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Abstract

The multi-term fractional-order Volterra-Fredholm models (FV-FMs)
were the main topic of this paper. The Banach contraction principle is
applied to establish the uniqueness of the solution for multi-term FV-
FMs under certain conditions. Additionally, the solution’s convergence
is examined and demonstrated. To illustrate the theorems’ application,
a few examples are proposed.
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1. Introduction

Fractional calculus has drawn a great deal of interest from academics
in the last several decades from a variety of mathematical and scien-
tific fields. Many researchers have recently examined the existence and
uniqueness of solutions to these equations. For example, [4] demon-
strated the existence results for fractional integro-differential equations
with non-local conditions using resolvent operators. Additionally, [4, 7,
10, 14, 17, 20] and several others have recently investigated the presence
of solutions to other kinds of fractional differential equations as well as
fractional integro-differential equations of boundary value problems and
initial value issues. Moreover, numerous engineering, social science, and
management disciplines have documented the use of these equations.

In other words, fractional calculus is frequently used to explain a
wide range of significant scientific phenomena, including chemical reac-
tions, fluid mechanics, and chaotic systems [12], [21], and [22]. In the
Social Sciences [2, 6, 11, 16], Economics [18], Finance [8], and so on.
Fractional operators are a more favorable way to describe many physi-
cal phenomena since they take into consideration how these phenomena
evolve. For some of these equations, it can be challenging to discover
analytical solutions, though. Consequently, a numerical method is re-
quired. Numerical methods for approximating the solutions to this class
of problems have been studied in the last few decades, see [1, 3, 9, 13, 15].
The Volterra type equations constitute a unique class of these equations,
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and their applications include heat transfer problems, nanohydrodynam-
ics, mass diffusion processes, neutron diffusion, coexistence of biological
species with decreasing and increasing rates of growth, and electromag-
netic theory [19].

The multi-term Volterra-Fredholm fractional equation of the follow-
ing form was examined in this paper:

DβΦ(ω) =
k∑

j=0

cj(ω)D
δjΦ(ω) + h(ω) +

∫ ρ

0

χ(ρ, τ)H(Φ(τ))dτ

+

∫ 1

0

A(ρ, τ)B(Φ(τ))dτ, (1)

Φ(n)(0) = dn, n = 0, 1, 2, . . . ,m− 1, (2)

where Dβ is the Caputo differential fractional operator, m − 1 < δ0 <
δ1 < · · · < δj < β ≤ m,m, k ∈ N, Φ : Q −→ R, Q = [0, 1] is a
continuous function which needs to be determined, cj, h : Q −→ R be
given continuous functions, χ,A : Q×Q −→ R be the continuous kernel
of integration, H,B : R −→ R are Lipschitz functions.

2. Preliminaries

Definition 2.1. [19] Let G be a metric space, a mapping Ω : G −→ G is
a contraction if ∃ L ∈ [0, 1) such that ∥ω−Ωu∥ ≤ L∥ω−u∥, ∀ ω, u ∈ G.

Definition 2.2. [19] Given a map Ω : A −→ B, every solution u of the
equation

Ωu = u,

is called a fixed point of Ω.

Definition 2.3. [19] Let X be a complete metric space, then each con-
traction mapping Ω : G −→ G bas a unique fixed point u of Ω in G, that
is, Ωu = u.

Definition 2.4. [19] The Riemann-Liouville fractional integral of order
β of a function Φ is defined as

IβΦ(ω) =
1

Γ(β)

∫ ω

0

(ω − v)β−1Φ(v)dv, ω > 0, β ∈ R+, (3)

where R+ is the set of positive real numbers.
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Definition 2.5. [19] The Riemann-Liouville fractional derivative of order
β > 0 of a function Φ is defined as

DβΦ(ω) = DqIq−βΦ(ω) (q − 1 < β ≤ q, q ∈ N)

=
dq

dtq

(
1

Γ(q − β)

∫ ω

0

(ω − v)q−β−1Φ(v)dv

)
.

Definition 2.6. [19] The fractional derivative of Φ(ω) in the Caputo
sense is defined by

DβΦ(ω) = Iq−βDqΦ(ω)

=
1

Γ(q − β)

∫ ω

0

(ω − v)q−β−1d
qΦ(v)

dvq
dv, q − 1 < β ≤ q.

The following properties hold:

i. IβDβΦ(ω) = Φ(ω)−
∑q−1

n=0
Φ(n)(0)

n!
ωn, q − 1 < β ≤ q,

ii. IβDγΦ(ω) = Iβ−γΦ(ω), 0 < γ < β, and q − 1 < β ≤ q, q ∈ N,

iii. IαΦ(ω) = ωα

Γ(α+1)
, where Φ(ω) = 1, ω ∈ [0, 1].

3. Main results

In this work, we denote by

(i) ∥·∥∞ the sup norm on C(Q,R), i.e for c ∈ C(Q,R), ∥c∥∞ = supω∈Q |c(ω)|.

(ii) ∥ · ∥∞ the sup norm on C(Q,R), i.e for h ∈ C(Q,R), ∥h∥∞ =
supω∈Q |h(ω)|.

We make the following hypotheses:

(p1) there exist constants Ψ,ΨB > 0 such that for any Φ1,Φ2 ∈
C(Q,R) we have

|H (Φ1(ω))−H (Φ2(ω))| ≤ Ψ ∥Φ1 − Φ2∥∞ ω ∈ Q,

|B (Φ1(ω))−B (Φ2(ω))| ≤ ΨB ∥Φ1 − Φ2∥∞ ω ∈ Q,

(p2) there exists a constant Π,ΠA such that

Π = sup
ρ∈[0,1]

∫ ρ

0

|χ(ρ, τ)|dτ < ∞, ΠA = sup
ρ∈[0,1]

∫ 1

0

|A(ρ, τ)|dτ < ∞.
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Lemma 3.1. Let Φ : Q −→ R and g : Q −→ R be continuous functions.
Then, a function Φ is a solution to the model (1)-(2) if, and only if,

Φ(ω)

=
m−1∑
n=0

dn
n!

ωn +
k∑

j=0

cj(ω)I
β−δjΦ(s) + Iβh(ω) (4)

+Iβ
(∫ ρ

0

χ(ρ, τ)H(Φ(τ))dτ

)
+ Iβ

(∫ 1

0

A(ρ, τ)B(Φ(τ))dτ

)
.

Proof. Applying equation (3) on equation (1) and using properties
(i), (ii) together with the condition (2), we have

Iβ
(
DβΦ(ω)

)
=Iβ

(
k∑

j=0

cj(ω)D
δjΦ(ω)

)
+ Iβ(h(ω))

+ Iβ
(∫ ρ

0

χ(ρ, τ)H(Φ(τ))dτ

)
+ Iβ

(∫ ρ

0

χ(ρ, τ)H(Φ(τ))dτ

)
=

k∑
j=0

cj(ω)I
β
(
DδjΦ(ω)

)
+ Iβ(h(ω))

+ Iβ
(∫ ρ

0

χ(ρ, τ)H(Φ(τ))dτ

)
+ Iβ

(∫ 1

0

A(ρ, τ)B(Φ(τ))dτ

)
=

m−1∑
n=0

Φ(n)(0)

n!
ωn +

k∑
j=0

cj(ω)I
β−δjΦ(ω) + Iβg(ω)

+ Iβ
(∫ ρ

0

χ(ρ, τ)H(Φ(τ))dτ

)
+ Iβ

(∫ 1

0

A(ρ, τ)B(Φ(τ))dτ

)
=

m−1∑
n=0

dn
n!

ωn +
k∑

j=0

cj(ω)I
β−δjΦ(ω) + Iβh(ω)

+ Iβ
(∫ ρ

0

χ(ρ, τ)H(Φ(τ))dτ

)
+ Iβ

(∫ 1

0

A(ρ, τ)B(Φ(τ))dτ

)
.

Thus, Φ solves model (1)-(2) if, and only if, Φ solves (4).
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Theorem 3.2. Assume that (p1) and (p2) bold, and if

(
k∑

j=0

∥cj∥∞
Γ (β − δj + 1)

+
(Π + ΠA)Ψ

Γ(β + 1)

)
< 1, (5)

then there is a unique solution Φ ∈ C(Q,R) to the model (1)-(2).

Proof. Let T be an operator such that T : C(Q,R) −→ C(Q,R)
defined from equation (4) as

(TΦ)(ω) =
m−1∑
n=0

dn
n!

ωn +
k∑

j=0

1

Γ (β − δj)

∫ ω

0

(ω − ρ)β−δj−1cj(ρ)Φ(ρ)dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1g(ρ)dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ ρ

0

χ(ρ, τ)H(Φ(τ))dτ

)
dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ 1

0

A(ρ, τ)B(Φ(τ))dτ

)
dρ.

(6)

The objective here is to apply the Banach contraction principle. To
do that, we will show that T is a contraction.

First, we note that T is well defined. Indeed, since

ω 7−→
∑m−1

n=0
dn
n!
ωn, ω 7−→

∑k
j=0 cj(ω)

(
Iβ−δjΦ

)
(ω)

ω 7−→
(
Iβh
)
(ω), ω 7−→

∫ ρ

0
χ(ρ, τ)H(Φ(τ))dτ,

ω 7−→
∫ 1

0
A(ρ, τ)B(Φ(τ))dτ

are continuous, the right hand side of equation (7) is well defined and
ω 7−→ (TΦ)(ω) is continuous. Thus, for Φ ∈ C(Q,R), TΦ is also in
C(QR).
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Let Φ1,Φ2 ∈ C(Q,R) and let ω ∈ [0, 1]. By the definition of T we
have

|(TΦ1) (ω)− (TΦ2) (ω)|

=

∣∣∣∣∣
k∑

j=0

1

Γ (β − δj)

∫ ω

0

(ω − ρ)β−δj−1cj(ρ) (Φ1(ρ)− Φ2(ρ)) dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ ρ

0

χ(ρ, τ) (H (Φ1(τ))−H (Φ2(τ))) dτ

)
dρ

∣∣∣∣
+

1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ 1

0

A(ρ, τ) (B (Φ1(τ))−B (Φ2(τ))) dτ

)
dρ

∣∣∣∣
≤

∣∣∣∣∣
k∑

j=0

1

Γ (β − δj)

∫ ω

0

(ω − ρ)β−δj−1cj(ρ) (Φ1(ρ)− Φ2(ρ)) dρ

∣∣∣∣∣
+

∣∣∣∣ 1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ ρ

0

χ(ρ, τ) (H (Φ1(τ))−H (Φ2(τ))) dτ

)
dρ

∣∣∣∣
+

∣∣∣∣ 1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ 1

0

A(ρ, τ) (B (Φ1(τ))−B (Φ2(τ))) dτ

)
dρ

∣∣∣∣
≤

k∑
j=0

1

Γ (β − δj)

∫ ω

0

(ω − ρ)β−δj−1 |cj(ρ)| |Φ1(ρ)− Φ2(ρ)| dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ ρ

0

|χ(ρ, τ)| |H (Φ1(τ))−H (Φ2(τ))| dτ
)
dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ 1

0

|A(ρ, τ)| |B (Φ1(τ))−B (Φ2(τ))| dτ
)
dρ

≤
k∑

j=0

∥cj∥∞ ∥Φ1 − Φ2∥∞
Γ (β − δj)

∫ ω

0

(ω − ρ)β−δj−1dρ

+
ΠΨ ∥Φ1 − Φ2∥∞

Γ(β)

∫ ω

0

(ω − ρ)β−1dρ

+
ΠAΨ ∥Φ1 − Φ2∥∞

Γ(β)

∫ ω

0

(ω − ρ)β−1dρ

≤
k∑

j=0

∥cj∥∞ ∥Φ1 − Φ2∥∞
Γ (β − δj + 1)

ωβ−δj +
ΠΨ ∥Φ1 − Φ2∥∞

Γ(β + 1)
ωβ +

ΠAΨ ∥Φ1 − Φ2∥∞
Γ(β + 1)

ωβ.
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Thus,

∥TΦ1 − TΦ2∥∞ ≤

(
k∑

j=0

∥cj∥∞
Γ (β − δj + 1)

+
(Π + ΠA)Ψ

Γ(β + 1)

)
∥Φ1 − Φ2∥∞ .

We conclude that T is a contraction, since by equation (5),(
k∑

j=0

∥cj∥∞
Γ (β − δj + 1)

+
(Π + ΠA)Ψ

Γ(β + 1)

)
< 1.

By the Banach contraction principle, T has a unique solution Φ in
C(Q,R).

Theorem 3.3. If the solution is convergent, then it converges to the
exact solution of the Model (1)-(2).

Proof. Let ϑu, ϑv be arbitrary partial sums with v ≤ u. We show that
ϑu is a Cauchy sequence. Let ϑu =

∑u
j=0Φj(ω) and ϑv =

∑v
j=0 Φj(ω).

Since v ≤ u, then, we have from equation (4):

ϑu − ϑv =
u∑

j=v+1

Φj(ω)

=
k∑

j=0

1

Γ (β − δj)

∫ ω

0

(ω − ρ)β−δj−1cj(ρ)
u∑

j=v+1

Φj(ρ)dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ ρ

0

χ(ρ, τ)H

(
u∑

j=v+1

Φj(τ)

)
dτ

)
dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ 1

0

A(ρ, τ)B

(
u∑

j=v+1

Φj(τ)

)
dτ

)
dρ.

(7)

Let

H

(
u∑

j=v+1

Φj(τ)

)
=

u∑
j=v+1

Gj(τ)

and

B

(
u∑

j=v+1

Φj(τ)

)
=

u∑
j=v+1

Uj(τ),
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then equation (7) becomes

|ϑu − ϑv| =

∣∣∣∣∣
u∑

j=v+1

Φj(ω)

∣∣∣∣∣
=

∣∣∣∣∣
k∑

j=0

1

Γ (β − δj)

∫ ω

0

(ω − ρ)β−δj−1cj(ρ)
u∑

j=v+1

Φj(ρ)dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ ρ

0

χ(ρ, τ)
u∑

j=v+1

Gj(τ)dτ

)
dρ

∣∣∣∣∣
+

1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ 1

0

A(ρ, τ)
u∑

j=v+1

Uj(τ)dτ

)
dρ

∣∣∣∣∣ .

(8)

If we let
u−1∑
j=v

Φj(ω) = ϑu−1 − ϑv−1,
u−1∑
j=v

Gj(t) = H (ϑu−1)−H (ϑv−1) ,

u−1∑
j=v

Uj(t) = B (ϑu−1)−B (ϑv−1)

in equation (8), then we have

∥ϑu − ϑv∥∞

≤max
∀ω∈Q

(∣∣∣∣∣
k∑

j=0

1

Γ (β − δj)

∫ ω

0

(ω − ρ)β−δj−1cj(ρ) (ϑu−1 − ϑv−1) dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ ρ

0

χ(ρ, τ) (H (ϑu−1)−H (ϑv−1)) dτ

)
dρ

∣∣∣∣ )
+

1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ 1

0

A(ρ, τ) (B (ϑu−1)−B (ϑv−1)) dτ

)
dρ

∣∣∣∣ )
≤max

∀ω∈Q

(
k∑

j=0

1

Γ (β − δj)

∫ ω

0

(ω − ρ)β−δj−1 |cj(ρ)| |ϑu−1 − ϑv−1| dρ

+
1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ ρ

0

|χ(ρ, τ)| |H (ϑu−1)−H (ϑv−1)| dτ
)
dρ

)
+

1

Γ(β)

∫ ω

0

(ω − ρ)β−1

(∫ 1

0

|A(ρ, τ)| |B (ϑu−1)−B (ϑv−1)| dτ
)
dρ

)
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≤
k∑

j=0

∥cj∥∞ ∥ϑu−1 − ϑv−1∥∞
Γ (β − δj)

∫ ω

0

(ω − ρ)β−δj−1dρ

+
ΠΨ ∥ϑu−1 − ϑv−1∥∞

Γ(β)

∫ ω

0

(ω − ρ)β−1dρ

+
ΠAΨ ∥ϑu−1 − ϑv−1∥∞

Γ(β)

∫ ω

0

(ω − ρ)β−1dρ

≤

(
k∑

j=0

∥cj∥∞
Γ (β − δj + 1)

+
(Π + ΠA)Ψ

Γ(β + 1)

)
∥ϑu−1 − ϑv−1∥∞ .

Thus,

∥ϑu − ϑv∥∞ ≤ Υ ∥ϑu−1 − ϑv−1∥∞ , (9)

where Υ =
∑k

j=0
∥cc∥∞

Γ(β−δj+1)
+ (Π+ΠA)Ψ

Γ(β+1)
. Observe that, from equation (9):

∥ϑu − ϑv∥∞
≤ Υ ∥ϑu−1 − ϑv−1∥∞ ≤ Υ ∥ϑu−2 − ϑv−2∥∞ ≤ . . . ≤ Υ ∥ϑ1 − ϑ0∥∞ .

Also from equation (9),

∥ϑu−1 − ϑv−1∥∞ ≤ Υ ∥ϑu−2 − ϑv−2∥∞ ,

∥ϑu−2 − ϑv−2∥∞ ≤ Υ ∥ϑu−3 − ϑv−3∥∞ , . . . .

Therefore,

∥ϑu − ϑv∥∞ (10)

≤ Υ ∥ϑu−1 − ϑv−1∥∞ ≤ Υ2 ∥ϑu−2 − ϑv−2∥∞ ≤ . . . ≤ Υv ∥ϑ1 − ϑ0∥∞ .

Let u = v + 1, accordingly in equation (10), then we have

∥ϑu − ϑv∥∞
≤ Υ ∥ϑv − ϑv−1∥∞ ≤ Υ2 ∥ϑv−1 − ϑv−2∥∞ ≤ . . . ≤ Υv ∥ϑ1 − ϑ0∥∞ .

That is,

∥ϑp − ϑq∥∞ ≤ Υv ∥ϑ1 − ϑ0∥∞ , (11)
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∥ϑu − ϑv∥∞ can be written as follows

∥ϑu − ϑv∥∞
=∥ϑv+1 − ϑv + ϑv+2 − ϑv+1 + ϑv+3 − ϑv+2 + ϑv+4 − ϑv+3

+ · · ·+ ϑv+(u−v−2) − ϑv+(u−v−1) + ϑv+(u−v) − ϑv+(u−v−1)∥∞
=∥ϑv+1 − ϑv + ϑv+2 − ϑv+1 + ϑv+3 − ϑv+2 + ϑv+4 − ϑv+3

+ · · ·+ ϑu−2 − ϑu−1 + ϑu − ϑu−1∥∞
≤∥ϑv+1 − ϑv∥∞ + ∥ϑv+2 − ϑv+1∥∞ + ∥ϑv+3 − ϑv+2∥∞ +

∥ϑv+4 − ϑv+3∥∞ + · · ·+ ∥ϑu−2 − ϑu−1∥∞ + ∥ϑu − ϑu−1∥∞ .

(12)

From equation (11), let u = v + 1, then

∥ϑv+1 − ϑv∥∞ ≤Υv ∥ϑ1 − ϑ0∥∞
∥ϑv+2 − ϑv+1∥∞ ≤Υv+1 ∥ϑ1 − ϑ0∥∞
∥ϑv+3 − ϑv+2∥∞ ≤Υv+2 ∥ϑ1 − ϑ0∥∞

...

∥ϑu − ϑu−1∥∞ ≤Υu−1 ∥ϑ1 − ϑ0∥∞ .

Therefore, equation (12) can be written as

∥ϑu − ϑv∥∞ ≤
(
Υv +Υv+1 +Υv+2 + · · ·+Υu−1

)
∥ϑ1 − ϑ0∥∞

= Υv
(
1 + Υ1 +Υ2 + · · ·+Υu−v−1

)
∥ϑ1 − ϑ0∥∞ .

By the geometric series, let q = u− v − 1, this implies,

∥ϑu − ϑv∥∞ ≤ Υv

(
1−Υu−v

1−Υ

)
∥ϑ1 − ϑ0∥∞ ,

since 0 < Υ < 1, this means 1−Υu−v < 1, then

∥ϑu − ϑv∥∞ ≤ Υv

1−Υ
∥Φ1∥∞ .

But |Φ1(ω)| < ∞ and limv−→∞
Υv

1−Υ
= 0, since Υv −→ 0 as v −→ ∞.

Therefore, ∥ϑu − ϑv∥∞ −→ 0 as v −→ ∞. We conclude that ϑu is a
Cauchy sequence in C[0, 1]. Therefore, limn−→∞Φn = Φ. Thus, the
solution is convergent.
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4. Applications

Example 1. Consider the Volterra-Fredholm model

D
3
4Φ(ω) =

6ω
9
4

Γ
(
13
4

) − ω2eω

5
Φ(ω) +

∫ ω

0

eωτΦ(τ)dτ +

∫ 1

0

ωτΦ(τ)dτ,

Φ(0) = 0,

the exact solution is Φ(ω) = ω3.

From Theorem 3.2, we have

|(TΦ2) (ω)− (TΦ1) (ω)|

=

∣∣∣∣∣− 1

5Γ
(
3
4

) ∫ ω

0

(ω − ρ)
−1
4 ρ2eρ (Φ2(ρ)− Φ1(ρ)) dρ

+
1

Γ
(
3
4

) ∫ ω

0

(ω − ρ)
−1
4

(∫ ρ

0

eρτ (Φ2(τ)− Φ1(τ)) dτ

)
dρ

∣∣∣∣∣
+

1

Γ
(
3
4

) ∫ ω

0

(ω − ρ)
−1
4

(∫ 1

0

ρτ (Φ2(τ)− Φ1(τ)) dτ

)
dρ

∣∣∣∣∣
≤

∣∣∣∣∣ 1

5Γ
(
3
4

) ∫ ω

0

(ω − ρ)
−1
4 ρ2eρ (Φ2(ρ)− Φ1(ρ)) dρ

∣∣∣∣∣
+

∣∣∣∣∣ 1

Γ
(
3
4

) ∫ ω

0

(ω − ρ)
−1
4

(∫ ρ

0

eρτ (Φ2(τ)− Φ1(τ)) dτ

)
dρ

∣∣∣∣∣
+

∣∣∣∣∣ 1

Γ
(
3
4

) ∫ ω

0

(ω − ρ)
−1
4

(∫ 1

0

ρτ (Φ2(τ)− Φ1(τ)) dτ

)
dρ

∣∣∣∣∣
≤ 1

5Γ
(
3
4

) ∫ ω

0

(ω − ρ)
−1
4 ρ2eρ |Φ2(ρ)− Φ1(ρ)| dρ

+
1

Γ
(
3
4

) ∫ ω

0

(ω − ρ)
−1
4

(∫ ρ

0

eρτ |Φ2(τ)− Φ1(τ)| dτ
)
dρ

+
1

Γ
(
3
4

) ∫ ω

0

(ω − ρ)
−1
4

(∫ 1

0

ρτ |Φ2(τ)− Φ1(τ)| dτ
)
dρ
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≤∥Φ2 − Φ1∥∞
5Γ
(
3
4

)
(n)!

∫ ω

0

(ω − ρ)−
1
4ρn+2dρ+

∥Φ2 − Φ1∥∞
2Γ
(
3
4

)
(n)!

∫ ω

0

(ω − ρ)−
1
4ρdρ

+
∥Φ2 − Φ1∥∞
2Γ
(
3
4

)
(n)!

∫ ω

0

(ω − ρ)−
1
4ρ3dρ

≤
(
Γ(4)ω3.75

5Γ(4.75)
+

Γ(4)ω3.75

2Γ(4.75)
+

Γ(4)ω3.75

2Γ(4.75)

)
∥Φ2 − Φ1∥∞ .

Thus,

∥TΦ2 − TΦ1∥∞ ≤ (0.54236) ∥Φ2 − Φ1∥∞ .

Since 0.54236 < 1, we say that the problem satisfies the condition of
Theorem 3.2.

Example 2. Consider the fractional differential equation of the form

aD2Φ(ω) + b(ω)Dβ1Φ(ω) + c(ω)DΦ(ω) + e(ω)Dβ2Φ(ω)

= f(ω)− k(ω)Φ(ω),

Φ(0) = 2, Φ′(0) = 0,

where a = 1, b(ω) = ω
1
2 , c(ω) = ω

1
3 , e(ω) = ω

1
4 , k(ω) = ω

1
5 , f(ω) =

−a − b(ω)
Γ(3−γ1)

ω2−γ1 − c(ω)ω − e(ω)
Γ(3−γ2)

ω2−γ2 + k(ω)
(
2− ω2

2

)
, γ2 = 0.333

and γ1 = 1.234.

The exact solution is Φ(ω) = 2− ω2

2
.

From Theorem 3.2, we have

|(TΦ2) (ω)− (TΦ1) (ω)|

=

∣∣∣∣− 1

Γ(2)Γ(1.766)

∫ ω

0

(ω − ρ)ρ1.266 (Φ2(ρ)− Φ1(ρ)) dρ

− 1

Γ(2)

∫ ω

0

(ω − ρ)ρ1.333 (Φ2(ρ)− Φ1(ρ)) dρ

− 1

Γ(2)Γ(1.667)

∫ ω

0

(ω − ρ)ρ0.917 (Φ2(ρ)− Φ1(ρ)) dρ

− 1

Γ(2)

∫ ω

0

(ω − ρ)ρ0.2 (Φ2(ρ)− Φ1(ρ)) dρ

∣∣∣∣
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≤ 1

Γ(2)Γ(1.766)

∫ ω

0

(ω − ρ)ρ1.266 |Φ2(ρ)− Φ1(ρ)| dρ

+
1

Γ(2)

∫ ω

0

(ω − ρ)ρ1.333 |Φ2(ρ)− Φ1(ρ)| dρ

+
1

Γ(2)Γ(1.667)

∫ ω

0

(ω − ρ)ρ0.917 |Φ2(ρ)− Φ1(ρ)| dρ

+
1

Γ(2)

∫ ω

0

(ω − ρ)ρ0.2 |Φ2(ρ)− Φ1(ρ)| dρ

≤ ∥Φ2 − Φ1∥∞
Γ(2)Γ(1.766)

∫ ω

0

(ω − ρ)ρ1.266dρ

+
∥Φ2 − Φ1∥∞

Γ(2)

∫ ω

0

(ω − ρ)ρ1.333dρ

+
∥Φ2 − Φ1∥∞
Γ(2)Γ(1.667)

∫ ω

0

(ω − ρ)ρ0.917dρ

+
∥Φ2 − Φ1∥∞

Γ(2)

∫ ω

0

(ω − ρ)ρ0.2dρ.

By property (iii) we have

∥TΦ2 − TΦ1∥∞

≤
( Γ(2.266)

Γ(1.766)Γ(4.266)
+

Γ
(
7
3

)
Γ
(
13
3

)
+

Γ(1.917)

Γ(1.667)Γ(3.917)
+

Γ
(
6
5

)
Γ
(
16
5

)) ∥Φ2 − Φ1∥∞ .

Thus,

∥TΦ2 − TΦ1∥∞ ≤ (0.85187) ∥Φ2 − Φ1∥∞ .

Since 0.85187 < 1, we say that the problem satisfies the condition of
Theorem 3.2.

5. Conclusions

This study presents the use of the Riemann-Liouville integral of frac-
tional order to the transformation of a new class of multi-term fractional-
order Volterra-Fredholm models to its equivalent integral form. The
uniqueness of the solution to the multiterm fractional order Volterra-
Fredholm integro-differential equation was established by applying the
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Banach contraction principle. Additionally, the Cauchy convergence cri-
teria were examined and used to support the convergence study. In order
to illustrate the problem’s applicability and solvability, instances prov-
ing that the condition is satisfied were provided. The outcomes met the
uniqueness of solution theorem’s criteria with complete harmony.

References

[1] R. Agarwal, B. Ahmad, Existence theory for anti-periodic bound-
ary value problems of fractional differential equations and inclusions,
Computers Mathematics with Applications, 62, No 3 (2011), 1200-
1214.

[2] A. Aghajani, Y. Jalilian, J.J. Trujillo, On the existence
of solutions of fractional integro-differential equations, Frac-
tional Calculus and Applied Analysis, 15, No 1 (2012), 44-69;
https://doi.org/10.2478/s13540-012-0005-4.

[3] I. Avcl, N. Mahmudov, Numerical solutions for multi-term fractional
order differential equations with fractional Taylor operational matrix
of fractional integration, Mathematics, 8, No 1 (2020), 96.

[4] K. Balachandran, S. E. Kiruthika, Existence results for fractional in-
tegrodifferential equations with nonlocal condition via resolvent op-
erators, Computers Mathematics with Applications, 62, No 3 (2011),
1350-1358.

[5] D. Baleanu, O.G. Mustafa, On the global existence of solutions to
a class of fractional differential equations, Computers Mathematics
with Applications, 59, No 5 (2010), 1835-1841.

[6] J. Caballero, J. Harjani, K. Sadarangani, On existence and unique-
ness of positive solutions to a class of fractional boundary value prob-
lems, Boundary Value Problems, 2011, No 1 (2011), 1-9.

[7] K. Diethelm, N. Ford, Analysis of fractional differential equations,
Journal of Mathematical Analysis and Applications, 265, No 2
(2002), 229-248.

[8] H. Fallahgoul, S. Focardi, F. Fabozzi, Fractional Calculus and Frac-
tional Processes with Applications to Financial Economics: Theory
and Application, Academic Press (2016).

[9] Z. Hu, W. Liu, Solvability for fractional order boundary value prob-
lems at resonance, Boundary Value Problems, 2011, No 1 (2011),
1-10.



366 E.A. Hussein, S.A.M. Jameel

[10] A.A. Hamoud, K.P. Ghadle, M.SH. Issa, Existence and unique-
ness theorems for fractional Volterra-Fredholm integro-differential
equations, International Journal of Applied Mathematics, 31, No 3
(2018), 333-348; doi: 10.12732/ijam.v31i3.3.

[11] A. Hamoud, K. Ghadle, S. Atshan, The approximate solutions of
fractional integrodifferential equations by using modified Adomian
decomposition method, Khayyam Journal of Mathematics, 5, No 1
(2019), 21-39.

[12] L. Huang, Y. Bo Bae, Chaotic dynamics of the fractional-love model
with an external environment, Entropy, 20, No 1 (2018), 53-65.

[13] S. M. Jameel, E. A. Hussein, Non-instantaneous periodic
BVP of fractional Volterra-Fredholm models, International Jour-
nal of Applied Mathematics, 37, No 2 (2024), 217-238; doi:
10.12732/ijam.v37i2.7.

[14] A. Kilbas, S. Marzan, Nonlinear differential equations with the Ca-
puto fractional derivative in the space of continuously differentiable
functions, Differential Equations, 41 (2005), 84-89.

[15] A. Sharif, M. Hamood, A. Hamoud, K. Ghadle, Novel re-
sults on impulsive Caputo–Hadamard fractional Volterra–Fredholm
integro-differential equations with a new modeling integral bound-
ary value problem, International Journal of Modeling, Simula-
tion & Scientific Computing, 16, No 2 (2025), 2550033; doi:
10.1142/S1793962325500333.

[16] A. Sharif, A. Hamoud, M. Hamood, K. Ghadle, New results on Ca-
puto fractional Volterra-Fredholm integro-differential equations with
nonlocal conditions, TWMS J. App. and Eng. Math. , 15, No 2
(2025), 459-472.

[17] S. Samko, A. Kilbas, O. Marichev, Fractional Integrals and Deriva-
tives, Gordon and Breach Science Publishers, Yverdon etc. (1993).

[18] V. Tarasov, Mathematical economics: application of fractional cal-
culus, Mathematics, 8, No 5 (2020), 660-677.

[19] A. Wazwaz, Linear and Nonlinear Integral Equations, Springer,
Berlin (2011).

[20] S. Yuste, L. Go Acedo, An explicit finite difference method and
a new von Neumann type stability analysis for fractional diffusion
equations, SIAM Journal on Numerical Analysis, 42, No 5 (2005),
1862-1874.



UNIQUENESS AND CONVERGENCE . . . 367

[21] J. Zabadal, M. Vilhena, P. Livotto, Simulation of chemical reactions
using fractional derivatives, Nuovo Cimento. B, 116, No 5 (2001),
529-545.

[22] L. Zheng, X. Go Zhang, Modeling and Analysis of Modern Fluid
Problems, Academic Press, London (2017).


	1. Introduction
	2. Preliminaries
	3. Main results
	4. Applications
	5. Conclusions
	References

