab € v/ B. Hence, VB is a
subsemigroup of S. Next, to show that Sv/BS NvVBSvVB C VB, we let
z € SvV'BSNVBSvVB. Then z = way and x = bze for some w,y,z € S
and a,b, c € v/B. Since a, b, c € v/B, then there exist i, j, k € N such that
al, b/, c* € B. By (2), there exists n € N such that 2" € {a’,¥/,c*}S C
BS C B. Thus, x € V/B. Hence, V/B is a bi-interior ideal of S. O

Dually, we have the following theorem.

THEOREM 2.10. Let S be a semigroup with identity. The radical of
every left ideal of S is a bi-interior ideal of S if and only if

(1) Va,b € S Vi,j € N3In € N [(ab)" € S{a’, " }];

(2) Ya,b,c,d € S[a | dANbe |, d = Vi,j,k € Ndn € N [d" €
S{a’, ¥, c*}]].

THEOREM 2.11. Let S be a semigroup with identity. The radical of
every quasi-ideal of S is a bi-interior ideal of S if and only if

(1) Va,b€ SVi,j € NIn € N [(ab)" € {a',b}S N S{a’, V' }];

(2) Ya,b,c,d € S[a | dANbe |, d = Vi,j,k € Ndn € N [d" €
{a®, b7, c*}S N S{at, b7, *}]].

P r o o f. Assume that that radical of every quasi-ideal of S is a bi-
interior of S. To show that (1) holds, let a,b € S and 7,5 € N. We set
B = {a’,"}S N S{a’,l’}. Then B is a quasi-ideal of S and a,b € v/B.
By assumption, v/B is a bi-interior ideal of S. Thus, ab € vBvVB C B.
Hence, (ab)® € B = {a’,b}S N S{a’,b’} for some n € N. Next, to
show that (2) holds, let a,b,c,d € S such that a | d and be |, d. Then
d = zay and d = bzc for some x,y,z € S. Let 7,5,k € N. Put B =
{a’, 17, *F}SNS{a’, b, c*}. Then B is a quasi-ideal of S and a,b, ¢ € v/B.
By assumption, v/B is a bi-interior ideal of S. Since d = zay and d = bz,
it follows that d € SVBS N vVBSVB C VB. Hence, there exists n € N
such that d* € B = {a’, ¥/, c*}S N S{a’, ¥/, "} for some n € N.

Conversely, assume that (1) and (2) hold. Let B be a quasi-ideal of
S. We will show that v/B is a bi-interior ideal of S. First, let a,b € v/B.
Then a’, b’ € B for some 7,5 € N. By (1), there exists n € N such that
(ab)” € {a’, vV }SNS{a’, b’} C BSNSB C B. Thus, ab € v/B, and so /B
is a subsemigroup of S. Next, to show that Sv/BS N +vBSvVB C VB,
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we consider € SvBS N vBSvVB. Then z = way and x = bzc for
some w,y,z € S and a,b, ¢ € V/B. Since a,b, ¢ € /B, then there exist
i,7,k € N such that a*, b7, c* € B. By (2), there exists n € N such that

2" € {a', ¥, cF}SnS{a', ¥, F} C BSNSB C B.
This shows that v/B is a bi-interior ideal of S. O

THEOREM 2.12. Let S be a semigroup with identity. The radical of
every ideal of S is a bi-interior ideal of S if and only if

(1) Ya,b € SVi,j € N3n € N [(ab)" € S{a’, 1/ }5];

(2) Ya,b,ce,d € S[a | dANbe |, d = Vi,j,k € Ndn € N [d" €
S{a',}S]].

P r o o f. Assume that the radical of every ideal of S is a bi-interior
ideal of S. To show that (1) holds, let a,b € S and i,7 € N. We set
B = S{a’,p"}S. Then B is an ideal of S and a,b € v/B. By assumption,
VB is a bi-interior ideal of S. Thus, ab € v/Bv B C v/B. Hence, (ab)" €
B = S{a",l/}S for some n € N. Next, to show that (2) holds, we let
a,b,c,d € S such that a | d and be |, d. Then d = zay and d = bzc for
some x,y,2 € S. Let 1,5,k € N. We set B = S{a’,1/,c*}S. Then B is an
ideal of S and a, b, ¢ € v/B. By assumption, v/B is a bi-interior ideal of S.
Since d = zay and d = bzc, it follows that d € Sv/BSN+vBSvVB C V/B.
Hence, d" € B = S{a’,V/,*}S for some n € N.

Conversely, assume that (1) and (2) hold. Let B be an ideal of S.
We will show that v/B is a bi-interior ideal of S. First, let a,b € v/B.
Then o', b € B for some 4,j € N. By (1), there exists n € N such that
(ab)* € S{a’,t’}S C SBS C BS C B. Thus, ab € vB. Hence, VB
is a subsemigroup of S. Next, to show that SvBS N vBSvVB C VB,
we will let z € SvVBS N VBSVB. Then © = way and x = bze for
some w,y,z € S and a,b, ¢ € VB. Since a,b,c € /B, then there exist
i,7,k € N such that a*,b,c* € B. By (2), there exists n € N such that
a" € S{a', b7, ck}S C SBS C BS C B. Thus, x € V/B. Hence, VB is a
bi-interior ideal of S. O

THEOREM 2.13. Let S be a semigroup with identity. The radical of
every bi-ideal of S is a bi-interior ideal of S if and only if

(1) Va,be SVi,j € NIn € N [ab)" € {a’, 1" }S{a", V' }|;



SEMIGROUPS IN WHICH THE ... 265

(2) Ya,b,e,d € S fa | dNbe |y d = Vi, j,k € N3In € N [d" €
{a", bV }S{a’, " }]].

P r o o f. Assume that the radical of every bi-ideal of S'is a bi-interior
ideal of S. To show that (1) holds, we let a,b € S and let i, € N. We
set B = {a’,"}S{a’,1’}. Then B is a bi-ideal of S and a,b € v/B. By
assumption, v/B is a bi-interior ideal of S. Thus, ab € vVBVB C V/B.
Hence, (ab)" € B = {a',b'}S{a’,b’} for some n € N. Next, to show
that (2) holds, we consider a,b,c,d € S such that a | d and be |, d.
Then d = xay and d = bzc for some z,y,z € S. Let 7,5,k € N. We
set B = {a’,b/,c*}S{a’,/,c*}. Then B is a bi-ideal of S and a,b,c €
Vv B. By assumption, v/B is a bi-interior ideal of S. Since d = zay and
d = bzc, we obtain d € Sv/BS Nnv/BSvVB C vB. Hence, d" € B =
{a*, b7, c*}S{a’, b, *} for some n € N.

Conversely, assume that (1) and (2) hold. Let B be a bi-ideal of S.
We will show that v/B is a bi-interior ideal of S. First, let a,b € v/B.
Then o', € B for some 4,j € N. By (1), there exists n € N such that
(ab)* € {a’,1"}S{a’,t¥} C BSB C B. Thus, ab € VB, and so vB is
a subsemigroup of S. Next, to show that Sv/BS N vVBSvVB C VB, we
let # € SVBS NvVBSVB. We have © = way and z = bze for some
w,y,z € S and a,b,cv/B. Since a,b,c € VB, then there exist 4,7,k € N
such that a®, b, c* € B. By (2), there exists n € N such that

" € {a', b, c*}S{a',VV,*} C BSB C B.
Thus, = € V/B. Hence, V/B is a bi-interior ideal of S. O

THEOREM 2.14. Let S be a semigroup with identity. The radical of
every interior ideal of S is a bi-interior ideal of S if and only if

(1) Va,b € S Vi,j € N3In € N [(ab)" € S{a’, "} S];

(2) Ya,b,c,d € Sfa | dANbe |, d = Vi,j,k € Ndn € N [d" €
S{al, b, c*}S]).

P roof Assume that the radical of every interior ideal of S is a
bi-interior ideal of S. To show that (1) holds, we let a,b € S and i,j € N.
We set B = S{a’,1’}S. Then B is an interior ideal of S and a,b € VB.
By assumption, v/B is a bi-interior ideal of S. Thus, ab € vV'BVB C V/B.
Hence, (ab)" € B = S{a’,1"}S for some n € N. Next, to show that (2)
holds, let a,b,c,d € S such that a | d and be |, d. Then d = zay and
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d = bzc for some z,y,z € S. Let 1,5,k € N. We set B = S{a’,t’,c*}S.
Then B is an interior ideal of S and a,b,c € v/ B. By assumption, v B
is a bi-interior ideal of S. Since d = zay and d = bze, thus d € Sv/BS N
VBSvVB C v/B. Hence, d* € B = S{a*,¥,c*}S for some n € N.

Conversely, assume that (1) and (2) hold. Let B be an interior ideal
of S. We will show that v/B is a bi-interior ideal of S. First, let a, b € v/B.
Then a’,b € /B for some i,j,k € N. By (1), there exists n € N such
that (ab)” € S{a’,’}S C SBS C B. Thus, ab € VB, and so VB is
a subsemigroup of S. Next, to show that Sv/BS N vVBSvVB C VB, we
will consider z € Sv/BS N vVBSVB. Then z = way and = = bzc for
some w,y,z € S and a,b, ¢ € VB. Since a,b,c € /B, then there exist
i,j,k € N such that a',b,c* € B. By (2), there exists n € N such
that 2" € S{a’,t/,c*}S C SBS C B. Thus, z € v B. Hence, VB is a
bi-interior ideal of S. O

THEOREM 2.15. Let S be a semigroup with identity. The radical of
every subsemigroup of S is a bi-interior ideal of S if and only if

(1) Va,b € SVi,j € N3In € N [(ab)" € (a*,1)];

(2) Ya,b,c,d € Sa | dNbe |, d = Vi,j,k € N3In € N [d" €
(@', 7, )]].

P roof Assume that the radical of every subsemigroup of S is a
bi-interior ideal of S. To show that (1) holds, let a,b € S and i,j € N.
We set B = (a’,/). Then B is a subsemigroup of S and a,b € v B. By
assumption, V/B is a bi-interior ideal of S. Thus, ab € vVBVB C V/B.
Hence, (ab)" € B = (a*, ") for some n € N. Next, to show that (2) holds,
we let a,b,c,d € S such that a | d and be |, d. Then d = zay and d = bzc
for some x,y,z € S. Let i,j,k € N. We set B = (a*,b7,c*). Then B is a
subsemigroup of S and a,b, ¢ € v/ B. By assumption, v/B is a bi-interior
ideal of S. Since d = zay and d = bzc, thus d € SvVBSNvVBSvVB C V/B.
Hence, there exists n € N such that d" € B = (a, ¥/, ).

Conversely, assume that (1) and (2) hold. Let B be a subsemigroup
of S. We will show that v/B is a bi-interior ideal of S. First, let a,b € v/B.
Then o', € B for some 4,j € N. By (1), there exists n € N such that
(ab)™ € (a', V7). Since (a’, 1) C B, it follows that (ab)" € (a’,0’) C B
for some n € N. Thus, ab € VB and so VB is a subsemigroup of S.
Next, to show that SvV/BSN+vBSvVB C VB let x € SYBSNvBSvVB.
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Then xz = way and z = bzc for some w,y, z € S and a,b, ¢ € v/ B. Since
a,b,c € VB, then there exist i, j, k € N such that o', b/, ¢* € B. By (2),
there exists n € N such that z" € (a’, V7, c*). Since (a',V/,c*F) C B, it
follows that 2" € B for some n € N. Thus, € v/B. This show that B
is a bi-interior ideal of S. O

Finally, we have the following result.
THEOREM 2.16. Let S be a semigroup with identity. The following
conditions are equivalent:

(1) The radical of every bi-interior ideal of S is a bi-interior ideal of

S.
(2) For any a,b,c € S, /S{a,0}SN{a,b}S{a,b}  and
V/S{a,b,c}S N {a,b,c}S{a,b,c} are bi-interior ideals of S.
(3) For any a,b,c,d € S,
(3.1) there exists n € N such that
(ab)™ € S{a®,b*}S N {a? b*}S{a?, b*};
(3.2) ifa | d and be |, d, then there exists n € N such that
d" € S{a*,v*,*}S N {a®v*, *}S{a* b*, *}.
(4) For any a,b,c,d € S and k € N,
(4.1) there exists n € N such that
(ab)™ € S{a",b*}S N {a*, bF}S{a*, b*};
(4.2) if a | d and bc |, d, then there exists n € N such that
d" € S{a" b* *}S N {a* b* FYS{a", v, ).

Proof (1) = (2) : Assume that the radical of every bi-interior
ideal of S is a bi-interior ideal of S and let a,b,c € S. Since S{a,b}S N
{a,b}S{a, b} is a bi-interior of S and by assumption, v/S{a, b}S N {a, b}S{a, b}
is a bi-interior ideal of S. Similarly, we have S{a, b, c}SN{a, b, c}S{a,b,c}
is a bi-interior ideal of S, and so \/S{a, b, c}S N {a,b,c}S{a,b,c} is a bi-
interior ideal of S.

(2) = (3) : First, to show that (3.1) holds, we let a,b € S. Clearly,
a,b € \/S{a?,b2}S N {a?, 02}S{a2,b%}. By (2), \/S{a2, b2} S N {a?, b2} 5{a?, b2}
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is a bi-interior ideal of S. Thus,
ab € (v/S{a P15 1 (a2, D25 {a, b7) (v/S1a2, IS 11 {2, IS {al, 1))
C \/S{a2,v2}S N {a2, b2} S{a2, b2}.

Hence, d" € S{a* b*}S N {a* b*}S{a? b*} for some n € N. Thus, (3.1)
holds. Next, to show that (3.2) holds, we consider a,b,c,d € S such
that a | d and be |, d. Then d = zay and d = bzc for some z,y,z €
S. Clearly, a,b,c € /S{a2,b% 2}S N {a2, b2, 2}S{a2, b2, 2}. By (2),
VS{a2, 2,2} S N {a?, b2, 2} S{a?, b2, ¢2} is a bi-interior ideal of S. Since
d = xay and d = bzc, it follows that

d e S(v/S{a% 12, c2}S N {a2 12,2} S{a2, b2, c*})S

N (v/S{a2, b2, ¢2}S N {a?, b2, 2} S{a?, 12, c2})S
(VS{a?, 02, 2}S N {a, 12, 2}S{a?, 17, ¢*})
C /S{a2,02,c2}S N {a2, b2, 2} S{a?, b2, c2}.

Hence, d" € S{a?,b% c*}SN{a? b*, 2}S{a? v?,c*} for some n € N. This
show that (3.2) holds.

(3) = (4) : First, to show that (4.1) holds, let a,b € S. By (3.1),
(ab)™ € S{a* b*}S N {a? v*}S{a? b?} for some n € N. Tt follows that
(ab)™ € S{a®,b*}S N {a* b*}S{a? b*}
C S{a,b}SN{a,b}S{a,b}.
Hence, there exists n € N such that (ab)” € S{a,b}SN{a,b}S{a,b}. Sup-
pose that there exists m € N where k € N such that (ab)™ € S{a*, v*}SnN
{ak 0"} S{a* b*}. By (3.1), there exists [ € N such that ((ab)™)! €
S{a%, b2k}
S N {a?* b*}S{a?* v?*}. Consider
((ab)m)l e S{a%, b%}S N {a2k7 b2k}S{a2k, b2k}
— S{ak+1ak71 bk+lbk71}5
N {akJrlakfl bk+1bk71}s{ak71ak+l bkflkarl}

g S{akﬂ, bk+1}S N {ak-&-l7 bk+1}5{ak+l, bk-l—l}'

Hence,

(ab)ml _ ((ab)m)l c S{akJrl, bk+1}S N {&kJrl’ bk+1}5{ak+l, bk+1}.
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Thus, (4.1) holds. Next, to show that (4.2) holds. Let a,b,¢,d € S such
that a | d and be |, d. Then d = zay and d = bzc for some x,y,z € S. By
(3.2), there exists n € N such that

d" € S{a* v*, S N {a® v?, *}S{a* b*, c*}
C S{a,b,c}SN{a,b,c}S{a,b,c}.

Hence, there exists n € N such that d* € S{a,b,c}S N{a,b,c}S{a,b,c}.
Suppose that there exists m € N where k& € N such that d™ € S{a*, b*, ¥}

Sn{ak, %, ckF}S{ak, v*, *}. By (3.2), there exists [ € N such that (d™)! €
S{a?* v?* Y8 N {a?* b LS {a?* b?* c*F}. Consider
(@™ € S{a*, b, VS N (a2, 02, PRV S (a2, b2F,
= S{at kL L g
) {aF a1 BRIl R Ty Gk e ke

C S{ah*h, pFHL, IV G A [ pEFL Ay Gt phtt ke
Hence,
4™ = (d™) € S{a" D FFSA{ak L B Y S PR R
Thus, (4.2) holds.

(4)=(1): Let B be a bi-interior ideal of S. First, let a,b € v/B. Then
there exists 7,7 € N such that a’,0’ € B. By (4.1), there exists n € N
such that

(ab)™ € S{a™7 b"™}S N {a"t b} S{a"t b}
= S{a'd’, b'¥'}S N {a'a’, b} S{a’a’, bV’ }
C S{a",¥}Sn{a", v’ }S{a", b}
CSBSNBSB CB.

Thus, ab € /B, and hence v/B is a subsemigroup of S. Next, to show that

SvVBSNvVBSvVB C vB. Let z € Sv/BSNV/BSVB. Then © = way and
& = bze for some w,y, z € S and a, b, ¢ € VB, then there exist i, j,k € N
such that a’, 0/, c* € B. By (4.2), there exists n € N such that 2" €
S{aiJerrk’ bz‘+g’+k7 Ci+j+k}5r~|{ai+j+k7 bi+j+k7 Ci+j+k}3{ai+j+k7 bi+j+k7 Ci+j+k}'
Consider
= S{ai-l-j—l—k7 bi-l—j-i—k7 Ci+j+k}s
N [t Gtk (IR G LIt itk ey

C S{d', v/, F}ySn{a', vV, "V S{a",V,c*} C SBSNBSB C B.
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Hence, = € V/B. Therefore, v/B is a bi-interior ideal of S. O
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