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Abstract

Let M, (N) be a matrix nearring over the nearring N with identity and
let N™ be the direct sum of n-copies of the group (N, +). We introduce
a partial order in the M, (N)-group N" corresponding to the partial
order in N-group (over itself). We define a positive cone in M, (N)-
group N" and obtain its characterization. For a convex ideal of y N, the
corresponding ideal in M, (N)-group N™ is described; and conversely, if
7 is a convex ideal in M, (N)-group N™, then the ideal Z,, is convex in
N (over itself). This establishes the one-one correspondence between the
convex ideals of the p.o. N-group yN and those of p.o. M, (N)-group
N™.

Math. Subject Classification: 16Y30, 06F25

Key Words and Phrases: nearring, module over a matrix nearring,
partial order

1. Introduction

The notion of partial order in algebraic systems such as in groups,
rings and modules are known [6]. However, the notion of partially or-
dered nearrings (in short, p.o. nearring) was defined by Pilz [8, []. Some
developments in the ideal theory of parially ordered nearrings and lattice
ordered nearrings were found in [I3]. The purpose of this paper is to
introduce and study the matrix nearrings over partial order nearrings.
Matrix nearrings over arbitrary nearrings were introduced in Meldrum
& Van der Walt [10], where several results about the correspondence be-
tween the two-sided ideals in the base nearring N and those in the matrix
nearring M, (N) were proved. Later, remarkable developments in matrix
nearrings over arbitrary nearrings were due to Meldrum and Meyer [11],
Meyer [12]. Corresponding to an ideal in the base nearring N, Meldrum
and Meyer [I1] have shown that an arbitrary large lattice of ideals in
the matrix nearring, under some suitable assumptions. Recently, several
authors [T, B, 14] were extensively studied ideal theory in matrix near-
rings. In Bhavanari and Kuncham [4], the uniform and essential ideals
of module over a matrix nearring were introduced and obtained a char-
acterization theorem for finite Goldie dimension. We refer to Meldrum
and Van der Walt [10], for comprehensive literature on matrix nearrings.
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In this paper we introduce the partial order in M, (N)-group N™ based
on the partial order defined in M,,(N) as in Tapatee et al. [I7]. We define
a positive cone in the M, (N)-group N™ and prove a characterization
theorem. For a convex ideal of N over N, we establish the corresponding
ideal in M,,(N)-group N"; and conversely, if Z is a convex ideal in M,,(N)-
group N, then the ideal Z., is convex in N (over itself). This establishes
the one-one correspondence between the convex ideal of p.o. N-group
over N and those of p.o. M, (N)-group N".

An algebraic structure (N, +,-) is called a (right) nearring if: (i)
(N, +) is a group (not necessarily abelian); (ii) (N, -) is a semigroup; and
(iii) (a + b)c = ac + be for all a,b,c € N. Obviously, if (N,+,.) is a
right nearring, then 0a = 0 and (—a)b = —ab, for all a, b € N, but in
general a0 # 0 for some a € N. If a0 = 0, for all a € N, then N is called
zero-symmetric, and we denote as N = Ny. If ad’ = a, or a0 = a, for all
a € N, then N is called a constant nearring, we denote as N = N..

We use <= for ’if and only if’.

2. Partial order in M, (N)-group N"

According to Meldrum & Van der Walt [10]: For a zero-symmetric
right nearring N with identity 1, let N™ denote the direct sum of n
copies of (N,+). The elements of N™ are thought of as column vectors
and written as (ry,---,r,). The symbols i; and 7; will denote the i
coordinate injection and j** coordinate projection functions respectively.
The nearring of n xn-matrices over N, denoted by M,,(N), is defined to be
the subnearring of M(N"), generated by the set of functions {f; : N" —
N™[r € N,1<14,j <n}where fi;(ri,ra, -+, 1) 1= (51,82, , 8p) With
s; = rr; and s = 0 if & # 4. The elements of M, (N) will be referred
to as n X n-matrices over N. The zero matrix in M,,(N) is denoted by
0 = Opz, (), and zero element in N™ is denoted by 0.

Any matrix A can be represented as an expression involving only the
fij- The length of such an expression is the number of fi; therein. The
weight w(A) of A is the length of an expression of minimal length for
A. Clearly, if A is represented by an expression of length w(A) > 2,
then from this expression we can find representations for A as either
A= B+ Cor A= BC, where w(B),w(C)<w(A).

Notation 2.1. We denote the partial order in N, M, (N) and N" as
<, <,, and <y, respectively.
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DEFINITION 2.1. Let N be a partially ordered nearring with 1.

(1) For any A, B € M,(N), we define
A <, B if and only if m;(Ap) < m;(Bp), for all p € (Pn)",
1< <n.

(2) M,(N) is said to be a p.o. matrix nearring if <,, defined in (1)
is a partial order and satisfy the monotone properties of addition
and multiplication in M, (N). That is,

(a) A >, 0and B >, 0implies A+ B >, 0;
(b) A<, Band 0 <, C implies AC' <,, BC, and
CA <, CB.

DEFINITION 2.2. Let M,(N) be a p.o. matrix nearring and N" be
a p.o. group. Define <yn on M, (N)-group N" by

p1 <nn poif and only if m;(Apy) < m(Aps), for allA € M,(N), 1 <i<n.

N™ is said to be a p.o. M, (N)-group if <y= is a partial order and satisfy
the monotone properties of addition and multiplication on N". That is,
(1) p1 >n» 0 and py >nn 0 implies p; + po >pnn 0;
(2) p1 <nn p2 and 0 <,, B implies Bpy <y» Bps;
(3) A<, Band 0 <yn» p implies Ap <yn» Bp,
for all p, p1,p2 € N, and A, B € M,(N).

DEFINITION 2.3. The positive cone of a p.o. M,(N)-group N" is
defined as Pyn = {p | p >nn 0}.

LEMMA 2.4. Pyn satisfies

(1) Pyn + Pnn = Pnn,

(2) Pat,(vyPnn € Py,

(3) Pyn N Pyn = {0},

(4) p+ Pnn —p C Pyn, forall p e N™ .

Proof. (i) Let p € Pyn+Pnn. Then p = p1 + po, for some py, ps €
Pyn. That is, m;(Ap1) > 0 and m;(Ape) > 0, for all A € M,(N). This
implies m;(Ap1+Apz) = mi(Ap1)+mi(Ap2) > 0. Now, since p; <yn p1+po
and 0 <,, A, by monotonicity we have Ap; <yn A(p; + p2). Similarly,
Apy <nyn A(p1+p2). Then Ap;+Aps <yn A(p1+p2)+A(p1+p2). Hence,
Ap1 + Apy <nn A(pr + p2). Now 0 < mi(Apr + Apz) < mi(Apr + p2)) =
7i(Ap). Therefore, m;(Ap) > 0. Hence, p € Pyn, shows that Pyn+Pyn C
Pnn. Conversely, suppose that p € Pyn. Let p = (a1, -+ ,a,). Then,
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p = {ay, - ,a,) = (a3 +0, -+ ,a, +0) = {(ag, - ,a,) + (0,---,0) €
Pnn + Pyn. Therefore, Pyn C Pyn + Pnn». Hence, Pyn + Pyn = Pyn.

(ii) Let A € P,nvy and p € Pyn. Let B € Pa,ny- Now, since
0<, A 0<, Bin M,(N), by monotonicity in M,(N), we get 0 <,
BA. Also, since p € Pyn, by monotonicity in M,(N)-group N" we
have (BA)p € Pyn. Then, m(B(Ap)) = m(BA)p > 0, for all 4, and
B € P, (n). Therefore, Ap € Pyn.

(iii) Clearly, —Pyn = {p | p <= 0}. Then, Pyn» N —Ppnn = {0}.

(iv) Let p = (z1,--+ ,z,) and p; = (a1, -+ ,a,) € Pyn. Take A €
PMn(N) Then, ,0+ P1r— P = <.171 + a; — L1y, Iy + a, — $n> ZN" (_)
Hence, x; + a — z; € Pyn. That is, m(A(p + p1 — p)) > 0. Therefore,
p+p1—p€Pyn. O

PROPOSITION 2.5. If N is p.o. N-group, then N"™ is a p.o. M,(N)-
group N™.

Proof Suppose N is a p.o. N-group. To show <y= is a partial
order relation on M, (N)-group N". We have m;(Ap) < m;(Ap), for all
A€ M,(N), p e N™, and for all i. Hence, p <yn p. Suppose p; <yn po
and py <yn p1. Then m;(Apr) < mi(Aps) and m;(Ap2) < m;(Apy), for all
A € M,(N). Hence, m;(Ap1) = mi(Aps), as < is p.o. in N. Therefore,
p1 = p2. To show <yn is transitive, let p; <yn po and ps <yn p3. That
is, mi(Ap1) < mi(Apy) and m;(Aps) < m;(Aps). Hence, m;(Apy) < m(Aps),
as < is p.o. in N. Therefore, p; <yn ps.

Now we show monotonicity, that is:

(1) p1 <nn p2 and 0 <,, B implies Bp; <yn Bps;
(2) A<, Band 0 <y» p implies Ap <y» Bp.

Let py <y» p2 in (N",4+) and 0 <, B in M,(N). Take p; =
(x1,-++ ,x,) and po = (Y1, ,Yn). Then p; <yn po implies m;(Ap;) <
mi(Apz), for all A € M, (N). In particular, m;(Bp;) < m;(Bpz), for all i.
This shows that Bpy <yn» Bps.

We use the induction on weight of B. Let w(B) = 1 and B = f],
r € Py. Then for any z; < y;, by monotonicity in N, rz; < ry;.
Then, (0,---,rz;,---,0) <, (0,---,ry;,---,0) in (N",+). That is,
i’}(xl, e T <p f%(yl, -+ Yn). Therefore, Bp; <yn» Bps. We assume
that the result is true for w(B) < n. Suppose w(B) =n. Then B = C+D
or B=CD.

Case (i): Let B=C+ D.
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Then,
Bpr = (C+ D)p
= Cp1+ Dp;
<nyn Cps + Dpsy, by induction hypothesis

Case (ii): Let B=CD.
Then,
Bp1 = (CD)p
= C(Dp1)
<nn C(Dps), by induction hypothesis

Therefore, Bp; <yn» Bps.

(2) Let A <, Bin M,,(N) and 0 <y» pin (N™ +). Then by definition
of order in M,,(N), we have m;(Ap) < m;(Bp), for all p € Pyn, 1 <i <mn.
Hence, Ap <yn Bp. Therefore, N" is a p.o. M,,(N)-group N". O

DEFINITION 2.6. Let N™ be a M, (N)-group and let L™ be an ideal
of N™. We say that L™ is convex if p1,ps € L™ and p; <yn 0 <pyn po,
then § € L".

LEMMA 2.7. If L is a convex ideal in N, then L™ is convex in
M, (N)-group N™.

P r oo f Suppose that L is a convex ideal in N and let py,p; € L"
and 6 € N™ such that p; <yn & <yn pa. Then, m(Ap;) < m(Ad) <
mi(Ap2), for all A € M,(N), 1 < i < n. Since L is convex, we have
mi(Ad) € L, for all 1 <i < n. This implies, A0 € L™, for all A € M, (N).

Now for A = f} and § = (x1--- ,2,), we have A5 = fi{xy, -+, z,) =
0,-+- 24+ ,0), implies m;(Ad) = x; € L, for all i. Therefore, 6 =
(1, ) € LM 0

DEFINITION 2.8. [] For any ideal Z of N,
T ={r e N:xz=m;A, forsome AeZ, 1<j<n},
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where 7; is the j* projection map from N” to N.

LEmMA 2.9. [4] If Z is an ideal of M, (N)-group N", then Z,, =
{r e N | {(x,---,0) € T} is a left ideal of N.

LEMMA 2.10. ([4])

(i) If L is an ideal of N™, then (L,,)" = L.
(i) If K is an ideal of yN, then K = (K").,..

LEMMA 2.11. If £ is a convex ideal of M, (N)-group N", then L.,
is a convex ideal of N.

Proof Leta<ax<bforabe L, and z € N. Then (a,0,---0),
(b,0,---0) € L. Since x € N, (x,0,---0) = ff(1,---,0) € N". Again,
since (a,0,---0) < (z,0,---0) < (b,0,---0) and L is convex, we get
(x,0,---0) € L. Hence, = € L,.. O

THEOREM 2.12. There is a one-one correspondence between the p.o.
convex ideals of yN and those of M, (N)-group N™.

Proof Write P={I<dy N :1Iis a convex ideal} and Q = {Z <y, ()
N™:T is a convex ideal}. Define
®:P—Qby ®(I)=1", and ¢ : @ — P by (Z) = L...
By Lemma 2.7 and Lemma 2.11] ®(I) and ¢(Z) are convex ideals of N"
and N respectively. Now
(®01) (T) = B(Z..)
(L)
=7 (Lemmal2.10] (1)),

and

(Yo @) (D) =y (I")
= (I")..
= [ (Lemma (ii)).

Therefore, (® o) = idg, and (¢ o ®) = idp, concludes that P and Q
are isomorphic. O
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PROPOSITION 2.13. If f :y N —5 N be an N-isomorphism. Then
¢ : N* — (N)™ be an M, (N)-isomorphism defined by 1 (p) = p, that
is, if p = (a1, ,an) € N", then p = (f(a1), -, f(an)) = (@1, ,an),
where N" and N are M, (N)-group N" and M, (N)-group N, respec-

tively.

Proof. (i) Let p1,ps € N™, where p; = (a1, -+ ,a,) and ps =

<b1’ ce 7bn>
Then,
w(pl + /32) = ¢(<a1, 7an> + <b1> 7bn>)
=v({a; + by, - ,a, +by))
(far +b1),--+, fan +by))
= (flar) + f(b1), -+, flan) + f(bn))

= <a_17 7an> + <b1> 7E>

= (flar),---, f(an)) + (f(b1), -+, [(bn))
=P({ar, -, an) + (b1, ba))

= Y(p1) + ¢(p2)

(ii) Let A € M,(N), p € N". Let A = f, where z € N, and
p={ai, -, au).
Then,
@b(Ap) = ¢(fz‘;;‘<a1’ T 7an>)
— ({0, , wa; - ,0))
~
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Assume that the result is true for w(A) < k. Suppose that w(A) = k.
Then A= C+ D or A= CD, where w(C) < k, w(D) < k.

Case-(i): A =C+ D. Then, ¢(Ap) = ¢((C + D)p) = (Cp + Dp).
Let Cp = (c1,--+ ,cn) and Dp = (dy,- - ,d,).

Now,

W(Cp+ Dp) =p({er,- -+ cn) + {da, -+, dn))
=((c1 + dl, N )

= {(fla+dy),--- ,f(Cn+dn)>
= (fler) + fldv), -, fen) + [fldn))
=(c+dy, - ,¢ +dy)
= (@, > (di,--- ,dn)
=(f (01) S f(en)) +(f(da), -, fldn))
= ¢((cr, - yen)) +({dys - o dn))
=¥(Cp) +¢(Dp)> as w(C),w(D) <k
= (C+ D)y(p)
At (p)

Case-(ii): A= CD.
Then,
U(Ap) =4((CD)p)
= ¥(C(Dp))
= CyY(Dp), as w(C) < k, Dp € N"
=CDyY(p), asw(D) < k, pe N".
= Ad(p)
Therefore, 1 is a homomorphism.

Now, to show 1 is one-one, let p1, po € N™, where p; = (a1, -+ ,a,),
p2 = (by, -+, b,) such that ¥ (p1) = ¥(p2).
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Then7 ¢(<a17 e ’a’n>) - w(<blv T 7bn>) implies <f<a1)7 T ,f((ln)>
:<f(b1)7 af(bn» O

3. Conclusion

We have defined the partial order in M, (N)-group N™, and proved
one-one correspondence between the convex ideal of N-group (over itself)
and the M, (N)-group N™. We also have characterized positive cone in
module over a matrix nearring M, (N )-group N™. This can be extended
to study lattice order in matrix nearrings and related properties.
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