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Abstract

The multi-term fractional-order Volterra-Fredholm models (FV-FMs)
were the main topic of this paper. The Banach contraction principle is
applied to establish the uniqueness of the solution for multi-term FV-
FMs under certain conditions. Additionally, the solution’s convergence
is examined and demonstrated. To illustrate the theorems’ application,
a few examples are proposed.
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1. Introduction

Fractional calculus has drawn a great deal of interest from academics
in the last several decades from a variety of mathematical and scien-
tific fields. Many researchers have recently examined the existence and
uniqueness of solutions to these equations. For example, [4] demon-
strated the existence results for fractional integro-differential equations
with non-local conditions using resolvent operators. Additionally, [4, [7]
10} 14}, 17, 20] and several others have recently investigated the presence
of solutions to other kinds of fractional differential equations as well as
fractional integro-differential equations of boundary value problems and
initial value issues. Moreover, numerous engineering, social science, and
management disciplines have documented the use of these equations.

In other words, fractional calculus is frequently used to explain a
wide range of significant scientific phenomena, including chemical reac-
tions, fluid mechanics, and chaotic systems [12], [21], and [22]. In the
Social Sciences [2], [6, 1], 16], Economics [18], Finance [§], and so on.
Fractional operators are a more favorable way to describe many physi-
cal phenomena since they take into consideration how these phenomena
evolve. For some of these equations, it can be challenging to discover
analytical solutions, though. Consequently, a numerical method is re-
quired. Numerical methods for approximating the solutions to this class
of problems have been studied in the last few decades, see [I, 13, 9] 13} [15].
The Volterra type equations constitute a unique class of these equations,
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and their applications include heat transfer problems, nanohydrodynam-
ics, mass diffusion processes, neutron diffusion, coexistence of biological
species with decreasing and increasing rates of growth, and electromag-
netic theory [19].

The multi-term Volterra-Fredholm fractional equation of the follow-
ing form was examined in this paper:

k p
DIBE) = )P o)+ + [ (o H (@)

(p, 7)B(®(7))dr, (1)
/

dM(0) = d,, n=0,1,2,...,m—1, (2)
where D? is the Caputo differential fractional operator, m — 1 < §, <
h <o <q < p<mmkeN &:Q — RQ=1[01]is a
continuous function which needs to be determined, cj,h : @ — R be

given continuous functions, y, A : Q x @ — R be the continuous kernel
of integration, H, B : R — R are Lipschitz functions.

2. Preliminaries

Definition 2.1. [I9] Let G be a metric space, a mapping 2 : G — G is
a contraction if 3 L € [0, 1) such that |jw —Qul|| < L|jw—u||, Y w,u € G.

Definition 2.2. [19] Given a map 2 : A — B, every solution u of the
equation
Qu = u,
is called a fixed point of €.
Definition 2.3. [I9] Let X be a complete metric space, then each con-

traction mapping €2 : G — G bas a unique fixed point u of €2 in G, that
is, Qu = u.

Definition 2.4. [19] The Riemann-Liouville fractional integral of order
B of a function ® is defined as

I°d(w) = %ﬁ) /Ow(w — )1 e(v)dv, w >0, B €RT, (3)

where R is the set of positive real numbers.
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Definition 2.5. [19] The Riemann-Liouville fractional derivative of order
£ > 0 of a function ® is defined as

DP®(w) = D'I"PB(w) (¢—1<B<q geN)

_ % (ﬁ /0 “wo v)qfflcp(v)dv) .

Definition 2.6. [I9] The fractional derivative of ®(w) in the Caputo
sense is defined by

DP®(w) = I77P DI (w)

B 1 @ g p1d19(v) B
_m/o(w—v) e dv, ¢—1<p<gq.

The following properties hold:
i IPDP®(w) = Blw) — ST 0n o1 < B< g,
ii. I°D7®(w) =I°"7d(w),0<y<B,andg—1<B<q,q€N,

iii. 1°P(w) = F(:—il)’ where ®(w) = 1,w € [0, 1].

3. Main results

In this work, we denote by
(i) ||||oo the sup norm on C(Q, R), i.e for ¢ € C(Q,R), ||c||c = Sup,q e(w)|.

(ii) || - [[oo the sup norm on C(Q,R), ie for h € C(Q,R),|h]w =
SUPueq [A(W)]-
We make the following hypotheses:
(p1) there exist constants W, Wp > 0 such that for any &, Py €
C(Q,R) we have
[H (P1(w)) = H (P2(w))| S W|Py — By (w € Q,
[B(®1(w)) = B (Pa(w))] < ¥p [[®) — Dsf jw € Q,
(p2) there exists a constant II, I14 such that
P 1
II = sup / Ix(p, T)|dT < 00, T4 = sup / |A(p, T)|dT < 0.
0 0

p€E[0,1] p€El0,1]
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Lemma 3.1. Let & : ) — R and g : Q — R be continuous functions.
Then, a function ® is a solution to the model — iof, and only if,

O(w

1

3

k
w"+zcj VIP=%®(s) 4 I°h(w) (4)

o (/ px<;,T>H<<1><T>>dT) e ([ o p@eer),

Proof. Applying equation on equation and using properties
(i), (ii) together with the condition ({2)), we have

17 (D’ ®(w))

=D W+ ) (@I (w) + [Ph(w)

n=0 §=0

1° (/Opx(p, T)H((I)(T))dT) + I? (/01 Alp, T)B((I)(T))dT) :

+

Thus, ¢ solves model — if, and only if, ® solves .
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Theorem 3.2. Assume that (p1) and (p2) bold, and if

S [ IO 8 L
(ZF<5—5j+1)+ M3+ 1 )“’ ®)

J=0

then there is a unique solution ® € C(Q,R) to the model (1])-(2).

Proof. Let T be an operator such that 7' : C(Q,R) — C(Q,R)
defined from equation as

m—1 k w
T0)w) =30 e + Y s | = (e

L e

) /0 (w—=0)"""g(p)dp ©
L i W — A-1 ’ T T T

i [ @m0t ([ xonm@ear ) a
L i W — A-1 1 T T T

v [ @m0 ([ A nB@ear)a

The objective here is to apply the Banach contraction principle. To
do that, we will show that 71" is a contraction.

First, we note that T is well defined. Indeed, since
W Yoy e, w e 3 ¢(w) (107 9) (w)
W — (]*Bh) (W), wr— fop x(p, 7)H(®(7))dr,
wr— [ Alp,7)B(®(7))dr

are continuous, the right hand side of equation (7)) is well defined and
w — (TP)(w) is continuous. Thus, for & € C(Q,R), TP is also in

C(QR).
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Let ®1,®, € C(Q,R) and let w € [0,1]. By the definition of 7" we
have

[(T®y) (W) — (TP2) (w)]

1 N 0;—1
| Sy [ e e o) - 2t

+F— (/ Alp. B (@:(7) — B (@ (de)
e e 0Ol [,

7=0

1w ||‘I>1 — ‘1’2” / s-1

+ = W — d

NG p)"dp
MW <I> CD
L Ha H 1= Pofl / 2P1dp

k
Z el !I‘I>1 ‘I’2Hoowg_5j L I |[@, — Polloe s n AP [[P1 — Psllo 5
I'(B—96;+1) I'(p+1) I'(p+1)
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Thus,

k
Cj [T+ 104)¥
\|T¢1—T¢2||OO§<ZF( el @41y )chl_%uw
=0

p—0;+1) I'(s+1)

We conclude that 7" is a contraction, since by equation ({5)),

k
Z Il I (IT+ TT4) W <1
= TB=0+1) T+ '
By the Banach contraction principle, 7" has a unique solution ® in
C(Q.R).

Theorem 3.3. If the solution is convergent, then it converges to the
exact solution of the Model —.

Proof. Let 4,9, be arbitrary partial sums with v < u. We show that
U, is a Cauchy sequence. Let ¥, = 3 7 (®;(w) and 9, = Y7 ®;(w).
Since v < u, then, we have from equation (4)):

u

Oy =y = Y 0j(w)
j=v+1

u

i 1 w -
=Y L @) X e

j=v+1

1 “ 1 L
w7 | @ ( | xtom ( 3 <1>j<r>> df> dp

j=v+1

(7)

Let

and
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then equation becomes

0, — 0, = Z @)
. z s | e Z @;(p)dp
i | @m0 ( | xn Z Gm)df) dp :
5 / “w—pp ( / A7) Z Ujde) dp) .
If we let

u—1 u—1
D (W) =Vt — Pty Y Gi(t) = H (9yy) — H (9y1)
Jj=v Jj=v

S U ) = B () ~ B(0)

in equation , then we have

19— 9]l
< ( Z T L @ O =0
voig =0 ([ 5o ) - H O ) )
505 | = ( / Apor) (B(mr) — B(6,) ch) dpD
< mas (Z ﬁ / "= ) ey (o) 19t — Vo] dp
+ﬁ] [0t ([ i @)~ 1 @l ar ) d)

v [ =0 ([ G118 0u) — B i) do)
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leillo || Vol [ 5
<Z 6 5) 1 /O(W_p)ﬁ %~tdp

]‘_‘[\I[ Hﬁu—l_ 1/—1”00 “ . B—ld
) /0(w p)°dp

1_[A\];l Hﬁufl - 791171" /w -1
+ - w—p)° dp
e ,

k
el (I + 114) ¥ B
= (; r (5 - 5j + 1) + F(ﬁ + 1) ) ||’l9u—1 197)_1”00

Thus,

Vo

1P = Volloe < Tl[Pur = Vol (9)
where T = ¥ i=0 T g,cc(ls' <5 + (HJ{;FAB\P Observe that, from equation (9):

Hﬁu - ﬁvHOO
<Y [ Puer = Vil S T [Py = Dyl <o ST [P — Dol o

Also from equation @,

||19u—1 - 191)—1”00 S T ||Q9u—2 - 1911—2”00 ’
[Pu—r2 = Poallog ST [[Pus — Doosll s -

Therefore,

[P — Dol oo (10)
<Y [ Puet = ol < T2 [ Pums — Joall < -0 S TV[01 — Dol

Let u = v + 1, accordingly in equation , then we have

”ﬁu _191)”00
< T 00 — Dotllog < T2 Pums — Vool < .o < TV 01— Vol

That is,

19p = Vgl < T [[91 = Dol (11)
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|9, — V]|, can be written as follows

[0 — Dol
=|[Vo1 — Oy + Vg2 — Vo1 + Vogs — Voga + Vs — Vogs
+ - A Vo u—v-2) = Vot tumv—1) + Vo (u—v) — Vot (u—v—1) || os
=|[Vo1 — Uy + Vg2 — Vi1 + Voys — Voga + Vs — Vogs (12)
4+ 0y — Y1 Py — Fut||oo
< |wv+1 - ﬁvuoo + Hﬂv+2 - 191;4—1”00 + Hﬂv-&-i% - 19U+2Hoo +
[9rs = Busollos + - + P2 — Bualloe + 190 — Dl

From equation (1)), let u = v + 1, then

Hﬁv—f—l - 1911”00 STU Hﬁl - 190”00
10010 = Dol ST [[00 = Dol
10013 = Dusall o ST [0 — Dol

100 = Gumillog ST [91 = Dol -
Therefore, equation can be written as

[0y = Vol < (T4 T+ 072 4o £ TN 10y — |
=T (14T + T2+ + T [0 — Do -

By the geometric series, let ¢ = v — v — 1, this implies,

| e
0= 0l <1 (g ) 101l

since 0 < T < 1, this means 1 — T*™" < 1, then

T’v
Hﬁu - 1911” <

But @ (w)| < 0o and lim, . £ = 0, since T — 0 as v —» 0.
Therefore, ||¥, —3,||,, — 0 as v — oo. We conclude that ¥, is a
Cauchy sequence in C[0,1]. Therefore, lim, . ®, = ®. Thus, the
solution is convergent.
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4. Applications
Example 1. Consider the Volterra-Fredholm model

6w w?e

Did(w) = F(é)—;q’(@—k/ow e“’T<I>(T)dT+/O wT®(7)dr,

®(0) = 0,
3

the exact solution is ®(w) = w®.

From Theorem (3.2}, we have

[(T®y) (w) — (TPy) (w)]

(VAN
—_
S—
o\_»
AE
&
|
S
N—
’b)—‘
B~
(O
D
>
—
KH
)
S
S
N—
|
KH
_
S
S
N—
N—
IS
S
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|y — D /w L1 oo [y — D, [ 1
<22 "l [y — p)Taph dp+—°°/ w—p) ipdp
[ P2 — @4l /“’ 1
= w—p) 1p’dp
2r (%) (n)! Jo ( )

< (F(4)w3'75 F(4)w3'75 F(4)w3‘75

Dy — D] .
50(4.75) = 20(4.75) 2FQ475))||2 e
Thus,

| TPy — TP, < (0.54236) || D2 — 4|, -

Since 0.54236 < 1, we say that the problem satisfies the condition of
Theorem 3.2

Example 2. Consider the fractional differential equation of the form

aD*®(w) 4 b(w) D ®(w) + c(w)DP(w) + e(w) D2 d(w)
= [(w) = k(w)®(w),

where a = 1,b(w) = w2, ;
—a — %w%“ — c(w)w — e(f)2 w2 4 k(w) < - %) ;72 = 0.333
and y; = 1.234.

The exact solution is ®(w) =2 — %2

From Theorem [3.2] we have

|(T'®) (w) = (T91) ()]
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Sm /Ow(w = p)p' % |@s(p) — D1(p)| dp

n ﬁ / “(w— 9)p" 3 y(p) — ()] dp
1

+ T@)T(L.667) /Ow(w — )" |®a(p) — D1(p)| dp

b /Ow(w = p)p"?|@2(p) — D1(p)| dp

['(2)
Dy — v
H 2 1||oo/ (w_p)p1.266dp

=T (2)[(1.766) J,

H(I)Q B q)l” /w 1.333
+ | (Ww—p)pTdp
re Y

[ P2 — P4l /w 0.917
172 7 Filloo )07y
rraeer) f, WP
[ P2 — Pyl /w 0.2
+ == | (w—p)p”2dp.
I'(2) 0
By property (iii) we have
| TPy — T,

I'(2.266) INEY
<F(1.766) I'(4.266) * I (1)
r(

'(1.917) %)
[(L667)'(3.917) ' T (19)

5

)ll®: = @l

Thus,
|7@; — 7|, < (0.85187) &, — @ |,

Since 0.85187 < 1, we say that the problem satisfies the condition of
Theorem B.2]

5. Conclusions

This study presents the use of the Riemann-Liouville integral of frac-
tional order to the transformation of a new class of multi-term fractional-
order Volterra-Fredholm models to its equivalent integral form. The
uniqueness of the solution to the multiterm fractional order Volterra-
Fredholm integro-differential equation was established by applying the
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Banach contraction principle. Additionally, the Cauchy convergence cri-
teria were examined and used to support the convergence study. In order
to illustrate the problem’s applicability and solvability, instances prov-
ing that the condition is satisfied were provided. The outcomes met the
uniqueness of solution theorem’s criteria with complete harmony.
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