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Abstract

Burau representation of the braid group, Bn, has been proved to be
faithful for n ≤ 3 and unfaithful for n ≥ 5; whereas the case n = 4
remains open. On the other hand, the question of faithfulness of Gassner
representation of the pure braid group, Pn, is still open for n ≥ 4. For
any n ≥ 4, T. Chuna specified a family of new non-trivial elements in
the kernel of the evaluated Burau representation at mth root of unity,
where m ∈ N∗ −{3}. Along the same lines as Chuna’s work, we find, for
n ≥ 4, a family of new non-trivial elements in the kernel of the evaluated
Gassner representation at mth root of unity, where m ∈ N∗ − {3}. This
result may possibly be a road toward answering the open question of the
faithfulness of Gassner representation.
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1. Introduction

The braid group on n strings, Bn, is the abstract group, introduced by
E. Artin in [3], which is generated by σ1, σ2, . . . , σn−1 with the following
presentation:

σiσi+1σi = σi+1σiσi+1, i = 1, 2, . . . , n− 2,

σiσj = σjσi, |i− j| ≥ 2.

The pure braid group, Pn, is a normal subgroup of Bn, which is
defined as the kernel of the homomorphism Bn → Sn defined by σi →
(i i+ 1), 1 ≤ i ≤ n− 1, where Sn is the symmetric group of n elements.
It admits a presentation with the following generators.

Aij = σj−1σj−2 . . . σi+1σ
2
i σ

−1
i+1 . . . σ

−1
j−2σ

−1
j−1, 1 ≤ i < j ≤ n.

The most famous linear representations of Bn are Burau represen-
tation [7] and Lawrence-Krammer-Bigelow representation [12]. Burau
representation has been proved to be faithful for n ≤ 3 [6] and unfaithful
for n ≥ 5 in [14, 13, 5]; whereas the case n = 4 remains open. Lawrence-
Krammer-Bigelow representation has been proved to be faithful for all n
[4]; which shows that Bn is linear.

On the other hand, the most famous linear representation of Pn is
Gassner representation [6]. Gassner representation is faithful for n ≤ 3
due to the faithfulness of Burau representation for n ≤ 3. However, the
question of whether or not Gassner representation of Pn is faithful still
an open question for n ≥ 4. M. Abdulrahim proved that an element of
Pn lies in the kernel of the reduced Gassner representation if and only if
the trace of its image is equal to that of the identity matrix [1].

In [8], T. Chuna proved, for n ≥ 4, that the evaluated Burau repre-
sentation of Bn at mth root of unity with m ∈ N∗ − {3} is unfaithful by
considering a family of new non-trivial elements in its kernel. More pre-
cisely, T. Chuna proved that, for all n ≥ 4 and t = e

2iπ
m withm ∈ N∗−{3},

there exists an even integer k such that the elements (σiσi+1σi)
k are in the

kernel of the evaluated Burau representation. We cannot know whether
this family of elements are in the kernel of the evaluated Gassner rep-
resentation of Pn, for n ≥ 4, or not. For that, the aim of this paper
is to prove that, for all n ≥ 4, the evaluated Gassner representation of
Pn at e

2iπ
m with m ∈ N∗ − {3} is unfaithful by finding a family of new

non-trivial elements that belong to its kernel. Finding the shape of such
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family of elements may possibly be a road toward answering the question
of whether or not the Gassner representation of Pn is faithful.

In more depth, the main theorem in this paper is Theorem 3.1,
where we prove that, for all n ≥ 4 and for t1 = t2 = . . . = tn = e

2iπ
m

with m ∈ N∗ − {3}, there exists an integer s such that the elements
(Ai,i+2Ai+1,i+2Ai,i+1)

s are non-trivial elements in the kernel of the evalu-
ated Gassner representation of Pn for all 1 ≤ i ≤ n− 2.

2. Preliminaries

The question of faithfulness of representations of the braid group Bn

and its normal subgroup Pn has been always of a lot of significance to
people working on representation theory. Burau representation of Bn has
been proved to be faithful for n ≤ 3 and unfaithful for n ≥ 5; while the
case n = 4 remains open. The faithfulness of Gassner representation of
Pn still unknown for n ≥ 4. Regarding irreducibility of these representa-
tions, previous work has been done to determine conditions under which
Burau and Gassner representations are irreducible. The criteria for the
irreducibility of Burau representation have been found by E. Formanek
[10]; while that for Gassner representation was found by M. Abdulrahim
[2].

In what follows, we recall main definitions of Burau and Gassner
representations, and we introduce some basic results on them.

Definition 2.1. [7] Let t be indeterminate. Burau representation
βn(t) : Bn → GLn(Z[t±1]) is defined by

σi →


Ii−1 0 0

0
1− t t
1 0

0

0 0 In−i−1

 for i = 1, 2, . . . , n− 1.

Definition 2.2. Burau representation βn(t) is called ”evaluated
Burau representation” if t is evaluated at some value.

Theorem 2.1. [10] Burau representation is reducible. Moreover,
the reduced Burau representation βn(z) : Bn → GLn−1(C), z ∈ C, is
irreducible if and only if z is not a root of the polynomial fn(x) = xn−1+
xn−2 + . . .+ x+ 1.
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Definition 2.3. Let t = (t1, t2, . . . , tn) where each ti is indetermi-
nate. Gassner representation γn(t) : Pn → GLn(Z[t±1

1 , t±1
2 , . . . , t±1

n ]) is
defined by

Ai,j → In −

0 0 0
0 Sij 0
0 0 0

 ,

where

Sij =


1− tj 0 . . . 0 −1 + tj

(1− ti)(1− tj) 0 . . . 0 (−1 + ti)(1− tj)
...

...
(1− ti)(1− tj) 0 . . . 0 (−1 + ti)(1− tj)
(1− ti)(−tj) 0 . . . 0 (−1 + ti)(−tj)

 .

Definition 2.4. Gassner representation γn(t) where t = (t1, t2, . . . , tn)
is called ”evaluated Gassner representation” if each ti is evaluated at some
value.

Theorem 2.2. [2] Gassner representation is reducible. Moreover,
the reduced Gassner representation γn(z) : Pn → GLn−1(C), z = (z1, z2,
. . . , zn) ∈ Cn, is irreducible if and only if z1z2 . . . zn ̸= 1.

Lemma 2.1. [15] If the t′is in Gassner representation are all special-
ized to the same indeterminate t, then Gassner representation becomes
the restriction of Burau representation of Bn on Pn.

Now, we give some results on the faithfulness of Gassner representa-
tion.

Theorem 2.3. [1] If the trace of the image of an element of Pn

under the reduced Gassner representation is n− 1, then this element lies
in the kernel of this representation.

Proposition 2.1. Consider n ≥ 2 and let t = (t1, t2, . . . , tn) where
each ti is indeterminate. Then, for all 1 ≤ i < j ≤ n, Ak

i,j /∈ ker(γn(t))
for all k ∈ Z∗.
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P r o o f. The proof is straightforward from the fact that, for all 1 ≤
i < j ≤ n, det(Ak

i,j) = tki t
k
j ̸= 1 for all k ∈ Z∗. 2

Theorem 2.4. Consider n ≥ 2 and let t = (t1, t2, . . . , tn) where each
ti is indeterminate. Let w be a non-trivial element in Pn consists of the
product of the elements Ai1,j1 , Ai2,j2 , . . . , Ail,jl , where i1 < j1 < i2 < j2 <
. . . < il < jl. Then, w /∈ ker(γn(t)).

P r o o f. As the elements Ai1,j1 , Ai2,j2 , . . . , Ail,jl , i1 < j1 < i2 < j2 <

. . . < il < jl, commute, we can write w = Ak1
i1,j1

Ak2
i2,j2

. . . Akl
il,jl

, where ks
is the number of times Ais,js occurs in w. Clearly not all ks are zero as

w is non-trivial. Thus, det(w) = tk1i1 t
k1
j1
tk2i2 t

k2
j2
. . . tklil t

kl
jl

̸= 1, and therefore
w /∈ ker(γn(t)), as required. 2

3. The evaluated Gassner representation at mth root of unity

In order to determine the faithfulness of representations of braid
groups, Garside found in [11] the shape of the center of the braid group
Bn for n ∈ N∗. He showed that, for all n ∈ N∗, Bn has an infinite
cyclic center Z(Bn) generated by the element c = (σ1σ2 . . . σn−1)

n. On
the other hand, B. Farb and D. Margalit [9] showed that c is also an
element in the center of the pure braid group Pn, n ∈ N∗, which means
that Z(Bn) = Z(Pn). More precisely, for each n ∈ N∗, Pn has an infi-
nite cyclic center Z(Pn) generated by the element c = (σ1σ2 . . . σn−1)

n =
(A1,2A1,3 . . . A1,n)(A2,3A2,4 . . . A2,n) . . . (An−1,n).

In what follows, we prove that, for any n ∈ N∗, the evaluated Burau
and Gassner representations at mth root of unity are unfaithful for any
non-zero integer m.

Proposition 3.1. Specialize t, t1, t2, . . . , tn to be non-zero complex
numbers z, z1, z2, . . . , zn respectively. Then, the following holds true.

(a) If z = e
2iπ
m , withm ∈ Z∗, then the evaluated Burau representation

βn(z) is unfaithful.

(b) If z1 = z2 = . . . = zn = e
2iπ
m , with m ∈ Z∗, then the evaluated

Gassner representation γn(z1, z2, . . . , zn) is unfaithful.

P r o o f. For the proof of (a), we have c = (σ1σ2 . . . σn−1)
n with

βn(c
m) = znmIn = (zm)nIn = In for any m ∈ Z∗, since z is the mth root

of unity. Hence, c is a non-trivial element in the kernel of βn(z), and
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so βn(z) is unfaithful. The proof of (b) is a consequence from (a), as
Z(Bn) = Z(Pn), and from Lemma 2.1. 2

Now, T. Chuna proved that, for all n ≥ 4 and t = e
2iπ
m with m ∈

N∗−{3}, there exists an even integer k such that the elements (σiσi+1σi)
k

are non-trivial elements in the kernel of the evaluated Burau represen-
tation of Bn [8]. We cannot know whether this element is in the kernel
of the evaluated Gassner representation of Pn or not. In the next theo-
rem, we find a family of new non-trivial elements that lie in the kernel
of the evaluated Gassner representation of Pn for all n ≥ 4. So, we
prove a similar result to Chuna’s result, but for the evaluated Gassner
representation.

Theorem 3.1. Specialize t1, t2, . . . , tn to be non-zero complex num-
bers z1, z2, . . . , zn respectively and set z1 = z2 = . . . = zn = e

2iπ
m with

m ∈ N∗ − {3}. Then, for all n ≥ 4, there exists an integer s such that
the elements (Ai,i+2Ai+1,i+2Ai,i+1)

s are non-trivial elements in the kernel
of the evaluated Gassner representation of Pn for all 1 ≤ i ≤ n− 2.

P r o o f. For a fixed 1 ≤ i ≤ n − 2, consider the element wi =
Ai,i+2Ai+1,i+2Ai,i+1. First of all, we use induction to prove that, for any
h ∈ N∗, we have

wh
i = σi+1σi(σiσi+1σi)

2h−1σi. (1)

Indeed, for h = 1, we have
w1

i = Ai,i+2Ai+1,i+2Ai,i+1

= (σi+1σ
2
i σ

−1
i+1)(σ

2
i+1)(σ

2
i )

= σi+1σ
2
i σ

−1
i+1σ

2
i+1σ

2
i

= σi+1σ
2
i σi+1σ

2
i

= σi+1σiσiσi+1σiσi

= σi+1σi(σiσi+1σi)σi, as claimed in (1).
Now, suppose that (1) is true for h and let us prove that it is true also
for h+ 1. We have
wh+1

i = wh
i .wi = [σi+1σi(σiσi+1σi)

2h−1σi][σi+1σi(σiσi+1σi)σi]
= σi+1σi(σiσi+1σi)

2h−1σiσi+1σi(σiσi+1σi)σi

= σi+1σi(σiσi+1σi)
2h−1(σiσi+1σi)(σiσi+1σi)σi

= σi+1σi(σiσi+1σi)
2h+1σi, as claimed in (1).
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Thus, the equality (1) holds for any h ∈ N∗.

Recall that, by T. Chuna in [8], there exists an even integer k such
that the element (σiσi+1σi)

k is in the kernel of the evaluated Burau rep-
resentation; that is βn[(σiσi+1σi)

k] = In. Set k = 2s as k is even. Require
to prove that γn(w

s
i ) = In. Indeed, we have

γn(w
s
i ) = γn[σi+1σi(σiσi+1σi)

2s−1σi]
= βn[σi+1σi(σiσi+1σi)

2s−1σi], (using Lemma 2.1)
= βn(σi+1σi)βn[(σiσi+1σi)

2s−1]βn(σi)
= βn(σi+1σi)βn[(σiσi+1σi)

2s]βn[(σiσi+1σi)
−1]βn(σi)

= βn(σi+1σi)βn[(σiσi+1σi)
k]βn[(σiσi+1σi)

−1]βn(σi)
= βn(σi+1σi)Inβn[(σiσi+1σi)

−1]βn(σi)
= βn(σi+1σi)βn[(σiσi+1σi)

−1]βn(σi)
= βn(σi+1σi)βn(σ

−1
i σ−1

i+1σ
−1
i )βn(σi)

= βn(σi+1σiσ
−1
i σ−1

i+1σ
−1
i σi)

= βn(idBn) = In, where idBn is the identity element of Bn.

Now, suppose to get a contradiction that, for 1 ≤ i ≤ n − 2, ws
i is a

trivial element in Pn; that is ws
i = idPn , where idPn is the identity ele-

ment of Pn. Then, we get that σi+1σi(σiσi+1σi)
2s−1σi is a trivial element

in Bn; that is σi+1σi(σiσi+1σi)
2s−1σi = idBn , and so, (σiσi+1σi)

2s−1 =
σ−1
i σ−1

i+1σ
−1
i = (σiσi+1σi)

−1.Hence, (σiσi+1σi)
2s = idBn , and so (σiσi+1σi)

k

= idBn which contradicts Chuna’s result. Thus ws
i is a non-trivial element

in Pn for all 1 ≤ i ≤ n− 2.

Therefore, for a certain integer s = k
2
, the elements (Ai,i+2Ai+1,i+2Ai,i+1)

s

are non-trivial elements in the kernel of the evaluated Gassner represen-
tation for all 1 ≤ i ≤ n− 2 and the proof is completed. 2
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